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To the Student

This collection of solved problems covers elementary and intermediate calculus, and much of advanced
calculus. We have aimed at presenting the broadest range of problems that you are likely to encounter—the
old chestnuts, all the current standard types, and some not so standard.

Each chapter begins with very elementary problems. Their difficulty usually increases as the chapter pro-
gresses, but there is no uniform pattern.

It is assumed that you have available a calculus textbook, including tables for the trigonometric, logarith-
mic, and exponential functions. Our ordering of the chapters follows the customary order found in many
textbooks, but as no two textbooks have exactly the same sequence of topics, you must expect an occasional
discrepancy from the order followed in your course.

The printed solution that immediately follows a problem statement gives you all the details of one way to
solve the problem. You might wish to delay consulting that solution until you have outlined an attack in your
own mind. You might even disdain to read it until, with pencil and paper, you have solved the problem
yourself (or failed gloriously). Used thus, 3000 Solved Problems in Calculus can almost serve as a supple-
ment to any course in calculus, or even as an independent refresher course.
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CHAPTER 1
Inequalities

Solve 3+2x<7.

I 2x <4 [Subtract 3 from both sides. This is equivalent to adding —3 to both sides.]

Answer x <2 [Divide both sides by 2. This is equivalent to multiplying by 3.] In interval notation, the
solution is the set (—,2).

Solve 5-3x<5x+2.

I 5-3x<5x+2, 5<8x+2 [Add 3x to bothsides.], 3<8x [Subtract2 from both sides.]
Answer 2 <x [Divide both sides by 8.] In interval notation, the solution is the set (3, ©).
Solve -7<2x+5<9.

I -7<2x+5<9, -12<2x<4 [Subtract 5 from all terms.]

Answer —6<x<2 |[Divide by 2.] In interval notation, the solution is the set (-6, 2).

Solve 3=4x-1<S5.

I 3=4x-1<5, 4=<4x<6 [Add1 to all terms.]

Answer 1=x<3 [Divide by 4.] In interval notation, the solution is the set [1, 3).

Solve 4<-2x+5=<7.

I 4<-2x+5=<7, -1<-2x=2 [Subtract5.]
Answer ;>x=-1 [Divide by —2. Since —2 is negative, we must reverse the inequalities.] In interval
notation, the solution is the set [~1, }).

Solve 5=<ix+1=6.

I 5=<ix+1=<6, 4<ix=<5 [Subtract1)]
Answer 12=<x=15 [Multiply by 3.] In interval notation, the solution is the set [12, 15].

Solve 2/x<3.

I x may be positive or negative. Casel. x>0. 2/x<3. 2<3x [Multiplybyx.], 2<x [Divideby3.]
Case 2. x<0. 2/x<3. 2>3x [Multiply by x. Reverse the inequality.], %>x [Divide by 3.] Notice
that this condition 3 >x is satisfied whenever x <0. Hence, in the case where x <0, the inequality is
satisfied by all such x.

Answer 2<x or x<0. Asshown in Fig. 1-1, the solution is the union of the intervals (3}, =) and (—cc, 0).

0 3 Fig. 1-1
Solve
x+4
T3 <2 (1)

I We cannot simply multiply both sides by x —3, because we do not know whether x —3 is positive or
negative. Case 1. x—3>0 [This is equivalent to x>3.] Multiplying the given inequality (1) by the
positive quantity x —3 preserves the inequality: x+4<2x-6, 4<x—6 [Subtract x.], 10<x [Add
6.] Thus. when x>3, the given inequality holds when and only when x>10. Case2. x—3<0 [This
is equivalent to x <3]. Multiplying the given inequality (1) by the negative quantity x—3 reverses the
inequality: x+4>2x—6, 4>x—6 [Subtractx.], 10>x ([Add6.] Thus, when x<3, the inequality

1



2

1.9

1.10

1.11
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1.13

CHAPTER 1

(1) holds when and only when x<10. But x<3 implies x<10, and,therefore, theinequality (1) holds

forall x<3.
Answer x>10 or x<3. As shown in Fig. 1-2, the solution is the union of the intervals (10, ) and

(—,3).

J

0 3 10 Fig. 1-2

Solve

-
x+5

1 (1)

I Case 1. x+5>0 [This is equivalent to x>—5.]. We multiply the inequality (1) by x+5. x<
x+5, 0<5 [Subtract x.] This is always true. So, (I) holds throughout this case, that is, whenever
x>—5, Case2. x+5<0 [Thisisequivalentto x<—5.]. We multiply the inequality (1)by x+5. The
inequality is reversed, since we are multiplying by a negative number. x>x+5, 0>5 [Subtract x.] But
0>5 isfalse. Hence, the inequality (1) does not hold at all in this case.

Answer x> —5. In interval notation, the solution is the set (—S5, «).

Solve

x—=7
x+3

>2 (1)

I Case 1. x+3>0 ([This is equivalent to x>—3.]. Multiply the inequality (1) by x+3. x-7>
2x+6, —7>x+6 [Subtract x.], —13>x [Subtract 6.] But x<-—13 is always false when x> -3,
Hence, this case yields no solutions. Case 2. x+3<0 [This is equivalent to x<-3.]. Multiply the
inequality (1) by x+3. Since x+3 is negative, the inequality is reversed. x—7<2x+6, —-7<x+6
[Subtract x.] ~13<x [Subtract 6.] Thus, when x< -3, the inequality (1) holds when and only when
x> —13.

Answer —13<x< -3, Ininterval notation, the solution is the set (—13, —3).

Solve (2x—3)/(3x—5)=3.

I Case 1. 3.-5>0 [This is equivalent to x>$.]. 2x—3=9x—15 [Multiply by 3x-5], -3=
7x — 15 {[Subtract 2x.], 12=7x [Add 15.], ¥ =x [Divide by7.] So, when x >3, the solutions must
satisfy x=< 1. Case 2. 3x—5<0 [This is equivalent to x<3.]. 2x~3=9x—15 [Multiply by 3x—5.
Reverse the inequality.], —3=7x—15 [Subtract2x.], 12=7x {Add15.], ¥ =x [Divide by 7.] Thus,

when x< 3, the solutions must satisfy x=%. This is impossible. Hence, this case yields no solutions.

Answer 3§ <x=#. In interval notation, the solution is the set (3, %].

Solve (2x —3)/(3x—5)=3,

I Remember that a product is positive when and only when both factors have the same sign. Casel. x —2>0
and x+3>0. Then x>2 and x>-3. But these are equivalent to x>2 alone, since x>2 im-
plies x>-3. Case 2. x—-2<0 and x+3<0. Then x<2 and x<-3, which are equivalent to
x< -3, since x<-3 implies x<2.

Answer x>2 or x<-3. In interval notation, this is the union of (2, ) and (%, —3).

Solve Problem 1.12 by considering the sign of the function f(x) = (x — 2)(x + 3).

I RefertoFig. 1-3. Totheleftof x=-3, both x—2 and x+3 arenegative and f(x)is positive. As
one passes through x= -3, the factor x—3 changes sign and, therefore, f(x) becomes negative. f(x)
remains negative until we pass through x =2, where the factor x —2 changes sign and f(x) becomes and
then remains positive. Thus, f(x) is positive for x<~3 and for x>2. Answer

N

Y NS

+ - +

-3 2 Fig. 1-3
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Solve (x—1)(x +4)<0.

I The key points of the function g(x)=(x—~1)(x+4) are x=-4 and x=1 (see Fig. 1-4). To the
leftof x=-4, both x—1 and x+4 are negative and, therefore, g(x) is positive. As we pass through
x=—4, x+4 changes sign and g(x) becomes negative. When we pass through x =1, x—1 changessign
and g(x) becomes and then remains positive. Thus, (x —1)(x +4) is negative for —4<x<1. Answer

+ - +
-4 Fig. 1-4

+ - +
1 5 Fig. 1-5

Solve x*—6x+5>0.

I Factor: x*—6x+5=(x—-1)(x—5). Let A(x)=(x—1)(x—-5). To the left of x=1 (see Fig. 1-5),
both x—~1 and x—35 are negative and, therefore, A(x) is positive. When we pass through x=1, x—-1
changes sign and A(x) becomes negative. When we move further to the right and pass through x=5, x-35
changes sign and A(x) becomes positive again. Thus, A(x) is positive for x <1 and for x>5.

Answer x>5 or x<1. Thisis the union of the intervals (5, ) and (-, 1).

Solve x*+7x-8<0.

I Factor: x*+7x—8=(x+8)(x—1), and refer to Fig. 1-6. For x<-8, both x+8 and x-1
are negative and, therefore, F(x)=(x+8)(x—1) is positive. When we pass through x=-8, x+8
changes sign and, therefore, so does F(x). But when we later pass through x=1, x—1 changes sign and
F(x) changes back to being positive. Thus, F(x) is negative for —8<x<1. Answer

P~
— -~ -7 ]

+ - +

&
@ &

-8 1 Fig. 1-6

Fig. 1-7

S @
w
=
[\

Solve 5x —2x2>0.

I Factor: 5x~2x*=x(5-2x), and refer to Fig. 1-7. The key points for the function G(x) = x(5 — 2x)
are x=0 and x=3. For x<0, 5-2x is positive and, therefore, G(x) is negative. As we pass
through x=0, x changes sign and, therefore, G(x) becomes positive. When we pass through x =},
5—2x changes sign and, therefore, G(x) changes back to being negative. Thus, G(x) is positive when and only
when 0<x<3. Answer

Solve (x —1)’(x +4)<0.

I (x-1) is always positive except when x=1 (when it is 0). So, the only solutions occur when
x+4<0 and x#1.
Answer x <-4 [In interval notation, (—2, —4).]

Solve x(x —1)(x +1)>0.

I The key points for H(x)=x(x—1)(x+1) are x=0, x=1, and x=-1 (see Fig. 1-8). For x to
the left of ~1, x, x—1, and x+1 all are negative and, therefore, H(x) is negative. As we pass
through x= -1, x+1 changes sign and, therefore, so does H(x). When we later pass through x=0, x
changes sign and, therefore, H(x) becomes negative again. Finally, when we pass through x=1, x-—1
changes sign and H(x) becomes and remains positive. Therefore, H(x) is positive when and only when
—-1<x<0 or x>1. Answer
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- + - +
-1 0 1 Fig. 1-8

- + - +
-7 -1 Fig. 1-9

Solve (2x +1){(x —3)(x+7)<0.

I SeeFig. 1-9. The key points for the function K(x)=(2x +1)(x —=3)(x +7) are x=-7, x=-4%, and
x=3. Forxtotheleftof x=-7, allthree factors are negative and, therefore, K(x) is negative. When we

pass from left to right through x= -7, x+7 changes sign, and, therefore, K(x) becomes positive. When
we later pass through x= -3, 2x+1 changes sign, and, therefore, K(x) becomes negative again. Finally,

as we pass through x=3, x—3 changes sign and K(x) becomes and remains positive. Hence, K(x) is
negative when and only when x<-7 or 3<x<7. Answer
Does Va’<Vb® imply a<b?

I No. Let a=1 and b=-2.

Solve x> x>

I x> isequivalentto x*—x<0, x(x—-1)<0, 0<x<Ll.

Solve x> x>

I x>y isequivalentto x’—x’<0, x’(x~1)<0, x<1, and x#0.
. . 1 1

Find all solutions of — < -—.

x Yy

I This is clearly true when x is negative and y positive, and false when x is positive and y negative. When x and
y are both positive, or x and y are both negative, multiplication by the positive quantity xy yields the equivalent
inequality y<ux.

Solve (x — 1)}(x —2)(x ~3)(x —4) <0.

I When x>4, the product is positive. Figure 1-10 shows how the sign changes as one passes through the
points 4,3,2,1. Hence, the inequality holds when 1<x<2 or 3<x<4.

+ - + - +

. 4 g

1 2 3 4 Fig. 1-10

\
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CHAPTER 2
Absolute Value

Solve [x+3|=<5.

I |x+3|<5 ifandonlyif -5=x+3=5.
Answer -8=x=2 ([Subtract3.] In interval notation, the solution is the set {8, 2].

Solve |3x+2]<1.

I |3x+2|<1 ifandonlyif -1<3x+2<1, —3<3x<-1 [Subtract?2.]
Answer —1<x< -} ([Divide by3.] In interval notation, the solution is the set (-1, —}).

Solve |5—3x|<2.

I |5-3x|<2 ifandonlyif —-2<5-3x<2, -7<-3x<-3 [Subtract5.]

Answer >x>1 [Divide by —3 and reverse the inequalities.] In interval notation, the solution is the set
1, 3.

Solve |3x~2[=1.

I Let us solve the negation of the given relation: [3x —2|<1. This is equivalent to —1<3x-2<1,
1<3x<3 [Add2.], i<x<1 [Divide by3.]

The points not satisfying this condition correspond to x such that x<} or x=1. Answer

Solve [3~-x|=x-3.

I |u/=-u when and only when u=<0. So, |3—x[=x-3 when and only when 3—x=0; that is,
3=x. Answer

Solve [3—x|=3-ux.

I |u/=u when and only when u=0. So, |[3—x|=3-x when and only when 3 —x=0; that is,

3=x. Answer

Solve [2x+3|=4.

I If ¢>0, |u/|=c ifandonlyif u==c. So, [2x+3|=4 whenandonlywhen 2x+3= 4. There
are two cases: Casel. 2x+3=4. 2x=1, x=1. Case2. 2x+3=-4, 2x=-7, x=-1.

So,either x=1 or x=-—3. Answer

Solve |7—5x|=1.

I |7-5x]
5x=6, x

=|5x—7|. So, there are twocases: Casel. 5x—~7=1. 5x=8, x=§. Case2. 5x—7=-1.
So,either x=% or x=¢%. Answer

6
5.

Solve |x/2+3|<1.

I This inequality is equivalent to —1<x/2+3<1, —-4<x/2<-2 [Subtract3.], —-8<x<-—4 [Multi-
ply by 2.] Answer

Solve |1/x~2|<4.

I This inequality is equivalent to —4<1/x-2<4, -2<1/x<6 [Add2.] When we multiply by x, there
are two cases: Case 1. x>0. —2x<1<6x, x>—-1 and }<x, i<x. Case2. x<0 -2x>1>
6x, x<-%1 and i>x, x<-%.

So, either x<—-1 or l<x. Answer
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Solve |1+ 3/x|>2.

I This breaks up into two cases: Case 1. 1+3/x>2. 3/x>1 [Hence, x>0.], 3>x. Case2. 1+
3/x<-2. 3/x<-3 [Hence, x<0.], 3>-3x [Reverse <to>.], -1<x [Reverse >to <.].
So, either 0<x<3 or —-1<x<0. Answer

Solve |x*-10|=<6.

I This is equivalent to —-6=x>-10<6, 4=x’=16, 2=<|x|=4.
So, either 2=x=4 or —4=x=-2. Answer

Solve [2x —3|=]|x+2].
I There are two cases: Casel. 2x—3=x+2. x-3=2, x=5 Case2. 2x—3=—(x+2). 2x—3=

-x=2, 3x—-3=-2, 3x=1, x=1.

So, either x=5 or x=13i. Answer

Solve 2x—1=|x+7|.

I Since an absolute value is never negative. 2x —1=0. There are twocases: Casel. x+7=0. 2x—1=
x+7, x—1=7, x=8. Case 2. x+7<0. 2x—-1=—(x+7), 2x—l=-x—-7, 3x—-1=-7, 3x=-6,
x=-2. Butthen, 2x—-1=-5<0,

So, the only solutionis x=8. Answer

Solve |2x —3|<|x+2].

I This is equivalent to —|x+2|<2x -3<|x+2|. There are two cases: Casel. x+220. —(x+2)<
2x—3<x+2, —-x—-2<2x-3<x+2, 1<3x and x<35, {<x<5 Case 2: x+2<0. —(x+2)>
2x-3>x+2, “x—-2>2x-3>x+2, 1>3x and x>5, §>x and x>5 [impossible]. So, }<x<5
is the solution.

Solve |2x —5|=—4.
I There is no solution since an absolute value cannot be negative.
Solve 0<]3x+1|<{.

I First solve [3x+1|<{. Thisis equivalent to —3<3x+1<4, —-$t<3x<-% [Subtract 1], —-3<

x<—3% [Divide by 3.] The inequality 0<{3x+1| excludes the case where 0={3x+1{, that is, where
1

X=—3.

Answer All x for which —3 <x<-—j except x=—1.

The well-known triangle inequality asserts that |u + v|=|u|+ |v|. Prove by mathematical induction that, for
n=2, |ul+uz+"'+unlslull+|u2|+"'+luul-

I Thecase n=2 is the triangle inequality. Assume the result true for some n. By the triangle inequality
and the inductive hypothesis,

|ul tu,t---+u,+ un+l| = !ul tu,+---+ u,| + lun+ll S('“ll + qul +---+ Iunl)+ lun+l|
and, therefore, the result also holds for n + 1.
Prove |u—v|=||ul-]|v]|.

I |u|=|v+@u-v)=|v|+|u—v| [Triangleinequality.] Hence, |u~—uv|=|u|-|v|. Similarly, |v— u|=
lv| = ful. But, Jv—ul=|u-v]. So, |u-—v|=(maximumof |u|-|v] and |v|-]|ul)=]|u|-]|v]].

Solve |x-—1|<|x—2|.

I Analytic solution. The given equation is equivalent to —|x—2|<x—1<|x—2|. Case . x—-2=0.
—(x—2)<x—-1<x-2. Then, —1<-2, which is impossible. Case 2. x-2<0. —(x-2)>x-1>
x—2, —x+2>x—-1>x-2, 3>2x, 3>x. Thus, the solution consists of all x such that x< 3.
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Geometric solution. |u — v| is the distance between u and v. So, the solution consists of all points x that are
closer to 1 than to 2. Figure 2-1 shows that these are all points x such that x < 3.

P

=N\

—ln

[ ]

1 2 Fig. 2-1
Solve |x+1/x|>2.

I This is equivalent to

+1 +1
x__’>2’ xlT>2 [Since x*+1>0.], x*+1>2|x|, x*~2|x|+1>0,

lx]>—2|x| +1>0 [Since x*=|[x|2], (|x]|-1)*>>0, |x|#1.
Answer Allxexcept x=+1 and x=-1.
Solve |x+1/x|<4.

2+

xx1}<4, ¥ +1<d)x], x*-4lxl+1<0, |x|>-4|x|+1<0, (|x|]-2)°<3
[Completing the square], ||x|—2|<V3, -V3<|x|-2<V3, 2-V3<|x|<2+V3.

When x>0, 2—-V3<x<2+V3, and,when x<0, —-2-V3<x<-2+V3. Answer

I This is equivalent to

Solve x+1<|x|.

I When x=0, this reduces to x+1<x, which is impossible. When x <0, the inequality becomes
x+1<-x, which is equivalentto 2x+1<0, or 2x<-1, or x<-—3%. Answer

Prove |ab|=]al-|b|.

I From the definition of absolute value, |a|=*a and |b|==b. Hence, |a|-|b|=(%a):(£b)= %(ab).
Since |a|-|b| is nonnegative, |a|-|b] must be |ab]|.

Solve [2(x —4)|<10.
I 2| |x-4|=]2(x-4)|<10, 2|x—4|<10, |x—4|<5, -5<x-4<5, —-1<x<9. Answer
Solve |x*—17|=8.

I There are two cases. Casel. x*—17=8. x°=25, x==+5. Case2. x’—17=-8. x*=9, x==3,
So, there are four solutions: *3, =*5. Answer

Solve |x—1|<1.
I -1<x-1<1, 0<x<2.

Solve [3x +5|=4.

I -4=3x+5=<4, -9=3x=-1, -3=sx=-1.

W=

Solve |x+4|>2.

I First solve the negation, |x+4|=2: —2=x+4=2, —6=x= —2. Hence, the solution of the original
inequalityis x<-6 or x>-2,

Solve [2x —5|=3.

I First solve the negation |[2x —5|<3: —-3<2x-5<3, 2<2x<8, 1<x<4. Hence, the solution of
the original inequality is x =1 or x = 4.

Solve |7x —5|=[3x +4].
I Casel. 7x—5=3x+4. Then 4x=9, x=2. Case 2. 7x—5=—-(3x+4). Then 7x—-5=-3x—4,

L

10x=1, x= 4. Thus, the solutions are $ and .
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Solve [3x-2|=|x—1].

I This is equivalent to —|x—1|=<3x-2<|x—1|. Case 1. x—1=0. Then —(x—1)=<3x—2=x-1,
—~x+1=3x—-2=<x-1; the first inequality is equivalent to $=x and the second to x=1. But this is
impossible. Case 2. x—-1<0. —-x+1=3x-2zx-1; the first inequality is equivalent to x=3 and
the secondto x=3%. Hence, we have 1=x=2. Answer

Solve |x—2|+|x~5|=9.

I Case 1. x=5 Then x-2+x-5=9, 2x~7=9, 2x=16, x=8. Case 2. 2=x<S5. Then
x—2+5-x=9, 3=9, which is impossible. Case 3. x<2. Then 2-x+5-x=9, 7-2x=9,
2x=-2, x=-1. So, the solutions are 8 and —1.

Solve 4 —x=|5x+1].

I Case 1. 5x+1=0, that is, x=—.. Then 4-x=5x+1, 3=6x, L{=x. Thus, we obtain the
solutions —l=x=1. Case2. 5x+1<0, thatis, x<-3. Then 4—x=-5x—1, 4x=-5 x=-}.

Thus, we obtain the solutions —3 =<x<-—3. Hence, the set of solutions is [~3, 3]U[~%, -})=[-%, ).

Prove |a— b|=|a|+|b]|.
I By the triangle inequality, |a— b|=|a+ (—b)|=<|a|+|-b|=]a| +b|.
Solve the inequality |x — 1} =|x —3|.

I We argue geometrically from Fig. 2-2. [x—1| is the distance of x from 1, and [x —3| is the distance of x
from 3. The point x =2 is equidistant from 1 and 3. Hence, the solutions consist of all x=2.

A~

-~

o &

1 2 3 Fig. 2-2

[
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CHAPTER 3
Lines

Find the slope of the line through the points (=2, 5) and (7, 1).

I Remember that the slope m of the line through two points (x,, y,) and (x,, y,) is given by the equation
-5 4

=2 h iven line is =~ = — = — =
m= PR Hence, the slope of the given line is T—(2)_ 9 9

Find a point-slope equation of the line through the points (1, 3) and (3, 6).

I Theslope m of the given lineis (6 —3)/(3—1)=3. Recall that the point-slope equation of the line through
point (x,, y,) and withslope mis y —y, =m(x —x,). Hence, one point-slope equation of the given line, using
the point (1,3),is y—3=3(x—1). Answer

Another point-slope equation, using the point (3,6),is y—6=3(x—3). Answer

Write a point-slope equation of the line through the points (1,2) and (1, 3).

I The line through (1,2) and (1,3) is vertical and, therefore, does not have a slope. Thus, there is no
point-slope equation of the line.

Find a point-slope equation of the line going through the point (1, 3) with slope 5.

I y-3=5(x—-1). Answer

Find the slope of the line having the equation y —7=2(x —3) and find a point on the line.

I y-7=2(x-3) is a point-slope equation of the line. Hence, the slope m =2, and (3,7) is a point on
the line.

Find the slope-intercept equation of the line through the points (2, 4) and (4, 8).

I Remember that the slope-intercept equation of a line is y =mx+ b, where m is the slope and b is the
y-intercept (that is, the y-coordinate of the point where the line cuts the y-axis). In this case, the slope
m=(8-4)/(4-2)=3=2.

Method 1. A point-slope equation of the lineis y —-8=2(x —4). Thisis equivalentto y-8=2x-8, or,
finally, to y=2x. Answer

Method 2. The slope-intercept equation has the form y=2x+b. Since (2,4) lies on the line, we may
substitute 2 for x and 4 for y. So, 4=2-2+ b, and, therefore, b=0. Hence, the equation is y=2x.
Answer

Find the slope-intercept equation of the line through the points (—1, 6) and (2, 15).

I The slope m=(15-6)/[2—(—1)] =3 =3. Hence, the slope-intercept equation looks like y=3x+ b.
Since (—1, 6) is on the line, 6=3-(—1)+ b, and therefore, b=9. Hence, the slope-intercept equation is
y=3x+09.

Find the slope-intercept equation of the line through (2, —6) and the origin.

I The origin has coordinates (0,0). So, the slope m=(~6-0)/(2—-0)=—$%=—3. Since the line cuts the
y-axis at (0, 0), the y-intercept b is 0. Hence, the slope-intercept equation is y = —3x.

Find the slope-intercept equation of the line through (2, 5) and (-1, 5).

I The line is horizontal. Since it passes through (2,5), an equation for it is y=35. But, this is the
slope-intercept equation, since the slope m =0 and the y-intercept b is 5.
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3.12

3.13

3.14

3.15

3.16

Find the slope and y-intercept of the line given by the equation 7x +4y =8.

I If we solve the equation 7x+4y=8 for y, we obtain the equation y=—%x+2, which is the

slope-intercept equation. Hence, the slope m = —3 and the y-intercept b =2.

Show that every line has an equation of the form Ax+ By=C, where A and B are not both 0, and that,
conversely, every such equation is the equation of a line.

I 1t a given line is vertical, it has an equation x = C. In this case, wecanlet A=1 and B=0. If the
given line is not vertical, it has a slope-intercept equation y =mx + b, or, equivalently, —mx+y=>5b. So,
let A=-m, B=1, and C=b. Conversely, assume that we are given an equation Ax + By =C, with
A and Bnotboth 0. If B=0, the equationis equivalentto x= C/A, which is the equation of a vertical

line. If B30, solvethe equationfory: y=-—=x+ 9 This is the slope-intercept equation of the line
q B B P pt eq

. A .
with slope B and y-intercept B

Find an equation of the line L through (—1, 4) and parallel to the line M with the equation 3x +4y =2.

I Remember that two lines are parallel if and only if their slopes are equal. If we solve 3x +4y=2 fory,
namely, y=-—3x+ i, we obtain the slope-intercept equation for M. Hence, the slope of M is ~3 and,
therefore, the slope of the parallet line L also is —3. So, L has a slope-intercept equation of the form
y=-3x+b. Since L goes through (—1,4), 4=-3-(-1)+b, and, therefore, b=4-3=2. Thus,the
equationof Lis y=—3x+ 2.

Show that the lines parallel to aline Ax + By = C are those lines having equations of the form Ax+ By=E
for some E. (Assume that B #0.)

I If wesolve Ax+ By=C fory, we obtain the slope-intercept equation y = — éx + % So, the slope is
—A/B. Given a parallel line, it must also have slope — A/B and, therefore, has a slope-intercept equation
y=- B* + b, which is equivalent to BX +y=~>b, and,thenceto Ax+ By=>bB. Conversely, aline with

equation Ax + By=E must have slope —A/B (obtained by putting the equation in slope-intercept form) and
is, therefore, parallel to the line with equation Ax+ By =C.

Find an equation of the line through (2, 3) and parallel to the line with the equation 4x —2y=7.

I By Problem 3.13, the required line must have an equation of the form 4x —2y = E. Since (2, 3) lies on the
line, 4(2)—2(3)=E. So, E=8-6=2. Hence, the desired equation is 4x —2y =2.

Find an equation of the line through (2, 3) and parallel to the line with the equation y=35.

I Since y=35 isthe equation of a horizontal line, the required parallel line is horizontal. Since it passes
through (2, 3), an equation for itis y =3.

Show that any line that is neither vertical nor horizontal and does not pass through the origin has an equation of

the form 2 + % =1, where b is the y-intercept and a is the x-intercept (Fig. 3-1).

(0, b)

\

J/ @0

Fig. 3-1

f InProblem 3.11,set C/A=a and C/B=b. Notice that, when y =0, the equation yields the value
x=a, and, therefore, a is the x-intercept of the line. Similarly for the y-intercept.
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Find an equation of the line through the points (0, 2) and (3, 0).

g‘ T;le y-intercept is b =2 and the x-intercept is a=3. So, by Problem 3.16, an equation of the line is
—3‘ + E =1.
If the point (2, k) lies on the line with slope m =3 passing through the point (1, 6), find k.

I A point-slope equation of the line is y —6=3(x —1). Since (2, k) lies on the line, k—-6=3(2—1).
Hence, k=09.

Does the point (—1, —2) lie on the line L through the points (4, 7) and (5, 9)?

I The slope of Lis (9—7)/(5-4)=2. Hence, a point-slope equation of L is y—7=2(x—4). If we
substitute —1 for x and —2 for y in this equation, we obtain —-2-7=2(-1-4), or -9=-10, which is
false. Hence, (—1, —2) does not lie on L.

Find the slope-intercept equation of the line M through (1, 4) that is perpendicular to the line L with equation
2x - 6y = 5.

I Solve 2x-6y=5 fory,obtaining y=1ix—£. So,theslopeofLisi. Recallthat two lines with slopes

m, and m, are perpendicular if and only if m m,= ~1, or, equivalently, m,=-1/m,. Hence, the slope of
M is the negative reciprocal of §, that is, —3. The slope-intercept equation of M has the form y= -3x+ b.
Since (1,4)ison M, 4=-3-1+b. Hence, b=7, and the required equationis y=—3x+7.

Show that, if a line L has the equation Ax + By = C, then a line M perpendicular to L has an equation of the
form —-Bx+ Ay=E.

i1 AAssume first that L is not a vertical line. Hence, B#0. So, Ax+ By=C is equivalent to y=

—g* + B’ and, therefore, the slope of L is —(A/B). Hence, the slope of M is the negative reciprocal B/A; its

slope-intercept equation has the form y= —x+ b, which is equivalent to ——x+y=>5b and thence to
—Bx+ Ay = Ab. Inthiscase, E = Ab. (Inthe special case when A =0, L ishorizontal and M is vertical.
Then M has an equation x=a, which is equivalentto —Bx=—-Ba. Here, E=—-Ba and A=0) If
L is vertical (in which case, B =0), M is horizontal and has an equation of the form y =05, which is
equivalent to Ay= Ab. Inthiscase, E=Ab and B=0.

Find an equation of the line through the point (2, —3) and perpendicular to the line 4x -5y =7.

I The required equation has the form 5x+4y=E (see Problem 3.21). Since (2, —3) lies on the line,
5(2)+4(-3)=E. Hence, E= -2, and the desired equation is 5x+4y= -2

Show that two lines, L with equation A,x+ B,y = C, and M withequation A,x+ B,y=C,, are parallelif
and only if their coefficients of x and y are proportional, that is, there is a nonzero number rsuchthat A, =rA,
and B,=rB,.

I Assume that A,=rA, and B,=rB,, with r=0. Then the equation of M is rA,x+rB,y=C,,

1
whichis equivalentto A, x+ B,y= 7 C,. Then, by Problem 3.13, M is parallel to L. Conversely, assume M

is parallel to L. By solving the equations of L and M for y, we see that the slope of L is ~(A,/B,) and the slope
of M is —~(A,/B,). Since M and L are parallel, their slopes are equal:

-t =2 or ===r

>
>
> |ND--
|

1 1

(In the special case where the lines are vertical, B, =B,=0, and we canset r=A,/A,.)

Determine whether the lines 3x+6y=7 and 2x+4y=35 are parallel.

I The coefficients of x and y are proportional: 2= ¢. Hence, by Problem 3.23, the lines are parallel.
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Use slopes to determine whether the points A(4, 1), B(7,3), and C(3, 9) are the vertices of a right triangle.

I The siope m, of line AB is (3—-1)/(7—-4)=4%. The slope m, of line BCis 9-3/3-7)=-5=-3.
Since m, is the negative reciprocal of m,, the lines AB and BC are perpendicular. Hence, AABC has a right
angle at B.

Determine k so that the points A(7, 5), B(—1, 2), and C(k, 0) are the vertices of a right triangle with right angle at
B.

I The slope of line ABis (5—2)/[7—(—1)]=2. Theslope of line BCis (2~0)/(~1~ k) = —2/(1 + k).
The condition for A ABC to have a right angle at B is that lines AB and BC are perpendicular, which holds when

and only when the product of their slopes is —1, that is (2)[-2/(1+k)]=—1. This is equivalent to
6=8(1+k), or 8k=-2, or k=-1%.

Find the slope-intercept equation of the line through (1, 4) and rising 5 units for each unit increase in x.

I Since the line rises 5 units for each unit increase in x, its slope must be 5. Hence, its slope-intercept equation
has the form y=5x+b. Since (1,4) lies on the line, 4=5(1)+b. So, b=-1. Thus, the equation is
y=5x-1.

Use slopes to show that the points A(5, 4), B(—4,2), C(—3, —3), and D(6, —1) are vertices of a parallelogram.

’e The slope of AB is (4-2)/[5-(-4)]=1% and the slope of CDis [-3-(-1]/(-3-6)=3; hence,
AB and CD are parallel. The slope of BCis (—3-2)/[-3—(—4)}=-5 andtheslope of ADis (—1-4)/
(6 —5)= -5, and, therefore, BC and AD are parallel. Thus, ABCD is a parallelogram.

For what value of k will the line kx + 5y =2k have y-intercept 4?7
I When x=0, y=4. Hence, 5(4)=2k. So, k=10.

For what value of k will the line kx +5y =2k have slope 3?

I Solvefory: y=- %x + % This is the slope-intercept equation. Hence, the slope m = —k/5=3. So,
k=-—15.

For what value of k will the line kx + 5y =2k be perpendicular to the line 2x -3y =1?

I By the solution to Problem 3.30, the slope of kx +5y =2k is —k/5. By solving for y, the slope of

2x—3y=1 is found to be 3. For perpendicularity, the product of the slopes must be —1. Hence,

(—k/5)-3=-1. So, 2k=15, and, therefore, k=1%.

Find the midpoint of the line segment between (2, 5) and (-1, 3).

I By the midpoint formula, the coordinates of the midpoint are the averages of the coordinates of the endpoints.
In this case, the midpoint (x, y) is given by ([2+ (~=1)]/2,(5+3)/2) = (3, 4).

A triangle has vertices A(1,2), B(8,1), C(2,3). Find the equation of the median from A to the midpoint M of
the opposite side.

I The midpoint M of segment BC is ((8+2)/2,(1+3)/2)=(5,2). So, AM is horizontal, with equation
y=2.

For the triangle of Problem 3.33, find an equation of the altitude from B to the opposite side AC.

§ The slope of AQC is (3—-2)/(2—1)=1. Hence, the slope of the altitude is the negative reciprocal of 1,
namely, —1. Thus, its slope-intercept equation has the form y=-—x+b. Since B(8, 1) is on the altitude,
1=-8+b, and,so, b=9. Hence, the equationis y=—-x+9.
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For the triangle of Problem 3.33, find an equation of the perpendicular bisector of side AB.

I The midpoint N of ABis ((1+8)/2,(2+1)/2)=(9/2,3/2). The slope of ABis (2—1)/(1—-8)=—3.
Hence, the slope of the desired line is the negative reciprocal of —34, that is, 7. Thus, the slope-intercept
equation of the perpendicular bisector has the form y=7x+b. Since (9/2,3/2) lies on the line, 3=
7(3)+b. So, b=3—%=-30. Thus, the desired equationis y=7x —30.

If a line L has the equation 3x +2y =4, prove that a point P(x, y) is above L if and only if 3x+2y>4.

I Solving for y, we obtain the equation y= —3x+2. For any fixed x, the vertical line with that x-coordinate
cuts the line at the point Q where the y-coordinate is —3x+2 (see Fig. 3-2). The points along that vertical
line and above Q have y-coordinates y> —3x+2. This is equivalent to 2y >—3x +4, and thence to
3x +2y>4.

v

S

Fig. 3-2

Generalize Problem 3.36 to the case of any line Ax+ By=C (B#0).

I Case 1. B>0. As in the solution of Problem 3.36, a point P(x, y) is above this line if and only if
Ax+ By>C. Case2. B<0. Then a procedure similar to that in the solution of Problem 3.36 shows that a
point P(x, y) is above this line if and only if Ax + By <C.

Use two inequalities to describe the set of all points above the line L: 4x +3y=9 and below the line M:
2x+y=1.

I By Problem 3.37, to be above L, we must have 4x +3y>9. To be below M, we must have 2x+y<1.

Describe geometrically the family of lines y = mx + 2.

I The set of all nonvertical lines through (0, 2).

Describe geometrically the family of lines y =3x + b.

I The family of mutually parallel lines of slope 3.

Prove by use of coordinates that the altitudes of any triangle meet at a common point.

I Given AABC, choose the coordinate system so that A and B lie on the x-axis and C lies on the y-axis (Fig.
3-3). Let the coordinates of A, B, and C be (u,0), (v,0), and (0, w). _(i) The altitude from C to AB is the
y-axis. (i) The slope of BC is —w/v. So, the altitude from A to BC has slope v/w. Its slope-intercept
equation has the form y = (v/w)x + b. Since (i, 0) lies on the line, 0= (v/w)(u) + b; hence, its y-intercept
b= —vu/w. Thus, this altitude intersects the altitude from C (the y-axis) at the point (0, —vu/w). (iii) The
slope of AC is —w/u. So, the altitude from B to AC has slope u/w, and its slope-intercept equation is
y=(u/w)x + b. Since (v,0) lies on the altitude, 0= (u/w)(v)+ b, and its y-intercept b = —uv/w. Thus,
this altitude also goes through the point (0, —vu/w).
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4 D(d, f) 4

C(0, w) ¢

A(1,0)  B(,0)

Fig. 3-3 Fig. 3-4

Using coordinates, prove that the figure obtained by joining midpoints of consecutive sides of a quadrilateral
ABCD is a parallelogram.

I RefertoFig.3-4. Let A be the origin and let B be on the x-axis, with coordinates (v, 0). LetCbe(c, e) and
let D be (d, f). The midpoint M, of AB has coordinates (v/2,0), the midpoint M, of BC is ((c +v)/2,
e/2), the midpoint M, of CDis ((c +d)/2,(e+ f)/2), and the midpoint M, of AD is (d/2, f/2).

. = _ e/2—-0 e . ~= _(e+f)2—fl2 e

Slope of line M M, = CTo)i2—vi2 ¢ Slope of line M. M, = c+d)2—dn "¢
Thus, M, M and M, M, M, are parallel. Similarly, the slopes of M, M, and M, M, both turn out to be f/(d — v), and
thereforeM M andM M are parallel. Thus, M, M,M,M, is a parallelogram. (Note two special cases. When

c=0, both M M, and M M, are vertical and, therefore, paraliel. When d=v, both M,M, and M, M, are
vertical and, therefore parallel )

Using coordinates, prove that, if the medians AM, and BM, of AABC are equal, then CA = CB.

A
C(c, d)
M, M,
B(~a, 0) A(a,0)
Fig. 3-5

I Choose the x-axis so that it goes through A and B and let the origin be halfway between A and B. Let A be
(a,0). Then Bis (—a,0). Let Cbe(c,d). Then M, is ((c—a)/2,d/2) and M,is ((c+a)/2,d/2). By

the distance formula,
- c— 3 — C 2
= \/ a —_ a 0 _—— a had

and BM, = \/C+a—( “)] (g‘°>z=J(3a;c)z+<g)z

Setting AM, = BM, and squaring both sides, we obtain [(3a —0)/2 +(d/2)* =[(3a + ¢)/12)* + (d/2)},

and, simplifying, (3a—c)>=Ba+c)>. So, (3a+c)’—(3a—c)’ =0, and, factoring the left-hand side,
[Ba+c)+(Ba—0)]-[(3a+c)~(Ba—¢)]=0, thatis,(6a)-(2c)=0. Sincea#0, c=0. Now the distance
formula gives

CA=V(0-0a)’+(d-0y=V[0-(-a)]' + (40" = TB

as required.
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Find the intersection of the line L through (1, 2) and (5, 8) with the line M through (2, 2) and (4, 0).

I The slope of Lis (8—2)/(5—1)=3. Its slope-intercept equation has the form y=3x+ b. Since it
passes through (1,2), 2=32(1)+b, and, therefore, b=3. So, L has equation y=3x+ 3. Similarly,
we find that the equation of Mis y=—x+4. So,we mustsolve the equations y=-x+4 and y=3x+1}

simultaneously. Then, —-x+4=3x+3, -2x+8=3x+1, 7=5x, x=%. When x=%, y=-x+

4=-}+4=1%. Hence, the point of intersection is (I, £).

Find the distance from the point (1, 2) to the line 3x —4y =10.

I Remember that the distance from a point (x,,y,) to a line Ax+By+ C=0 is |Ax, + By, +C|/
VA’+ B> In our case, A=3, B=-4, C=10, and VA’+B’=V25=5. So, the distance is
[3(1) - 4(2)—10]/5=% =3.

Find equations of the lines of slope — 3 that form with the coordinate axes a triangle of area 24 square units.

I The slope-intercept equations have the form y=—3x+b. When y=0, x=4%b. So,the x-intercepta
isth. Hence, the area of the triangleis 1ab = 3(3b)b=3b>=24. So, b*>=36, b==*6, and the desired
equations are y=—3x=*6; thatis, 3x+4y=24 and 3x+4y=-24

A point (x, y) moves so that its distance from the line x =35 is twice as great as its distance from the line
y =8. Find an equation of the path of the point.

I The distance of (x,y) from x=35 is |[x—S5|, and its distance from y=8 is |y—8|. Hence,
|x—5/=2|y—8|. So, x—5==2(y—8). Therearetwocases: x—5=2(y—8) and x-5=-2(y~-8),
yielding the lines x—2y=-11 and x+2y=21. A single equation for the path of the point would
be (x—2y+11)(x+2y~-21)=0.

Find the equations of the lines through (4, —2) and at a perpendicular distance of 2 units from the origin.

I A point-slope equation of a line through (4, —2) with slope mis y+2=m(x—4) or mx—y—(4dm+
2)=0. The distance of (0,0) from this line is [4m +2|/Vm®+1. Hence, |[4m+2|/Vm’+1=2. So,
(A4m+2)=4(m’>+1), or 2m+1)>=m>+1. Simplifying, m(3m+4)=0, and, therefore, m=0 or
m=—3%. The required equations are y=—2 and 4x+3y—-10=0.

In Problems 3.49-3.51, find a point-slope equation of the line through the given points.

(2,5) and (-1, 4).

I m=(G5-4)/2-(-1)]=%. So,anequationis (y—5)/(x—2)=% or y—-5=3%(x-2).

(1, 4) and the origin.

I m=(4-0)/(1-0)=4. So, anequationis y/x=4 or y=4x.

(7,-1) and (-1,7).

I m=(-1-7)/[7-(-1)]=-8/8=—1. So, an equation is (y+1)/(x—7)=-1 or y+1=—(x—7).
In Problems 3.52-3.60, find the slope-intercept equation of the line satisfying the given conditions.

Through the points (-2, 3) and (4, 8).

I m=3G-8)/(-2-4)=-5/-6
b=%. Thus, the equation is y

3. The equation has the form y=3Zx+b. Hence, 8=3(4)+b,
Sx+ %

Having slope 2 and y-intercept ~1.

I y=2x-1.

Through (1, 4) and parallel to the x-axis.

# Since the line is parallel to the x-axis, the line is horizontal. Since it passes through (1, 4), the equation is
y=4.
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Through (1, —4) and rising 5 units for each unit increase in x.

I 1ts slope must be 5. The equation has the form y=5x+b. So, —4=5(1)+b, b=-9. Thus, the
equationis y=5x—9.

Through (5, 1) and falling 3 units for each unit increase in x.

I 1ts slope must be —3. So, its equation has the form y=-3x+b. Then, 1=-3(5)+b, b=16.
Thus, the equation is y = —3x + 16.

Through the origin and parallel to the line with the equation y=1.

I Since the line y=1 is horizontal, the desired line must be horizontal. It passes through (0, 0), and,
therefore, its equationis y=0.

Through the origin and perpendicular to the line L with the equation 2x —6y =35.

I The equation of L is y=3x— 1. So, the slope of L is . Hence, our line has slope —3. Thus, its
equation is y = —3x.

Through (4, 3) and perpendicular to the line with the equation x=1.

I Theline x=1 isvertical. So,our lineishorizontal. Since it passes through (4, 3), its equationis y =3.

Through the origin and bisecting the angle between the positive x-axis and the positive y-axis.

I 1ts points are equidistant from the positive x- and y-axes. So, (1, 1) is on the line, and its slope is 1. Thus,
the equation is y =x.

In Problems 3.61--3.65, find the slopes and y-intercepts of the line given by the indicated equations, and find the
coordinates of a point other than (0, b) on the line.

y=5x+4.

I From the form of the equation, the siope m =5 and the y-intercept b =4. To find another point, set
x=1; then y=9. So, (1,9) is on the line.

Tx —4y =8.

I y=I1x-2. So, m=] and b=-2. To find another point, set x=4; then y=5. Hence, (4,5)
is on the line.

y=2-4x.

I m=-4 and b=2. To find another point, set x=1; then y=—2. 8o, (1, —2) lies on the line.

y=2.

I m=0 and b=2. Another pointis (1,2).

Y r_

3 + 3 1.

I y=-3x+4. So, m=-% and b=4. To find another point on the line, set x=3; then y=0.
So, (3, 0) is on the line.

In Problems 3.66-3.70, determine whether the given lines are parallel, perpendicular, or neither.
y=5x—-2 and y=>5x+3.
I Since the lines both have slope 5, they aré parallel.
y=x+3 and y=2x+3.
I Since the slopes of the lines are 1 and 2, the lines are neither parallel nor perpendicular.

4x—2y=7 and 10x-Sy=1.
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I The slopes are both 2. Hence, the lines are parallel.

4x—2y=7 and 2x+4y=1.

I The slope of the first line is 2 and the slope of the second line is —3. Since the product of the slopes is —1, the
lines are perpendicular.

7x+3y=6 and 3x+7y=14.

I The slope of the first line is — § and the slope of the second line is — 3.  Since the slopes are not equal and their

product is not —1, the lines are neither parallel nor perpendicular.

Temperature is usually measured either in Fahrenheit or in Celsius degrees. The relation between Fahrenheit
and Celsius temperatures is given by a linear equation. The freezing point of water is 0° Celsius or 32°
Fahrenheit, and the boiling point of water is 100° Celsius or 212° Fahrenheit. Find an equation giving Fahrenheit
temperature y in terms of Celsius temperature x.

I Since the equation is linear, we can write itas  y = mx + b. From the information about the freezing point
of water, we see that b =32. From the information about the boiling point, we have 212=100m + 32,
180=100m, m=%. So, y=3x+32

Problems 3.72-3.74 concern a triangle with vertices A(1, 2), B(8,0), and C(5, 3).

Find an equation of the median from A to the midpoint of BC.

I The midpoint M of BCis ((8+5)/2,(0+3)/2)=(%,3). So,theslopeof AMis (2—3)/(1-%)=—1.
Hence, the equation has the form y=—4x+b. Since A is on the line, 2=—% +5, b=3. Thus, the
equationis y=—4x+ %, or x+1ly=23.

Find an equation of the altitude from B to AC.

I Theslopeof ACis (3—2)/(5—1)=1%. Hence, the slope of the altitude is the negative reciprocal —4. So,
the desired equation has the form y=-4x+ b. Since B is on the line, 0=-32+b, b=32. So, the
equation is y = —4x + 32.

Find an equation of the perpendicular bisector of AB.

I Theslope of ABis (2—-0)/(1-8)=—2%. Hence, the slope of the desired line is the negative reciprocal 3.
The line passes through the midpoint M of AB: M =(3,1). The equation has the form y= {x+b. Since

Misontheline, 1=3-%+b, b=-%. Thus, the equationis y=3x— 2, or l4x—4y=359.

Highroad Car Rental charges $30 per day and 15¢ per mile for a car, while Lowroad charges $33 per day and 12¢
per mile for the same kind of car. If you expect to drive x miles per day, for what values of x would it cost less to
rent the car from Highroad?

f The daily cost from Highroad is 3000 + 15x cents, and the daily cost from Lowroadis 3300+ 12x. Then
3000 + 15x <3300 + 12x, 3x <300, x<100.

Using coordinates, prove that a parallelogram with perpendicular diagonals is a rhombus.

I Refer to Fig. 3-6. Let the paralielogram ABCD have A at the origin and B on the positive x-axis, and DC in
the upper half plane. Let the length AB be a, so that Bis (a,0). Let Dbe (b, c),sothat Cis (b +a,c). The

D(b, ¢) C(b+a,c)

A(0,0) " B(a,0)

Fig. 3-6
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slope of AC=c¢/(b+a) and the slope of BDis c¢/(b—a). Since AC and BD are perpendicular,

c ¢
b+a b—a

=-—1 c=at-b
But, AB=a and AD=Vb'+c*=a=AB. So. ABCD is a rhombus.

Using coordinates, prove that a trapezoid with equal diagonals is isosceles.

I As shown in Fig. 3-7, let the trapezoid ABCD. with parallel bases AB and CD, have A at the origin and
B on the positive x-axis. Let D be (b,c) and C be (d,c), with b<d. By hypothesis, AC = BD,

Ve+d =\V(b-a)+c d*=(b-a). d=x(b~a). Casel. d=b—a Then b=d+a>d. con-
tradicting b<d. Case 2. d=a—b. Then b=a-d, b =(d-a)’ Hence, AD=Vb +c' =

V(d - a)’+ ¢ =BC. So, the trapezoid is isosceles.
1\

D(b.¢) C(d. c)

A0, 0) B(a. 0)

Fig. 3-7

Find the intersection of the lines x —2y=2 and 3x+4y=6.

I Wemustsolve x—2y=2 and 3x+4y=6 simultaneously. Multiply the first equation by 2, obtaining
2x —4y =4, and add this to the second equation. The resultis 5x=10, x=2. When x=2, substitu-
tion in either equation yields y =0. Hence. the intersection is the point (2, 0).

Find the intersection of the lines 4x +5y =10 and 5x+4y=38§.

I Multiply the first equation by 5 and the second equation by 4, obtaining 20x + 25y =50 and 20x + 16y =
32.  Subtracting the second equation from the first, we get 9y =18, y=2. When y=2, x=0. So,the
intersection is (0, 2).

Find the intersection of the line y =8x—6 and the parabola y=2x".

I Solve y=8x-6 and y=2x" simultancously. 2x’=8x-6, x =4x-3, x*—-4d4x+3=0,
(x=3)x—1)=0, x=3 or x=1. When x=3, y=18, and when x=1., y=2. Thus, the inter-
section consists of (3, 18) and (1, 2).

Find the intersection of the line y = x — 3 and the hyperbola xy =4,

I We must solve y=x-3 and xy=4 stmultaneously. Then x(x—3)=4, x’—3x—-4=0,
(x—-4)(x+1)=0, x=4 or x=-1. When xy=4, y=1, and when x=-1, y=—4. Hence, the
intersection consists of the points (4, 1) and (-1, —4).

Let x represent the number of million pounds of chicken that farmers offer for sale per week, and let y represent
the number of dollars per pound that consumers are willing to pay for chicken. Assume that the supply equation
for chickenis y=0.02x +0.25, thatis, 0.02x +0.25 is the price per pound at which farmers are willing to
sell x million pounds. Assume also that the demand equation for chicken is y = —0.025x +2.5, that is,
~0.025x +2.5 is the price per pound at which consumers are willing to buy x million pounds per week. Find
the intersection of the graphs of the supply and demand equations.

I Set 0.02x+0.25=-0.025x +2.5, 0.045x=2.25, x=2.25/0.045=2250/45=50 million pounds. Then
y = 1.25 dollars per pound is the price.

Find the coordinates of the point on the line y=2x+1 that is equidistant from (0, 0) and (5, —2).

I Setting the distances from (x, y) to (0,0) and (5, —2) equal and squaring, we obtain x>+ y> = (x —5)* +
(y+2), x"+y’=x"-10x+25+y’+4y+4, 10x—4y=29. Substituting 2x +1 for y in the last equa-
tion we obtain 10x —4(2x +1)=29, 2x=33, x=%. Then y=34. So, the desired point is (¥, 34).
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CHAPTER 4
Circles

Write the standard equation for a circle with center at (a, b) and radius r.

I By the distance formula, a point (x, y) is on the circle if and only if \/(x —aY +(y—b)’=r. Squaring
both sides, we obtain the standard equation: (x —a)>+ (y — b)* =r>.

Write the standard equation for the circle with center (3, 5) and radius 4.

I (x-3)°+(y-57=16.

Write the standard equation for the circle with center (4, —2) and radius 7.

I (x-4Y+(y+2)°=49.

Write the standard equation for the circle with center at the origin and radius r.

1 x2+y2=r2.

Find the standard equation of the circle with center at (1, —2) and passing through the point (7, 4).

I The radius of the circle is the distance between (1, ~2) and (7,4): /(7 - 1) +[4-(-2)]=V36+36=
V72. Thus, the standard equation is: (x —1)* + (y +2)°>=72.

Identify the graph of the equation x* + y*> — 12x + 20y + 15=0.

I Complete the square in x andiny: (x — 6)> + (¥ +10)" + 15=36 +100. [Here the —6in (x —6) is half
of the coefficient, —12, of x in the original equation, and the +10in (y + 10} is half of the coefficient 20, of y.
The 36 and 100 on the right balance the squares of —6 and +10 that have in effect been added on the left.]
Simplifying, we obtain (x —6)° + (y + 10)* = 121, the standard equation of a circle with center at (6, —10) and
radius 11.

Identify the graph of the equation x*>+y>+3x—2y+4=0.

I Complete the square (as in Problem 4.6): (x+3)°+(y—1)>+4=9+1. Simplifying, we obtain

(x+3)Y+(y—1)>=—2. But this equation has no solutions, since the left side is always nonnegative. In

other words, the graph is the empty set.

Identify the graph of the equation x>+ y®>+2x —2y +2=0,

I Complete the square: (x+ 1) +(y—1)’+2=1+1, which simplifies to (x+1)*+(y—1)>=0. This
is satisfied when and only when x+1=0 and y—1=0, thatis, forthe point (—1,1). Hence, the graphis
a single point.

Show that any circle has an equation of the form x> +y* + Dx + Ey + F=0.

I Consider the standard equation (x —a)’>+(y—b)’=r> Squaring and simplifying, x*+ y*—2ax —
2by+a’+b’—r*=0. Let D=-2a, E=-2b, and F=a*+b"~r2

Determine the graph of an equation x>+ y”>+ Dx+ Ey + F=0.

D 2 2 DZ E2 D 2 2
I Complete the square: (x+ ?) + (y + g) + F= vy + i Simplifying: <x+ E) + <y + -g) =
D* E’ D’ + E’-4F

Tt " F=——F— Nowlet d= D>+ E*—4F. When d>0, we obtain a circle with center
D E . . . . D E
at |\ — 577 and radius Vd/2. When d=0, we obtain a single point | - 575 ) When d <0,

graph contains no points at all.

19
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Find the center and radius of the circle passing through the points (3, 8), (9, 6), and (13, —2).

I By Problem 4.9, the circle has an equation x°>+ y*+ Dx+ Ey + F=0. Substituting the values (x, y) at
each of the three given points, we obtain three equations: 3D +8E+ F=-73, 9D +6E+ F=—117,
13D —2E + F=—173. First, we eliminate F (subtracting the second equation from the first, and subtracting the
third equation from the first):

—6D +2E =44 o “3D+E=2
—10D +10E=100 °0MOTESMPY  _pip=10

Subtracting the second equation from the first, -2D =12, or D=~6. So, E=10+D=4, and F=
—73—-3D - 8E = —87. Hence, we obtain x*+y°—6x+4y—87=0. Complete the square: (x—3)*+
(y+2)Y—-87=9+4, or, (x—3)"+(y+2)"=100. Hence, the center is (3, —2) and the radiusis V100 =
10. Answer

Use a geometrical/coordinate method to find the standard equation of the circle passing through the points
A(0,6), B(12,2), and C(16, —2).

I Find the perpendicular bisector of AB. The slope of AB is — 4 and therefore the slope of the perpendicular
bisectoris 3.  Since it passes through the midpoint (6, 4) of AB, a point-slope equation foritis y —4=3(x — 6),
or, equivalently, y=3x—14. Now find the perpendicular bisector of BC. A similar calculation yields
y=x—14. Since the perpendicular bisector of a chord of a circle passes through the center of the circle, the
center of the circle will be the intersection point of y=3x—-14 and y=x—14. Setting 3x - 14=x— 14,
wefind x=0. So, y=x-—14=-14. Thus, the centeris (0, —14). The radius is the distance between the
center (0, —14) and any point on the circle, say (0,6): V(0—0)?+ (14 —6)’ = V400 =20. Hence, the
standard equation is x° + (y + 14)” = 400.

Find the graph of the equation 2x* + 2y* — x =0.
I First divide by 2: x*+y>—1x=0, and then complete the square: (x— 1)’+y*=1. This is the
standard equation of the circle with center (%, 0) and radius 3.

For what value(s) of & does the circle (x — k)° + (y —2k)* =10 pass through the point (1, 1)?

I (1-k)’+(1-2k)>=10. Squaring out and simplifying, we obtain 5k* —6k —8=0. The left side factors
into {5k +4)(k—2). Hence, the solutions are k= —-4/5 and k=2,

Find the centers of the circles of radius 3 that are tangent to both the lines x=4 and y=6.

I Llet(a, b)beacenter. The conditions of tangency imply that |a—4]=3 and |b—6|=3 (seeFig. 4-1).
Hence, a=1 or a=7, and b=3 or b=9. Thus, there are four circles.

Fig. 4-1

Determine the value of k so that x”+ 3y —8x + 10y + k=0 is the equation of a circle of radius 7.

I Complete the square: (x—4)°+(y+5+k=16+25. Thus, (x—4)+(y+5y=41—k. So,
V41~ k=7. Squaring, 41— k=49, and, therefore, k= —8.

Find the standard equation of the circle which has as a diameter the segment joining the points (5, —1) and
(=3,7). The center is the midpoint (1, 3) of the given segment. The radius is the distance between (1, 3) and

(5,-1): V(5-1)+(-1-3)>=V16+ 16 =V32. Hence, the equationis (x —1)*+(y —3)>=32.
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Find the standard equation of a circle with radius 13 that passes through the origin, and whose center has abscissa
~12.

I Let the center be (—12,b). The distance formula yields 13 = \/(—12 -0y +(b—-0)= V144 + b> So
144+ b2 =169, b*=25, and b==5. Hence, there are two circles, with equations (x +12)* + (y ~5)* =
169 and (x+12)°+(y +5)*=169.

Find the standard equation of the circle with center at (1, 3) and tangent to the line 5x — 12y —8=0.

I5(1) — 12(3) - 8} _

§ The radius is the perpendicular distance from the center (1, 3) to the line: 3

standard equation is (x — 1)’ +(y —3)*=9.

3. So, the

Find the standard equation of the circle passing through (—2, 1) and tangent to the line  3x —2y =6 at the point
(4,3).

I Since the circle passes through (—2,1) and (4, 3), its center (4, b) is on the perpendicular bisector of the
segment connecting those points. The center must also be on the line perpendicular to  3x —2y =6 at (4,3).
The equation of the perpendicular bisector of the segment is found tobe  3x +y=35. The equation of the line
perpendicular to 3x —2y =6 at (4,3) turns out to be 2x+3y=17. Solving 3x+y=35 and 2x+3y=

17 simultaneously, wefind x=-% and y=%. Thentheradius r= V@ +2)+ (3~ %) = 9V/13. So,
the required equation is (x+ 2)*+ (y — %) = 1§,

Find a formula for the length ! of the tangent from an exterior point P(x,, y,) to the circle (x ~ ay +
(y—b)*=r> See Fig. 4-2.

P(x,, y,)

Fig. 4-2

I By the Pythagorean theorem, !>=(PC)’—r> By the distance formula, (PC)*=(x,—a)*+(y, — b)>
Hence, [=V(x,—a)’+(y,~b)>~r> Answer

Find the standard equations of the circles passing through the points A(1,2) and B(3, 4) and tangent to the line
3x+y=3.

I Let the center of the circle be C(a, b). Since CA= CB,

(a-1+(b—-2)=(a—3)"+(b—4y (1)
Si . . . : . [3a+ b -3
ince the radius is the perpendicular distance from C to the given line, Vg Ve have
3a+b-3\*
(a—1)2+(b—2)2=<—71_—6-———> (2)

Expanding and simplifying (1) and (2), we have a+b=35 and a*>+9b> —6ab —2a—34b +41=0, whose
simultaneous solution yields a=4, b=1, and a=3, b=71. From r=[3a+b-3|/V10, we get
r=(12+1-3)A10=VI0 and r=(3+1-3)"V10=V10/2. So, the standard equations are:

(x=4Y+(y—1Y=10 and x=3)P+(y-1P=3.

Find the center and radius of the circle passing through (2,4) and (—1,2) and hawviag its center on the line
x—3y=8.
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I Let(a, b) be the center. Then the distances from (a, b) to the given points must be equal, and, if we square
those distances, we get (a—2)°+(b—4)’=(a+1)°+(b—-2)°, —-4a+4—-8b+16=2a+1—-4b+4, 15=
6a +4b. Since (a, b) also is on the line x—3y =8, we have a—3b=8. If we multiply this equation by
—6 and add the resultto 64 + 4b =15, weobtain 22b = —33, =—3. Then a=1%, and thecenteris

1,—32). The radius is the distance between the center and (—1,2): V(I +1)2+ (-2 -2)’= —

Find the points of intersection (if any) of the circles x>+ (y—4)>=10 and (x—8)>+ y*>=50.

I Thecirclesare x*+y°—8y+6=0 and x*—16x+y*+14=0. Subtract the second equation from the
first: 16x —8y—-8=0, 2x—y—1=0, y=2x—1. Substitute this equation for y in the second equation:
(x—-8)*+(2x—1>=50, 5x*-20x+15=0, x*—4x+3=0, (x-3)(x—-1)=0, x=3 or x=1.
Hence, the points of intersection are (3, 5) and (1, 1).

Let x*+y*+ Cyx+ D,y+ E, =0 be the equation of a circle ¢,, and x*+y*+ C,x+ D,y+ E,=0 the
equation of a circle €, that intersects €, at two points. Show that, as k varies over all real numbers # — 1, the
equation (x*+y*+ C,x+ D,y + E,)+k(x*+y"+ C,x+ D,y + E,)=0 yields all circles through the inter-
section points of €, and €, except €, itself.

I Clearly, the indicated equation yields the equation of a circle that contains the intersection points.
Conversely, given a circle € # %, that goes through those intersection points, take a point (x,, y,) of € that
does not lie on 4, and substitute x, for x and y, for y in the indicated equation. By choice of (x,, y,) the
coefficient of k is nonzero, so we can solve for k. If we then put this value of k in the indicated equation, we
obtain an equation of a circle that is satisfied by (x,, y,) and by the intersection points of €, and 4,. Since three
noncollinear points determine a circle, we have an equation for €. [Again, it is the choice of (x,, y,) that makes
the three points noncollinear; i.e., k# —1.]

Find an equation of the circle that contains the point (3, 1) and passes through the points of intersection of the two
circles x*+y*~x—-y—-2=0 and x*+y*+4x—4y—8=0.
I Using Problem 4.25, substitute (3, 1) for (x, y) in the equation (x*+y*>—x—y—2) + k(x> + y* + 4x —
4y —8)=0. Then 4+10k=0, k=—3%. So, the desired equation can be written as

5(x+y’—x—y-2)-2(*+y +4x—4y—-8)=0 or 3x°+3y° ~13x+3y +6=0
Find the equation of the circle containing the point (—2, 2) and passing through the points of intersection of the
two circles x*>+y*+3x—2y—4=0 and x*+y*-2x—y—-6=0.
I Using Problem 4.25, substitute (—2, 2) for (x, y) in the equation (x* + y* +3x — 2y — 4) + k(x* + y*> — 2x —
y—6)=0. Then —-6+4k=0, k=3. So, the desired equation is

2% +y* +3x -2y —4)+3(x*+y* —2x—y—6)=0 or 5x°+5y* =7y —26=0

Determine the locus of a point that moves so that the sum of the squares of its distances from the lines
5x+12y—4=0 and 12x-5y+10=0 is5. [Note that the lines are perpendicular.}]

|5x + 12y — 4] and |12x — 5y + 10|
13 13 )

2
> =5. Simplifying, we obtain 169x>+ 169y> +200x — 196y —

I Let (x, y) be the point. The distances from the two lines are

5x+12y—4)2 (12x-—5y+10
Hence, ( 3 + 13
729 =0, the equation of a circle.

Find the locus of a point the sum of the squares of whose distances from (2, 3) and (-1, —2) is 34.

I Let (x,y) be the point. Then (x—2)°+(y—3)°+(x+1)+(y+2)’=34. Simplify: x*+y’—x~
y —8=0, the equation of a circle.

Find the locus of a point (x, y) the square of whose distance from (-5, 2) is equal to its distance from the line
5x+12y —26=0.

Sx+12y —26 S5x+ 12y — 26
I (+5) 4 (y—27 = y =2, J

13 13

Simplifying, we obtain two equations 13x* +13y” +125x — 64y +403=0 and 13x” +13y® + 135x — 40y +
351 =0, both equations of circles.



CHAPTER 5
Functions and their Graphs

In Problems 5.1-5.19, find the domain and range, and draw the graph, of the function determined by the given formula.

5.1

5.2

53

54

5.5

h(x)=4—x*

I The domain consists of all real numbers, since 4 — x> is defined for all x. The range consists of all real
numbers < 4: solving the equation y=4—x> for x, we obtain x=*V/4—y, which is defined when and
only when y=4. The graph (Fig. 5-1) is a parabola with vertex at (0, 4) and the y-axis as its axis of symmetry.

y y

Fig. 5-1 Fig. 5-2

G(x)=-2vx.

I The domain consists of all nonnegative real numbers. The range consists of all real numbers < 0. The graph
(Fig. 5-2) is the lower half of the parabola 4x =y~

H(x)=Va4-x"

I The domain is the closed interval [=2,2], since V4—x” is defined when and only when x®>=4. The
graph (Fig. 5-3) is the upper half of the circle x® + y>=4 with center at the origin and radius 2. The range is
the closed interval [0, 2].

4y LYy
2 4
Va-x? 3
/1--_\ f‘
 — — P4 i ] L iy
-2y -1 1 72 x -2-10f 1 2 3 4 x
\ IF 7
Sz Visa -
~2 Fig. 5-3 }_ Fig. 5-4

Ux)=Vx*> -4

I The domain consists of all x such that x=2 or x=-2, since we must have x”=4. The graph (Fig.
5-4) is the part of the hyperbola x> —y>=4 on or above the x-axis. The range consists of all nonnegative real
numbers.

V(x)=|x—1].

I The domain is the set of all real numbers. The range is the set of all nonnegative real numbers. The graph
(Fig. 5-5) is the graph of y = |x| shifted one unit to the right.
4y

1

Fig. 5-5

23
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5.6

5.7

58

5.9

5.10

5.1

[l CHAPTERS5

f(x) = [2x] = the greatest integer < 2x.

I The domain consists of all real numbers.
graph of a step function, with each step of length 3 and height 1.

The range is the set of all integers.

The graph (Fig. 5-6) is the

y y
2+ oo 4
. eo 3 S
1 &0 2 ® <
1 *——0
*0 AN ERY SEVURE
"’—L—"—L{ -6 -3
-2 -1- 2 _3 6 x
%.15%1 x 1
o} -1 &0 -2
*0o | —_— -3
&0 -2 Fig. 5-6 ~4 Fig. 5-7

g(x) =[x/3] (see Problem 5.6).

I The domain is the set of all real numbers and the range is the set of all integers. The graph (Fig. 5-7) is the

graph of a step function with each step of length 3 and height 1.
1
h(x) = ; .

I The domain is the set of all nonzero real numbers, and the range is

the same set. The graph (Fig. 5-8) is the

hyperbola xy =1.
Y y
-1
al-!
31
2 2|
-2 -1 1} 11
o i i 4 1 - L1 Lt 1 b1 runc
[T 7 5 X s GEE X
L _, ]
- |
il
L Fig. 5-8 ol Fig. 5-9
1
F(x)-—x_l.

I The domain is the set of all real numbers # 1. The graph (Fig. 5-

The range consists of all nonzero real numbers.

H(x)=-1x".

9) is Fig. 5-8 shifted one unit to the right.

I The domain is the set of all real numbers, and the range is the same set. See Fig. 5-10.

y
L. 4 y
-1 .
- 2 -
- 1 2
| 1 1 -> - 2
22 -1 I\t 2 X L INLL L L
| a X
Fig. 5-10 B Fig. 5-11

J(x)=—x|x|.

I The domain and range are the set of all real numbers. The graph

(Fig. 5-11) is obtained by reflecting in the

x-axis that part of the parabola y =x” that lies to the right of the y-axis.
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5.13

5.14

5.16

517

Ul = { 53x_-—x3

I The domain is the set of all real numbers.

(1,2). The range is the set of all real numbers = 2.

J

T

= _Nu/

[ Y =
R
=
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for x=<1
for x>1

w
|
.

1

1
0
-t e

e

Fig. 5-13

I The domain is {1,2,4). The range is {—1,3}. The graph (Fig. 5-13) consists of three points.

- Fig. 5-12
A =-1, f(2)=3, f(4)=-1

f The domain is the set of all real numbers except —2.
graph (Fig. 5-14) consists of all points on the line
all real numbers except —4.

y

2k /
1 1“}
-

X

Fig. 5-14
X

H(x)= {4

I The domain is the set of all real numbers.
for x=2 andtheright halfoftheline y=4 for x
the number 4.

x|
fx)=—

PR

I The domain is the set of all nonzero real numbers.

for x>0, plus the left half of the line y= -1 for
y
1
(] ;
-1
Fig. 5-16
I—x
gx)=42
X+ 1

I The domain is the set of all real numbers.
pieces: the half of the line y=1-x

(x+2)(x-2)

Since G(x) =

+F o

3

s

1

o1
01 2 X
Fig. 5-15

if x=2
if x>2

The graph (Fig. 5-15) is made up of the left half of the line
The range consists of all real numbers = 2,

>2.

The graph (Fig. 5-16) is the right half of the line

x<0. The range is {1, —1}.
Ay
sk
f

1L
EEE NN
-3 -1 3

=

Fig. 5-17
if x=-—1

if —l1<x<1

if x=1

the horizontal segment

. =x—2forx# —2,
y =x—2 except the point (-2, ~4).

The graph (Fig. 5-12) consists of two half lines meeting at the point

the

The range is the set of

y=x
plus
y=1

The graph (Fig. 5-17) is a continuous curve consisting of three

to the left of x=-1, y =2 between

x=-1 and x=1, and the part of the parabola y=x*+1 to the right of x=1. The range consists of

all real numbers = 2.
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5.18

5.19

5.20

5.21

5.22

x+3Hx-3) _

=9 ,
h(x)=[mx—3 if x#3
6 if x=3
I The domain is the set of all real numbers. Since h(x)=
h(x)=x+3 for x=3,
numbers.
M/
AF
/ :
Fig. 5-18
3,
F(x)= V¥.

I The domain is the set of all real numbers.

graph of y=x". [See Problem 5.100.] The range is the set of all real numbers.

2

-2 1
I O N

S .

-8 2

Is Fig. 5-20 the graph of a function?

8 x

Fig. 5-19

I Since (0,0) and (0, 2) are on the graph, this cannot be the graph of a function.

3»/
24

-2 -1 0 12 x

Fig. 5-20

Is Fig. 5-21 the graph of a function?

4

N

x+3 for

/4L
N

x#3 and

the graph (Fig. 5-18) is the straight line y =x + 3. The range is the set of all real

The graph (Fig. 5-19) is the reflection in the line y =x of the

Fig. 5-21

I Since some vertical lines cut the graph in more than one point, this cannot be the graph of a function.

Is Fig. 5-22 the graph of a function?

I Since each vertical line cuts the graph in at most one point, this is the graph of a function.

y

Q

Fig. 5-22
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5.24

5.25

5.26

5.27

5.28

5.29

5.30

5.31
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Is Fig. 5-23 the graph of a function?

I Since each vertical line cuts the graph in at most one point, this is the graph of a function.
w y

]

Fig. 5-23

Find a formula for the function f(x) whose graph consists of all points (x, y) such that x’y —2=0, and specify
the domain of f(x).

I f(x)=2/x> The domain is the set of all nonzero real numbers.

+
Find a formula for the function f(x) whose graph consists of all points (x, y) such that x = H’ and specify

the domain of f(x).

I xQ-y)=1+y, x—xy=1+y, yx+1)=x-1, y=i;i. So, f(x)=

the set of all real numbers different from —1.

and the domain is

¥ —
x+1
Find a formula for the function f(x) whose graph consists of all points (x, y) such that x*>—2xy +y>=0, and

specify the domain of f(x).

I The given equation is equivalentto (x —y)>=0, x—y=0, y=x. Thus, f(x)=x, andthedomainis
the set of all real numbers.

In Problems 5.27-5.31, specify the domain and range of the given function.

1
&= eya-3)

I The domain consists of all real numbers except 2 and 3. To determine the range, set y = S S
1 1 (x—2)(x—3)
576 and solve for x. x*—5x+ (6 - -) =0. This has a solution when and only when b* —4ac =

4 4
(-5 - 4(1)(6 - :v-) =25-24+ ; =1+ ; =0. Thisholdsif andonlyif 4/y=-1. This holds when y>0,

and,if y<0, when y=-4. Hence the rangeis (0, +%)U (—x, —4].

8=

I x is in the domain if and only if x®<1. Thus, the domain is (-1,1). To find the range, first note

that g(x)>0. Then set y=1/V1—x* and solve for x. y’=1/(1-x%), x*=1-1/y>=0, 1=1/y}
y*=1, y=1. Thus, the range is [1, +).

Cfx+1 i —1<x<1
h(")‘{ 2 if 1=x

I The domain is (—1, +). The graph consists of the open segment from (—1, 0) to (1, 2), plus the half line of
y=2 with x=1. Hence, the range is the half-open interval (0, 2}.

x—1 if 0=sx=3
F(x)‘{x—Z if 3<x<4

I The domain is [0,4). Inspection of the graph shows that the range is [—1, 2].
G(x)=|x|—x.

I The domain is the set of all real numbers. To determine the range, note that G(x)=0 if x=0,
and G(x)=-2x if x<0. Hence, the range consists of all nonnegative real numbers.
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5.32

5.33

5.34

5.35

5.36

5.37

5.38

5.39

5.40

5.41

[l CHAPTER 5

¥’ —16 .
Let foy=x-4  g={xrs T FFH
k if x=-4

Determine k so that f(x) = g(x) for all x.

+ —
I g»)= Q‘:—l@;_‘ﬂ =x—4=f(x) if x#—4, Since f(—4)=-8, wemustset k=—8.

x’ -
Let f(x)= and g(x)=x-1. Why is it wrong to assert that f and g are the same function?

X

1 f is not defined when x =0, but g is defined when x=0.

In Problems 5.34-5.37, define one function having set & as its domain and set & as its range.

P=(0,1) and 2 =(0,2).
I Let f(x)=2x for 0<x<1.

2=[0,1) and Z=[—1,4).

I Look for a linear function f(x)=mx+b, taking 0 into —1 and 1 into 4. Then b=-1, and
4=m-1, m=5. Hence, f(x)=5x—-1.

@=[0,+) and R ={0,1}.
I f0)=0, and f(x)=1 for x>0.
D=(—»,1)U(1,2) and R =(1, +x).
I Letf(x)= ;—41-7 +1 for x<-1, and f(x)=x for 1<x<2. See Fig. 5-24.
In Problems 5.38-5.47, determine whether the function is even, odd, or neither even nor odd.

A

[EVRPNER P QNI S i~
= [

Fig. 5-24
fx)=9-x

I Since f(-x)=9-(—x)*=9-x*=f(x), f(x)iseven.
fx)=+vx.

I For a function f(x) to be considered even or odd, it must be defined at —x whenever it is defined at x. Since
f(1) is defined but f(—1) is not defined, f(x) is neither even nor odd.

f(x)=4-x"
I This function is even, since  f(—x) = f(x).
f(x) =|x|.

I Since |-x|=|x|, this function is even.



5.42

5.43

5.44

5.45

5.46

5.47

5.48

5.49

5.50

5.51

5.52

5.53

FUNCTIONS AND THEIR GRAPHS [/ 29

fG)=1[x}.
I [i]=0 and [-3]=-1. Hence, this function is neither even nor odd.
1
fey=—.
1 1 . Lo
1 f(-x= —; =~ = ~f®). Hence, this function is odd.
f(x) =V&.

I f(—x)=vV=x=-—vVx=—f(x). So,f(x)is odd.

f)=x-1].
1 f(1)=0 and f(-1)=]-1—-1|=2. So, f(x) is neither even nor odd.

The function J(x) of Problem 5.11.

I J(—x)=—(-x)|-x|=x|x|=—=J(x), so this is an odd function.

fy=2x+1.
I f(1)=3 and f(-1)=-1. So, f(x) is neither even nor odd.

Show that a function f(x) is even if and only if its graph is symmetric with respect to the y-axis.

I Assume that f(x) iseven. Let (x, y) be on the graph of f.  We must show that (—x, y) is also on the graph of
f. Since (x, y)isonthe graphof f, f(x)=y. Hence,sincefiseven, f(—~x)=f(x)=y, and,thus,(—x, y)is
on the graph of f. Conversely, assume that the graph of f is symmetric with respect to the y-axis. Assume that
f(x)isdefined and f(x)=y. Then (x, y)isonthe graphof f. By assumption, (—x, y) also is on the graph of f.
Hence, f(-x)=y. Then, f(—x)=f(x), and f(x)is even.

Show that f(x) is odd if and only if the graph of f is symmetric with respect to the origin.

I Assume that f(x) is odd. Let (x, y) be on the graph of f. Then f(x)=y. Since f(x)is odd, f(—x)=
—f(x)=—y, and, therefore, (—x, —y) is on the graph of f. But, (x, y) and (~x, —y) are symmetric with
respect to the origin. Conversely, assume the graph of f is symmetric with respect to the origin. Assume
f(x)=y. Then, (x, y) is on the graph of f. Hence, by assumption, (—x, —y) is on the graph of f. Thus,
f(—=x)=—y=—f(x), and, therefore, f(x) is odd.

Show that, if a graph is symmetric with respect to both the x-axis and the y-axis, then it is symmetric with respect
to the origin.

I Assume (x, y) is on the graph. Since the graph is symmetric with respect to the x-axis, (x, —y) is also on the
y grap grap y

graph, and, therefore, since the graph is symmetric with respect to the y-axis, (—x, —y) is also on the graph.

Thus, the graph is symmetric with respect to the origin.

Show that the converse of Problem 5.50 is false.

I The graph of the odd function f(x)=x is symmetric with respect to the origin. However, (1, 1) is on the
graph but (—1, 1) is not; therefore, the graph is not symmetric with respect to the y-axis. It is also not symmetric
with respect to the x-axis.

If f is an odd function and f(0) is defined, must  f(0) = 0?
I Yes. f(0)=f(-0)=—£(0). Hence, f(0)=0.

If f(x)=x"+ kx +1 for all x and f is an even function, find k.

I f(1)=2+k and f(-1)=2-k. By the evenness of f, f(—1)=f(1). Hence, 2+k=2-k, k=
-k, k=0. '
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5.54

5.55

5.56

5.57

5.58

5.59

5.60

5.61

5.62

5.63

5.64

5.65

If f(x)=x>-kx*+2x for all x and if fis an odd function, find k.

I f1)=3-k and f(-1)=-3-k. Since f is odd, -3—k=-(3—-k)=-3+k. Hence, —k=k,
k=0.

Show that any function F(x) that is defined for all x may be expressed as the sum of an even function and an odd
function: F(x) = E(x) + O(x).

I Take E(x)=i[F(x)+ F(-x)] and O(x)= }[F(x)— F(-x)].
Prove that the representation of F(x) in Problem 5.55 is unique.

I If F(x)=E(x)+O(x) and F(x)=E*(x)+ O*(x), then, by subtraction,

0=e(x) + o(x) (1)
where e(x)=E*(x) -~ E(x) isevenand o(x)= O*(x)— O(x) isodd. Replace x by —x in (1) to obtain
0=-e(x) — o(x) 2

But (1) and (2) together imply e(x)=o(x)=0; thatis, E*(x)=E(x) and O*(x)=O(x).
In Problems 5.57-5.63, determine whether the given function is one-one.
fix)=mx+ b for all x, where m#0.

I Assume f(u)=f(v). Then, mu+b=mv+b, mu=mv, u=v. Thus, fis one-one.

fx)=+vx for all nonnegative x.

I Assume f(u)=f(v). Then, V#=V7u. Square bothsides; u=wv. Thus, fis one-one.

f(x)=x> forall x.
I f(-1)=1=f(1). Hence, fis not one-one.

fx)= 312 for all nonzero x.

i
S -

I Assume f(u)=f(v). Then Hence, u=v. Thus, fis one-one.

f(x)=|x| for all x.

I f(-1)=1=f(1). Hence, fis not one-one.
fix)=[x] for all x.

I f(0)=0=f(3). Hence, fis not one-one.

fx)=x* forall x.

I Assume f(u)=f(v). Then u®=v> Taking cube roots (see Problem 5.84), we obtain u=uv. Hence,f

is one-one.
fx +h) — f(x)
h

In Problems 5.64-5.68, evaluate the expression for the given function f.

f(x)=x"—2x.
I fx+h)=(x+h)Y—2(x+h)=x"+2xh+h*)—2x-2h. So, f(x + h) = f(x) = [(x* + 2xh + K?)
—2x—2h]— (x* —2x)=2xh + h* —=2h = h(2x + h —2). Hence, w=2x+h—2.

fx)=x+4.

I f(x+h)=x+h+4. So, f(x+h) —f(x)=(x+h+4)—(x+4)=h. Hence, f(x—+h2-—'l(—x—)-=1.
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5.69

5.70

5.71

5.72

5.73

5.74

5.75

5.76
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fx)=x"+1.
I f(x+h)=(x+h)’+1=x"+3h+3xk> + k> +1.  So, flx+h)~f(x)=(x’+3x’h+3xh>+ K> +1) -
(x> +1)=3x’h +3xh’ + B® = h(3x* + 3xh + h*). Hence, f(x;hzﬁ)_ =3x" + 3xh + W°.

fxy=Vx.
Vx+h+ Vi h) — h
I jxth)=foy=Vi+h-vi=(Vx+h \/—)\/x:h:\/_ \X:h)+\)/‘§=\/x+h+\/i
So feth) - f(x) _ 1
’ h T VxthtVE
=1
_x—(x+h) _ -—h
I f&x + ) = flx) = __; x(x+h)  x(x+h)
feth)—f(x) _ 1
Hence, h T x(x+h)

In Problems 5.69-5.74, for each of the given one-one functions f(x), find a formula for the inverse function

7).

fx)=x.

I Let y=f(x)=x. So, x=y. Thus, f'(y)=y.

fx)=2x+1.

I Let y=2x+1 andsolveforx. x=3(y—1). Thus, f'(y»)=3(y-1).
fx)=x".

I Let y=x’ Then x=vV3y. So, f'(y)=V7.

I Let y=itx Then y(1-x)=1+x, y—yx=1+x, y—-1=x(1+y), x=(y—-1)/(y+1).
Thus, f7'(y)=(y—1)/(y+1).
fx)=vV1-x.

J Let y=VIi—x. Then y*=1-x, x=1-y> So, f ' (y)=1-y> (for y=0).

®

1
foy= <.
I Let y=1/x. Then x=1/y. So, f'(y)=1l/y.

Does a self-inverse function exist? Is there more than one?
I See Problems 5.69 and 5.74.
In Problems 5.76-5.82, find all real roots of the given polynomial.
x*—10x* +9.
I ' —10"+9=(x*-9)(x*-1)=(x —3)(x +3)(x — 1)(x + 1). Hence, the roots are 3, -3, 1, —1.

x* +2x%*—16x — 32,

I Inspection of the divisors of the constant term 32 reveals that —2 is a root. Division by x+2 yields the
factorization (x +2)(x* — 16) = (x + 2)(x* + 4)(x* — 4) = (x + 2)(x*> + 4)(x — 2)(x + 2). S0, the roots are 2 and
-2.
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5.78

5.79

5.80

5.81

5.82

5.83

5.84

5.85

5.86

5.87

5.88

x* = x* —10x% + 4x + 24,

I Testing the divisors of 24 yields the root 2. Division by x —2 yields the factorization (x — 2+ -
8x —12). It turns out that —2 is another root; division of x’+x*>~8x—12 by x+2 gives (x —2)}(x +
2)(x* —x—6)=(x —2){(x +2)(x — 3)(x + 2). So, the roots are 2, -2, and 3.

-2+ x-2.

I ¥-2+x-2=x(x-2)+x~2=(x—2)(x>+1). Thus, the only real root is 2.

x>+ 9x7 + 26x + 24,

I Testing the divisors of 24, reveals the root —2. Dividing by x+2 yields the factorization (x +2)(x* +
Tx +12) = (x + 2}(x + 3)(x +4). Thus, the roots are -2, —3, and —4.

X —=5x-2.

I -2isaroot. Dividing by x+2 vyields the factorization (x +2)(x’° —2x —1). The quadratic formula
applied to  x*> —2x—1 gives the additional roots 1= V72,

x> —4x* - 2x +8.

I ¥ —4x’-2x+8=x*x—~4)-2(x —4)=(x —4)(x* —2). Thus, the roots are 4 and £V2.

Establish the factorization

n-2

W-vt=u-v)u " +u
for n=2,3,....

§ Simply multiply out the right-hand side. The cross-product terms will cancel in pairs (« times the kth term of
the second factor will cancel with —v times the (k — 1)st term).

Prove algebraically that a real number x has a unique cube root.

f Suppose there were two cube roots, u and v, so that u’=v’=x, or u’—v*>=0. Then, by Problem

5.83,
(W+v)y+u+ vz]
2

Unless both « and v are zero, the factor in brackets is positive (being a sum of squares); hence the other factor
must vanish, giving wu=v. If both u and v are zero, then again u =v.

0=u3~v3=(u—v)(u2+uv+uz)=(u—v)[

If f(x) = (x + 3)(x + k), and the remainder is 16 when f(x) is divided by x —1, find k.
I f0)=(x—-1)gx)+16. Hence, f(1)=16. But, f(1)=(1+3)(1+k)=4(1+k). So, 1+k=4,
k=3.

If f(x)=(x+5)(x—k) and the remainder is 28 when f(x) is divided by x -2, find k.

I f(x)=(x-2)q(x)+28. Hence, f(2)=28. But, f(2)=Q2+5)2—-k)=72-k). So, 2-k=4,
k= -2

If the zeros of a function f(x) are 3 and ~4, what are the zeros of the function g{(x) = f(x/3)?

f f(x/3)=0 ifandonlyif x/3=3 or x/3=-4, thatis,ifandonlyif x=9 or x=-—12.

Describe the function f{x) = {x| + |x —~ 1| and draw its graph.

f Casel. x=1Then f(x)=x+x~1=2x-1. Case2 0sx<l. Then fix)=x—{x—1)=1
Case3. x<0. Then flx)=-x-—(x—-1)=-2x+1. So, the graph (Fig. 5-25) consists of a horizontal line
segment and two half lines.
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Fig. 5-25

Find the domain and range of f(x)=V5—4dx - x>

I By completing the square, x*+4x—5=(x+2)>-9. So, 5—4x—x"=9—(x+2)> For the function
to be defined we must have (x +2)°=<9, -3=x+2=3, -5=x=1. Thus, the domainis[-5,1]. Forx
in the domain, 9=9—(x+2)>=0, and, therefore, the range will be [0, 3].

Show that the product of two even functions and the product of two odd functions are even functions.

I If f and g are even, then f(—x)-g(~x)=f(x)-g(x). On the other hand, if f and g are odd, then
f(=x)- g(=x) = [-fx)] - [-g()] = f(x) - g(x).

Show that the product of an even function and an odd function is an odd function.

I Letfbeevenand godd. Then f(—x)-g(—x)=f(x) [-g(x)] = —f(x): g(x).
Prove that if an odd function f(x) is one-one, the inverse function g(y) is also odd.

I write y=f(x); then x=g(y) and, by oddness, f(—x)=-y, or —x=g(-y). Thus, g(-y)=
~g(y), and gis odd.

What can be said about the inverse of an even, one-one function?

I Anything you wish, since no even function is one-one [f(=x) = f(x)].

Find an equation of the new curve C* when the graph of the curve C with the equation x*—xy+y*=1 |is
reflected in the x-axis.

I (x,y) is on C* if and only if (x,~y) is on C, that is, if and only if x*—x(—y)+(—y)*=1, which
reduces to x° +xy+y>=1.

Find the equation of the new curve C* when the graph of the curve C with the equation y* —xy>+x’ = 8 is
reflected in the y-axis.

I (x, y)is on C* if and only if (—x, y) is on C, that is, if and only if y* — (—x)y* + (—x)’ =8, which reduces
to y +xy’—x’=8.

Find the equation of the new curve C* obtained when the graph of the curve C with the equation
x> —12x+3y =1 is reflected in the origin.

I (x,y)ison C*ifandonlyif (—x,—y) ison C,thatis,ifand onlyif (—x)*—12(—x)+3(~y)=1, which
reduces to x>+ 12x —3y =1,

Find the reflection of the line y =mx + b in the y-axis.

I We replace x by —x, obtaining y = —mx + b. Thus, the y-intercept remains the same and the slope changes
to its negative.

Find the reflection of the line y=mx+ b in the x-axis.

I We replace y by —y, obtaining —y=mx+ b, thatis, y=—mx—b. Thus, both the y-intercept and the
slope change to their negatives.
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5.99 Find the reflection of the line y =mx+ b in the origin.
1 We replace x by —x and y by —y, obtaining —y=~mx+ b, thatis, y=mx-b. Thus, the y-intercept
changes to its negative and the slope remains unchanged.
5.100 Show geometrically that when the graph of a one-one function is refiected in the 45°line y =x, the result is the
graph of the inverse function.
I 1t is evident from Fig. 5-26 that right triangles ORP and OR’P’ are congruent. Hence,
RP =RP=y and OR'=0OR=x

Thus the locus of P’ is the graph of x as a function of y; i.e., of x=f"'(y). Note that because y= f(x)
meets the horizontal-line test (f being one-one), x=f"'(y) meets the vertical-line test.

V4
/.
Vd
//
R’ P //
4
7/
/
e // P(x, y)
/
/.
210 / R(x,0)
/
A4 y=fx)
i/
s Fig. 5-26

5.101  Graph the function f(x)=V]x—1|—-1.

f The complement of the domain is given by |x-1]<1, or —-1<x-1<1, or 0<x<2. Hence,
the domain consists of all x such that x<0 or x=2. Casel. x=2. Then y=Vx-2, yi=x=2.
So, we have the top half of a parabola with its vertex at (2,0) and the x-axis as axis of symmetry. Case 2.
x=0. Then, y=v=x, y’=-x. So,we have the top half of a parabola with vertex at the origin and with
as axis of symmetry. The graph is shown in Fig. 5-27.

Y

Fig. 5-27
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CHAPTER 6
Limits

Define )l(l_g}z fx)=L.

§ Intuitively, this means that, as x gets closer and closer to a, f(x) gets closer and closer to L. We can state this
in more precise language as follows: For any &>0, there exists 8 >0 such that, if |x~a|<8, then
|f(x)— L| <e. Here, we assume that, forany & >0, there exists at least one x in the domain of f(x) such that
|x —a]<8.
u’—25

—_ 5 -
I The numerator and denominator both approach 0. However, u®-25=(u+5)(u—5). Hence,

2 _ z_
=2 _ s Thus, lim = 3 _ lim (u+5)=10.
u—S u—5 u-5 u—5

Find lirrg

x -1
x—1"

Find lin}

I Bc;th the numerator and denominator approach 0. However, x’—1=(x~1)(x>+x+1). Hence,

lim = =lim (*+x+1)=1+1+1=3.
x—1 x—1 x—1
, . 5ut-4
Find .lll—r.l}) u+1

I lirr(n) 5u>~4=-4 and lin‘xj (u+1)=1. Hence, by the quotient law for limits,

. Su’—-4 -4
Im=st -1 7%

Find ling {x]. [As usual, [x] is the greatest integer < x; see Fig. 6-1.]

y
4 L @ ]
I [ o]
2+ [

 —
) -2
——0 =]

Fig. 6-1

I As x approaches 2 from the right (that is, with x > 2), [x] remains equal to 2. However, as x approaches 2
from the left (that is, with x<2), [x] remains equal to 1. Hence, there is no unique number which is
approached by [x] as x approaches 2. Therefore, lirg [x] does not exist.

35
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0 CHAPTER 6

2 — —
Find lim *—* 12
x—4 X — 4

I Both the numerator and denominator approach 0. However, x> —x—12=(x+3)(x~4). Hence,
lim 222 i e 43)=7
xl—‘}:lt x—4 xl—ad o -

4 + 3 2 __ +
Find lim x"+3x - 13x° —27x + 36 .
x—1 X+ 3x —4
I Both the numerator and denominator approach 0. However, division of the numerator by the denominator
x*+3x° - 13x7 - 27x +36 _
¥+3x-4

reveals that x*+3x’—13x*>-27x +36=(x>+3x — 4)(x* - 9). Hence, lim
lim (* - 9)=1-9= -8,

3 2
x —5x"+2x—4
n lLII% ¥ =3x+3
I In this case, neither the numerator nor the denominator approaches 0. In fact, lim (x> —5x°+2x—4)=
—12 and lin; (x*-3x+3)=1. Hence, our limitis =2 =—12. =

Find lim ——— .

x—»

ViT3-V3
X

I Both numerator and denominator approach 0. “Rationalize” the numerator by multiplying both numerator
and denominator by Vx +3+ V3,

Vx+3-V3 Vx+3+V3 = (x+3)-3 1
x Vx+3+V3 x(Vx+3+V3) Vx+3+V3
So obtain lim 1 = 1 =L
N o Vxt3+V3 V3+V3 2V3 '
. . 1 4 )
I As x—0, bothterms 1/(x—2) and 4/(x*—4) “blow up” (that is, become infinitely large in mag-
nitude). Since x*—4=(x+2)(x—2), we can factor out T2 and simplify:

1 4 _ 1 (1_ 4 )_ 1 (x+2—4)__ 1 (x—2>_ 1
x—-2 x*—4 x-2 x+2/ x-2\ x+2 / x-2\x+2/  x+2

Hence, the limit reduces to liné M/(x+2)]=14%.

Give an £-8 proof of the fact that lin} (2x-5)=3.

I Assume &£>0. We wish to find 8>0 so that, if |x—4|<8, then [(2x—5)-3|<e. But,
(2x—5)—3=2x-8=2(x—4). Thus, wemusthave [2(x —4)|<e, or,equivalently, |x—4]<e/2. So,it
suffices to choose & = £/2 (or any positive number smaller than &£/2).

In an ¢-8 proof of the fact that lin; (2% 5x) =17, if we are given some &, what is the largest value of 5 that can
be used? o

I 5 must be chosen so that, if |x—3]<8, then |(2+5x)—17|<e. But, (2+5x)—17=5x~—15=
5(x —3). So, we must have |5(x —3)|<e, or,equivalently, |x—3|<g/5. Thus, the largest suitable value
of & would be &/5.

Give an e-8 proof of the addition property of limits: If lim fx)=L and lim g(x)=K, then
lim [ x) + (0] = L + K.
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I 1Let >0 Then £/2>0. Since lim f(x)=L, there exists 5 >0 such that, if |x—a|<3§,
then |f(x)- L|<e/2. Also, since lim g(x)=K, there exists 8,>0 such that, if |x—al<3,, then
|g(x)— K| <€/2. Let &=minimum (8,,8,). Hence, if |x—a|<5, then |x—a|<8 and |x-—a|<8§,,
and, therefore, |f(x)— L{<e&/2 and |g(x)— K|<e/2; so,

ILf(x) + 8] — (L + K)| = [ f(x) - L] + [g(x) - K]|
=|f(x)— L|+|g(x)— K| [triangle inequality]
<3

+5=¢

£
1 2
Find lim o5

I As x—3, from either the right or the left, (x —3)° remains positive and approaches 0. Hence,

1/(x — 3)* becomes larger and larger without bound and is positive. Hence, lim =+ (an improper

fimit). =3 =3y’
Find hm —:Lz—

I As x—2 from the right (thatis, with x>2), x—2 approaches 0 and is positive; therefore 3/(x —2)
approaches +®. However, as x—2 from the left (that is, with x<2), x—2 approaches 0 and is

negative; therefore, 3/(x —2) approaches —«. Hence, nothing can be said about llm —35 [Some
people prefer to write lirr% T2 to indicate that the magnitude T3 approaches +».
+
Find lim 2
x—3 X —

I The numerator approaches 5. The denominator approaches 0, but it is positive for x>3 and negative for
x<3. Hence, the quotient approaches +®as x—3 from the right and approaches —» as x—3 from the
left. Hence, there is no limit (neither an ordinary limit, nor +, nor —»). However, as in Problem 6.15, we can

write lim = 00,

x—3 X —
Evaluate lim (2x'' —5x° +3x> +1).
x—>+ o0
1 5 3
I 2x" —5x°+3x° +1 1= “(2 -= % + F> But, = and o and xlu all approach 0 as x— +.
Thus, 2— =+ <+ 7T approaches 2. At the same time x'' approaches +«. Hence, the limit is +.
x x

Evaluate lim (2x’ — 12x* +x - 7).

7 12 1 7
i1 21)c23—112x2 +7x—7 x (2—— 12, lz - ;) As x—-x, —, =, and pe all approach 0. Hence,
X
2—- —+ = — — approaches 2 But x” approaches —». Therefore, the limit is —. (Note that the limit

will always be —» when x-—> - and the function is a polynomial of odd degree with positive leading
coefficient.)

Evaluate lim (3x* - ¥+x-7).

1. 1 7 1 7
1 3x ——;;2 +Jc7 T=x (3— p + i ;;) As x— —ox, 2 %, and 7 all approach 0. Hence,
3- ;— i approaches 3. At the same time, x* approaches +%. So, the limit is +o. (Note that the
x
limit will always be +o when x— — and the function is a polynomial of even degree with positive leading
coefficient.)

. 2x+5
Find xl—l-r?w X =Tx+3
I The numerator and denominator both approach . Hence, we divide numerator and denominator by x° the
highest power of x in the denominator. We obtain
2/x +5/x? lim (2/x)+ lim (5/x2) 0+0 0

Ii = xre e = =9
e 1= 7/ 4 3/x2 lim 1- lim (7/x)+ lim (3/x")  1-0+0 1 0
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6.21

6.22

6.23

6.24

6.25

6.26

6.27

. . 3 -4x+2
find I oS

I Both numerator and denominator approach 0. So, we divide both of them by x°, the highest power of x in the
denominator. . , ) 5
3-4/x2+2/x° lim 3 - Im+1 (4/X')+ IIT:(Z/X ) 3-0+0

lim = : : - =3
x—+=  T+5/x lim 7+ lim (5/x7%) 7+0

x—+x

(For a generalization, see Problem 6.43.)

Evaluate lim 4_x‘—_1 .

—+e 3x7 +7
I Both numerator and denominator approach ». So, we divide both of them by x°, the highest power of x in the
denominator.

4> — 1/ Jim 4x— lim (1/x%)  lim 4x* -0 lim 4x
A 3E7 T hm 3+ dim (7). 340 3

(For a generalization, see Problem 6.44.)

4x -1
Find lim .
V2
I When f(x) is a polynomial of degree n, it is useful to think of the degree of V/f(x) as being n/2. Thus, in this
problem, the denominator has degree 1, and, therefore, in line with the procedure that has worked before, we
divide the numerator and denominator by x. Notice that, when x>0 (asitis when x— +x), x=Vix’

So, we obtain
4-Qx)y . 4=y [Jim - lim (1) 4y

lim ’—___; X— + %
e\ (T +2) /x”

im = = = =
=+=\1+2/x%) Vlim 1+ lim (2/x3) VI+0

I Exactly the same analysis applies as in Problem 6.23, except that, when x—> —%, x<0, and, therefore,

x=-Vx’ When we divide numerator and denominator by x and replace x by —Vx? in the denominator, a
minus sign is introduced. Thus, the answer is the negative, —4, of the answer to Problem 6.23.

Evaluate lim 7x‘—4 .
r—+= V' + 5

2

I We divide the numerator and denominator by x*'2  Note that x*?=Vx® when x>0. So, we obtain

INVE — 4> lim (T/VE) = lim (4% g
llm = X~ 4 x A+ x = =
x—+x -\/1+5/x3 \/1+ 1"11 (S/X‘) \/T+0

3 +2

Evaluate lim .
AV

I We divide numerator and denominator by x> Note that x*>=Vx* We obtain

3x+2/x° o 3x+2/ lim 3x+ lim (2/x7) _lim 3x+0

lim ————— = lim =
===\t - 2) It = V1 -20xt Vi- lim (2/x%) VI-0
. Vx*+5

Evaluate lim

r—re 32 =2

I We divide numerator and denominator by x’, obtaining

- VO +5)a* - VA7) + (557 Mim (1) + lim (5/x") 555

AT T T 3o 3= tm @) 3-0 0
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Find any vertical and horizontal asymptotes of the graph of the function f(x) = (4x —5)/(3x +2).

I Remember that a vertical asymptote is a vertical line x =c to which the graph gets closer and closer as x

approaches ¢ from the right or from the left. Hence, we obtain vertical asymptotes by setting the denominator

3x +2=0. Thus, the only vertical asymptote is the line x = —3%. Recall that a horizontal asymptote is a line

y=d 4to which the graph gets closer and closer as x— +® or x— —c. In this case, hm 3x +§
—x 3x
4

){1_1)im YL Thus, the line y=14% is a horizontal asymptote both on the right and the left

Find the vertical and horizontal asymptotes of the graph of the function f(x) = (2x +3)/Vx®> —2x —3.

I x*-2x-3=(x—-3)(x+1). Hence, the denominator is 0 when x=3 and when x=—-1. So, those

lines are the vertical asymptotes. (Observe that the nilmiréitor is not 0 when x —_é 3 . andwhen x=-1.) To
. . . X . x
obtain horizontal asymptotes, we compute  lim ———===== and lim —==—===_In both cases, we
xore Yyt —2x —3 = Vxt—2x-3

divide numerator and denominator by x. The first limit becomes
2+3/x 2+3/x 2+0

lim = lim = =2
v \/(x* —2x -3)/x* == V1-2/x-3/x> V1-0-0

For the second limit, remember that x = —\/;c_i when x <0:
i 2t 2+3/x - lim 2+3/x __2+0 _
===\ —2x -3 o (-2 =3/ = —V1-2/x-3/x* -Vi-0-0

Hence, the horizontal asymptotes are y =2 on the right and y = -2 on the left.

Find the vertical and horizontal asymptotes of the graph of the function f(x) = (2x +3)/Vx* —2x +3.

I Completing the square: x> —2x+3=(x—1)>+2. Thus, the denominator is always positive, and there-
fore, there are no vertical asymptotes. The calculation of the horizontal asymptotes is essentially the same as that
in Problem 6.29; y =2 is a horizontal asymptote on the right and y= —2 a horizontal asymptote on the
left.

Find the vertical and horizontal asymptotes of the graph of the function f(x)=Vx+1-

I The function is defined only for x=0. There are novalues x=c such thatf(x) approachesas x—>c.
So, there are no vertical asymptotes. To find out whether there is a horizontal asymptote, we compute

lim Vx+1—-+vx:

o Vx+1+vx . (x+1)—-x . 1
Jim (VEFT=VE) e = im e = lim e =

Thus, y=0 is a horizontal asymptote on the right.

Find the vertical and horizontal asymptotes of the graph of the function f(x) = (x> — 5x + 6)/(x — 3).

I ¥ -5x+6=(x-2)(x—-3). So, (x*—5x+6)/(x—3)=x—2. Thus, the graph is a straight line y=
x —2 [except for the point (3, 1)], and, therefore, there are neither vertical nor horizontal asymptotes.

Find the one-sided limits lim f(x) and lim_ flx) if
x—2%
2 if x=2
= = {3x+5 if x<2

I (See Fig. 6-2.) As x approaches 2 from the right, the value f(x)=7x-2 approaches 7(2)—-2=
14-2=12. Thus, 11m f(x)=12. As x approaches 2 from the left, the value f(x)=3x+5 "approaches

3(2)+5=6+5=11. “Thus, lim f(x)=11.
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6.35

6.36

6.37

6.38

6.39

12 ¢

6 'L X2
P
/ 3
/ Fig. 6-2

Ixl

—
[SX ]

Find lim m and lim
x—0t X x=0

I As x approaches 0 from the right, x>0, and, therefore, |x|=x; hence, |x|/x=1. Thus, the right-

hand limit hm L (Ix]/x) is 1. As x approaches O from the left, x<0, and, therefore, |x|=—x; hence,

lx|/x = —1. Thus the left-hand limit lir(l;x_(lx)/x) =—1.

Evaluate lim and lim
x—aat X 4 x—47 X =

I As x approaches 4 from the right, x—4>0, and, therefore, 3/(x —4)>0; hence, since 3/(x —4)
is getting larger and larger in magnitude, 11m [3/(x 4)] = +o. As x approaches 4 from the left,

x—4<0, and, therefore, 3/(x —4)<0; hence, smce 3/(x —4) is getting larger and larger in magnitude,
1il’£l_ [3/(x —4)] = —c.

1 , 1
Evaluate X{Lt;]+ .;—:7—)6-0'—12: and xllg[ m

I x*-7x+12=(x—4)(x —3). Asx approaches 3 from the right, x—3>0, and, therefore, 1/(x —3)>
0 and 1/(x~3) is approaching +; at the same, 1/(x —4) is approaching —1 and is negative. So, as x
approaches 3 from the right, 1/(x* —7x+ 12) is approaching —». Thus, lim T =-o Asx
X‘—>3+ _—

approaches 3 from the left, the only difference from the case just analyzed is that x —3 <0, and, therefore,

- -, H - = +®,
1/(x —3) approaches —x ence, hm T ©

+

Find hm M when  f(x) =4x> — x.

I fx+h)=4x+h}’—(x+h)=4(x"+2xh+h*)—x—h=4x>+8xh+4h>—~x—h. Hence, f(x+h)—
2_

Jx) = (42° + 8xh + 4h° — x ~ h) = (4x° ~ ) =8xh + 4> —h.  So, [CTMWZSW) _BhTH

4h - 1.

Hence, 'I'irr})&c—iz‘——f(i)=’liin})(8x+4h—l)=8x—l. Answer

=8x+

Find lim W when  f(x) = VIx.

VIGEFR) + VX 2Ax+h)—2
I fOx+ ) = f(x) = V2(x + B) = VIx = (V2(x + h) — VZZ) \/zgihiﬂ/i;:\/zg:hgﬂjﬁ

2h
T V2(x + h) + Vax
n LETOZAE) 2 21
Hence Nim) S G RV 2VEx | Vi

Find lim f(x) and lix?_ f(x) for the function f(x) whose graph is shown in Fig. 6-3.

x—2*

I By inspection, lim f(x)=1. [Notice that this is different from f(2).] Also, lirg fx)=3.
x+2* x—2"



6.40

6.41

6.42

6.43

6.44

umiTs [ 41

Fig. 6-3
Evaluate  lim VX' +x—1x).

I As x—+», both Vx’+x and x approach +x. It is not obvious how their difference behaves.
However, the limit equals

3 +r+x (T Fx) -7 . x
lim (Vx"+x—x) m—— = lim /=== lim ———
xt= Vx+x+x *~*= Vx +x+x = Vx +x+x
Now we divide numerator and denominator by x (noting that x = Vx?):

. 1 1 1 1
lim ——————— +1= lim = -1
== [+ x) I = IF (A +1 Viso+1l 2

m Vxi+5-3

Evaluate li
x-+2

X -2x

§ Rationalize the numerator:

\/x2+5—3.\/x2+5+3= (x*+5)-9 _ -4 _ (x+2)(x —2)
x*—2x Vx*+5+3 x(x—2)[\/xz+5+3] Mx =2V +5+3)  x(x-2)(Vx’ +5+3)
_ x+2
(Vx> +5+3)
x+2 4 1
We obtain lim = =z A
=2 (Vi +5+3) 2(V9+3) 3 "MW

Let f(x)=ax"+a, x"'+---+ax+a, with a,>0. Prove that lirP f(x) = +=.
N

a a a . a,. . a . a
[ f(x)=x"<a"+—-"-"—1+---+—,,—ll+;%). Now, lim =2 =.--= lim —i;= lim — =0. So, the
x X

n—1
x—>+x X r—t+x X x-+4+% X

sum inSide the parentheses approaches a". Since 1lm x" = +x, hm f(.x) =+,
If X)= 2 - - ! ‘ g Wth a # 0 alld b # 0 ShOW tha l‘[" X)= “
n ’ ’ .
f( ) b,,x R o bxx t b() ! " " t X—"l =x f( ) b

n

I Dividing numerator and denominator by x”,

) = a, +(a._ /x)y+---+(a,/x""")+ (a,/x")
fx)= b, ¥ (b, _Jx)+ -+ (b,x )+ (byix")

Since each a,_;/x’ and b, _,/x’ approaches 0, lim f(x)=a,lb,.

it _ax"+--taxta,
&)= Ty b+ b,

with a,>0 and b, >0, prove that lil’i] fx)=+x= if n>k.

I Factoring out x" from the numerator and then dividing numerator and denominator by x*, f(x) becomes
g y

",k[ a, +(a,_/x)+-+(a,/x""')y+ (a,/x") ]
b, +(by_/x)+ -+ (b,/x" ) + (by/x*)

As x— +o, all the quotients a,_;/x’ and b,_,/x’ approach 0, and, therefore, the quantity inside the

n—j

parentheses approaches a,/b, >0. Since x" ™ approaches +x, lirp flx) = +=.
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6.45

6.46

6.47

6.48

6.49

6.50

6.51

6.52

It _ax"+--+ax+a,
f(x)—bkx"+---+b1x+b0

with a,>0 and b,>0, and n<k, then kliry f(x)=0.

(@, + (@, )+ (@) + (gl

_ . by + (b /x)+ -+ (b /x* ") + (by/x")

Since each of the quotients a,, _ j/x"_"” and b, _;/x’ approaches 0, the denominator approaches b, >0, and the
numerator approaches 0. Hence, lim f(x)=0.

I Dividing numerator and denominator by x*, f(x) =

3 + 2
Find lim_ —7%.
I By Problem 6.43, the limit is 7.
Find lim “,t2%=3
smte x> +100x
I By Problem 6.44, the limit is +.

4 3+ 2
Find fim X 120%

x>z x" —1

I By Problem 6.45, the limit is 0.

4
. . X +2x-3
Find - lim, x> +100x
w-2u-3
I (Compare with Problem 6.47.) Let u=—x. Then the given limit is equal to lir{l 1000 which,
u—to g —100u
by Problem 6.44, is +x.
Find lim st
x =1
I Divide the numerator and denominator by x*'> which is essentially the “highest power of x” in the

. 3 1/3_4/ 2/3 3xl/3__4/x2/3
denominator.  (Pay attention only to the term of highest order.) We obtain ad = i s =3 =
Vx> -1)/x V1-1/x
Since 1/x* approaches 0, the denominator approaches 1. In the numerator, 4/x”’> approaches 0. Since x'’*
approaches +c, our limit is +%. (Note that the situation is essentially the same as in Problem 6.44).

Find lim L

e
I Divide the numerator and denominator by x, which is essentially the highest power in the denominator
2+1/x 2+1/x

V' -2)ix Vi-2/x
limit is 2. (This is essentially the same situation as in Problem 6.43.)

(forgetting about —2in x*> —2). We obtain Since 2/x” and 1/x approach 0, our

+
Find lim ——2

=gyl 1
I We divide numerator and denominator by x, which is essentially the highest power of x in the denominator.
Note that, for negative x (which we are dealing with when x-—>—»), x=-Vx> Hence, we obtain

3+2/x 3 +2/x

Vi - 1/(—\/7) CVi-1i?

Since 2/x and 1/x* both approach 0, our limit is —3.
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7.4

7.5

CHAPTER 7
Continuity

Define: f(x) is continuous at x = a.

I f(a) is defined, lim f(x) exists, and lim f(x) = f(a).

Find the points of discontinuity (if any) of the function f(x) whose graph is shown in Fig. 7-1.

Fig. 7-1

I x=0 is a point of discontinuity because lin}) f(x) does not exist. x=1 is a point of discontinuity
because lin} f(x)#f(1) [since litr% f(x)=0 and f(1)=2].

Determine the points of discontinuity (if any) of the function f(x) such that f(x) =x* if x<0 and f(x)=x
if x>0.

I f(x) is continuous everywhere. In particular, f(x) is continuous at x =0 because f(0)=(0)>=0 and

lim f(x)=0.

Determine the points of discontinuity (if any) of the function f(x) such that f(x)=1 if x=0 and flx)= -1
if x<0. (SeeFig. 7-2.)

\

T -1
Fig. 7-2

I f(x) is not continuous at x =0 because lirr(x) f(x) does not exist.

2
x° -

Determine the points of discontinuity (if any) of the function f(x) such that f(x)= )

f(x)=0 if x=-2. (See Fig.7-3.)

if x#-2 and

I Since x*—4=(x-2)(x+2), f(x)=x-2 if x#-2. So, f(x) is not continuous at x = —2 because
lim_2 f(x)#f(-2) [since f(-2)=0 but lirr_12 f(x)=—4]. [However, x= -2 is called a removable dis-

continuity, because, if we redefine f(x) at x= -2 by setting f(—2)=—4, then the new function is
continuous at x = —2. Compare Problem 7.2.]

43
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7.6

1.7

7.8

7.9

+-3
-'——4
Fig. 7-3
. . . . . x* =1
Find the points of discontinuity of the function f(x)= -1

I Since x¥*’—1=(x-1)(x+1), f(x)=x+1 wherever it is defined. However, f(x) is not defined when
x=1, since (x*—1)/(x—1) does not make sense when x=1. Therefore, f(x) is not continuous at
x=1

X~
Find the points of discontinuity (if any) of the function f(x) such that f(x) = :

9
-3
for x=3.

I Since x*—9=(x-3)(x+3), f(x)=x+3 for x#3. However, f(x)=x+3 also when x=3, since
f(3)=6=3+3. Thus, f(x)=x+3 forallx, and, therefore, f(x) is continuous everywhere.

for x#3 and f(x)=6

Find the points of discontinuity (if any) of the function f(x) such that

x+1 if x=2
f(x)={2x—1 if 1<x<2
x—1 if x=1
(See Fig. 7-4.)

1
N
N
1) =4
y

/ Fig. 7-4

I f(x) is discontinuous at x =1 because hm f(x) does not exist. f(x) is continuous at x =2 because
f2)=2+1=3 and 11m f(x)=3. Obvnously f(x) is continuous for all other x.

+ . . .
Find the points of discontinuity (if any) of f(x) = ;2—3:)63,\:_11’ and write an equation for each vertical and
horizontal asymptote of the graph of f.
I See Fig. 7-5. f(x)= rl) 3 f(x) is discontinuous at  x=4 and x= -1 because itis
g. 7-5. x_(x+1)(x—4) T4 iscontinu
not defined at those points. [However, x=—1 isaremovable discontinuity. If welet f(—1)= -2, the

. . . . . 3x+ 3
new function is continuous at x = —1.] The only vertical asymptote is x =4. Since lup Zoag-a

the x-axis, y =0, is a horizontal asymptote to the right and to the left.
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Fig. 7-5

If the function

2
x°—16 .
f(x)={——~x-—4 if x#4
C if x=4
is continuous, what is the value of C?

I Since x*-16=(x—-4)(x+4), f(x)=x+4 for x#4. Hence, lin} f(x)=8. For continuity, we
must have lirr: f(x)=f(4), and, therefore, 8= f(4)=C.

Let g(x) be the function such that
x*—~b* )
g(x)={7—"if it xAb
0 if x=b
(a) Does g(b) exist? (b) Does lin} g(x) exist? (c) Is g(x) continuous at x = b?
I (@) g(b)=0 by definition. (b) Since x*—b*=(x—b)(x+b), g(x)=x+b for x#b. Hence,

lin[l, g(x)= lin’nJ (x + b)=2b. (c) For g(x) to be continuous at x =b, we must have lil‘l’ll, g(x) = g(b), that is,
2b=0. So, g(x) is continuous at x=> only when b =0.

For what value of & is the following a continuous function?

Vix+2—-Véx+4
fx)=

5 if x=—-%2 and x#2

k if x=2
f Notice that V7x +2 and V6x+4 are defined when x=— 2, since 7x+2 and 6x+4 arenon-

negative for x=—3%. Also,

Vix+2-Véx+4 Vix+2-Véx+4 VIx+2+Vex+4 (7Tx +2)—(6x +4)
x—2 h x—2 Vix+2+Véx+4 (x-2)(Vix+2+Véx +4)
_ x -2 _ 1
x—-2)(Vix+2+Véx+4) Vix+2+Vex+4
1 1

i =i = = 1 1
Hence, 11_}!1; fx) )1{1_{1; Vi vVesa  Viervie & Therefore, k must be 3.
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7.13

7.14

7.15

7.16

7.17

7.18

Determine the points of discontinuity (if any) of the following function f(x).

if x is rational
if x is irrational

s =1{1

I Since there are both rational and irrational numbers arbitrarily close to a given number c, lim f(x) does not
exist. Hence, f(x) is discontinuous at all points.

Determine the points of discontinuity (if any) of the following function f(x).

if x is rational
if x is irrational

=13

I Let ¢ be any number. Since there are irrational numbers arbitrarily close to ¢, f(x)=0 for values of x
arbitrarily close to c. Hence, if lim f(x) exists, it must be 0. Therefore, if f(x) is to be continuous at ¢, we
must have f(c)=0. Since there are rational numbers arbitrarily closetoc¢, f(x)=x for some points that are
arbitrarily close to ¢. Hence, if )l(l_t)r; f(x) exists, it must be )1(1_.rrzx— ¢. So, if f(x) is continuous at c,

flc)=c=0. The only point at which f(x) is continuous is x=0.

(a) Let f(x) be a continuous function such that f(x)=0 for all rational x. Prove that f(x)=0 for all x.
(b) Let f(x) and g(x) be continuous functions such that f(x) = g(x) for all rational x. Show that f(x) = g(x)
for all x.

I (a) Consider any real number c. Since f(x) is continuous at c, lim f(x) = f(c). But, since there are
rational numbers arbitrarily close to ¢, f(x)=0 for values of x arxbitcrarily close to ¢, and, therefore,
lim f(x)=0. Hence, f(c)=0. (b)Let h(x)=f(x)—g(x). Since f(x) and g(x) are continuous, so is A(x).
Since f(x) = g(x) forallrationalx, h(x)=0 for all rational x, and, therefore, by part (@), h(x)=0 forall
x. Hence, f(x)=g(x) for all x.

Let f(x) be a continuous function such that f(x + y) = f(x) + f(y) forallxandy. Provethat f(x)=cx for
some constant c.

I Let f(1)=c. (i) Let us show by induction that f(n)=cn for all positive integers n. When n=1,
this is just the definition of ¢. Assume f(n)=cn for some n. Then f(n+1)=f(n)+f(1)=cn+c=
c(n+1). (@) f(0)=f(0+0)=f(0)+f(0). So, f(0)=0=c-0. (iii) Consider any negative integer —n,
where n>0. Then, 0=£(0)=f(n+(—n)=f(rn)+f(—n). So, f(=n)=—-f(n)=-cn=c(-n). (iv)
Any rational number can be written in the form m/n, where m and n are integers and rn>0. Then,

am=fimy= (5 + 5o B f(2) ()5 s () =1 ()

—_— [N —

v
n times n times

Hence, f(%) =c- % . (v) Let b be irrational. Then b is the limit of a sequence r,,r,,...of rational
numbers. By (iv), f(r,)=c-r,. By continuity, f(b)= linll’ f)=limc-r,=c-limr,=c-b.

Find the discontinuities (if any) of the function f(x) such that f(x)=0 for x=0 or x irrational, and
f&x)= n when x is a nonzero rational number o >0, and "y is in lowest terms (that is, the integers m
and n have no common integral divisor greater than 1).

I Casel. cisrational. Assume f(x)is continuous at c. Since there are irrational numbers arbitrarily close to

f(x)=0 for values of x arbitrarily close to ¢, and, therefore, by continuity, f(c)=0. By definition of f, ¢
cannot be a nonzero rational. So, ¢=0. Now, f(x) is in fact continuous at x =0, since, as rational
numbers m/n approach 0, their denominators approach +«, and, therefore, f(m/n)=1/n approaches 0, which
is f(0). Case 2. c is irrational. Then f(c)=0. But, as rational numbers m/n approach c, their de-
nominators n approach +o«, and, therefore, the values f(m/n)=1/n approach 0= f(c). Thus, any irration-
al number is a point of continuity, and the points of discontinuity are the nonzero rational numbers.

Define: (a) f(x) is continuous on the left at x =a. (b) f(x) is continuous on the right at x = a.

I (a) f(a) is defined, xl_igl_ flx) exists, and ,l_if?— f(x)=f(a). (b) f(a) is defined, lim f(x) exists, and
lim  f(x) = f(a). o
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Consider the function f(x) graphed in Fig. 7-6. At all points of discontinuity, determine whether f(x) is
continuous on the left and whether f(x) is continuous on the right.

I At x=0, f(x)is not continuous on the left, since xl_ifg f(x)=3#1=f(0). At x=0, f(x)is con-
tinuous on the right, since xl_i,l(l,l+ f(x)=1=£(0). At x=2, f(x) is continuous neither on the left nor or.
the right, since ,‘i‘?— f(x)=2, xl_i.T+ flx)=0, but f(2)=3. At x=3, f(x)is continuous on the left,
since xl_igl_ fx)=2=f(3). At x=3, f(x)is not continuous on the right since xl_ifg f(x)=0#f(3).

Fig. 7-6

Let f(x) be a continuous function from the closed interval [a, b] into itself. Show that f(x) has a fixed point, that
is, a point x such that f(x)=x.

I If f(a)=a or f(b)=>b, then we have a fixed point. So, we may assume that a<f(a) and f(b)<b
(Fig. 7-7). Consider the continuous function A(x) = f(x) — x. Recall the Intermediate Value theorem: Any
continuous function h(x) on [a, b] assumes somewhere in [a, b] any value between h(a) and h(b). Now,
h(a)=f(a)—a>0, and h(b)=f(b)— b<0. Since 0 lies between h(a) and h(b), there must be a point ¢ in
[a, b] such that h(c)=0. Hence, f(c)—c=0, or flc)=c.

4\
be

a

S

Fig. 7-7

Assume that f(x) is continuous at x=c¢ andthat f(c)>0. Prove that there is an open interval around c on
which f(x) is positive.

I Let e=f(c). Since lim f(x) = f(c), there exists 8 >0 such that, if |x —cl<8, then |f(x)— flc)|<
e=f(c). So, —f(c)<f(x)—f(c)<f(c). By the left-hand inequality, f(x)>0. This holds for all x in the
open interval (¢ —8,c+8).

Show that the function f(x) =2x>—4x’+5x—4 has a zero between x=1 and x=2.

I f(x) is continuous, f(1)=-1, and f(2)=6. Since f(1)<0<f(2), the Intermediate Value theorem
implies that there must be a number c in the interval (1, 2) such that f(c) =0.

Verify the Intermediate Value theorem in the case of the function f(x) = V16 — x° the interval [—4, 0], and the
intermediate value V7.

I f(-4)=0, f(0)=4, fiscontinuouson[—4,0],and 0<V7<4. We mustfind a number cin [—4, 0] such
that f(c)=V7. So, V16—c*=V7, 16—c*=7, ¢*=9, c==3. Hence, the desired value of c is 3.
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1.24

7.28

7.26

7.27

7.28

Is f(x)=[x] continuous over the interval [1,2]?

I No. f(2)=2, but lim f(x)= lim 1=1.
Is the function f such that f(x) = % for x>0 and f(0)=0 -contihuous over [0, 1]?

1
I No. f(0)=0, but lim f(x)= lim =+,
x—0* x—->0"

Consider the function f such that f(x)=2x if 0=x=1 and f(x)=x-1 if x>1. Is f continuous
over [0, 1}?

I Yes. When continuity over an interval is considered, at the endpoints we are concerned with only the
one-sided limit. So, although f is discontinuous at x =1, the left-hand limit at 1is 2 and f(1) =2.

Is the function of Problem 7.26 continuous over [1, 2]?

I No. The right-hand limit at x=1 is lim+(x —1)=0, whereas f(1)=2.

x-»1

Let

3x° -1 if x<0
fx)=yex+d if O=x=1
Vx+8 if x>1

Determine ¢ and d so that f is continuous everywhere (as indicated in Fig. 7-8).

-.<

Fig. 7-8

! Since lir(r’1_3x2—1=—-1, the value of cx+d at x=0 must be —1, that is, d=—1. Since
lim Vx+8=3, thevalueof cx+d at x=1 mustbe 3, thatis, 3=¢(1)—1, c=4.

x—1
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j CHAPTER 8
The Derivative

Using the A-definition, find the derivative f'(x) of the function f(x)=2x—7.

I f(x+Ax)=2(x+Ax)—7=2x+2Ax—-7. So, fx+Ax)—f(x)=Qx+2Ax-7)-(2x—-7)=2Ax.

fx+8x) —f(x) _ oy = 1 SO AX) — f(x)
Hence, N e— =2. Thus, f'(x)= lim Ax

Ax—0

= lim 2=2. Answer
Ax—0

Using the A-definition, show that the derivative of any linear function f(x)=Ax+ B is f'(x)=A.

I f(x+Ax)=A(x+Ax)+B=Ax+ AAx+ B. Then, f(x+Ax)—f(x)=(Ax+ AAx+ B)—-(Ax+B)=

+Ax) - +Ax) —
AAx. Hence, 1EFADSD _ e = tim [EFADS® a4
Ax Ax—0 Ax Ax—0

Using the A-definition, find the derivative f'(x) of the function f(x) =2x*> —3x +5.

I f(x+Ax) = 2(x+Ax)’ —3(x +Ax) +5 = 2[x* +2x Ax + (Ax)’] = 3x —3Ax +5 = 2x" + dx Ax + 2(Ax)* —
3x—3Ax+5. So, flx+Ax)—f(x) = [2x°+4xAx+2(Ax)* —3x—3Ax+5]—(2x* —3x+5) = 4xAx+

2(Ax)° — 3 Ax = (Ax)(4x + 2 Ax - 3). Thus, Wﬂ =4x+2Ax -3. Hence, fl(x)=
lim f(x—ﬂg—”—@ = lim (4x+24x~3) = 4x 3,

Ax=0 Ax—0
Using the A-definition, find the derivative f'(x) of the function f(x) = x°.

I f(x+Ax)=(x+Ax)=x"+3x" Ax +3x(Ax)* + (Ax).  So, f(x+Ax)—f(x) =[x+ 3x* Ax + 3x(Ax)* +
(Ax)’] — x° = 3x" Ax + 3x(Ax)* + (Ax)’ = (Ax)(3x* + 3x Ax + (Ax)®).  So, &i—A—A%;M
(Ax)> Thus, f'(x)= lim mix—i_@ = lim [3x% + 3x Ax + (Ax)’] = 3x".

Ax—0 Ax—0

=3x+3x Ax +

State the formula for the derivative of an arbitrary polynomial function f(x)=a,x"+a,_ x""'+ - +ax" +
a.x-+a,.

I FrO=nax"'+(n-Da _x""*+---+2ax+a,.
n n—1 2 1

Write the derivative of the function f(x) =7x" —3x* + 6x* + 3x + 4.
I f(x)=35¢"-12x" +12x + 3.
Given functions f(x) and g(x), state the formulas for the derivatives of the sum f(x) + g(x), the product
f(x)- g(x), and the quotient f(x)/g(x).
I D [f(x) + g(x)]= D, fix) + D, g(x)
D [f(x)-g(x)] = f(x)- D g(x) + g(x)- D, f(x)

[f(_xl] _gx): D, f(x) - f(x)- D g(x)
) (s}

8(x)
[Notice the various ways of denoting a derivative:  f'(x), D, f(x), %, y']

Using the product rule, find the derivative of f(x) = (5x — 20x + 13)(4x® + 2x° — 7x* + 2x).

I F'(x)=(5x" —20x + 13)(24x° + 10x* — 14x + 2) + (4x° + 2x° = 7x* + 2x)(15x* = 20). [In such cases, do
not bother to carry out the tedious multiplications, unless a particular problem requires it.}

Using the formula from Problem 8-7, find the derivative of G(x) = 3;)5——_:—3
I G'() = (X + 7))~ (3x —2)(2x) _ 3x"+21—6x +4x  —3x" +4x +21
(x* +7) & +7) x*+7)

49
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3x -2
Using the formula from Problem 8.7, find the derivative of H(x) = Zi 5
I u _(2x+5)3)-Bx-2)2) _6x+15-6x+4 19
()= (2x +5) (2x + 5) (2x+5)
1
Using the A-definition, find the derivative of f(x) = P
I fx+Ax)= TP AL Hence
_ 11 x—=(x+48x) —Ax
flx +Ax) = fx) = x+Ax x  x(x+Ax)  x(x+Ax)
So,
fx+Ax)—fx) _ 1 e = e JETAX) - flx) -t _ 1
Ax T x(x+Ax) and f) Alir—r»lo Ax ax-0  x(x + Ax) x°

Using formulas, find the derivatives of the following functions: (a) —8x°+V3x’+27x*—12, (b) 2x>'+
3¢ — 14x° + V7 x + V5.

I (a) —40x* +3V3x* +4mx. Answer
(b) 102x°° +36x"" —28x + V7. Answer

Find the slope-intercept equation of the tangent line to the graph of the function f(x) =4x> —7x* at the point
corresponding to  x = 3.

I When x=3, f(x)=45. So,the pointis(3,45). Recall that the slope of the tangent line is the derivative
f'(x), evaluated for the given value of x. But, f'(x)=12x">~14x. Hence, f'(3)=12(9) - 14(3)= 66.
Thus, the slope-intercept equation of the tangent line has the form y =66x + b. Since the point (3, 45) is on
the tangent line, 45=66(3)+ b, and, therefore, b= —153. Thus, the equation is y=66x—153.
Answer

At what point(s) of the graph of y =x+4x —3 does the tangent line to the graph also pass through the point
B(0,1)?

I The derivative is y’=5x*+4. Hence, the slope of the tangent line at a point A(x,, y,) of the graph is

(x +4x,-3)—-1 __x(5)+4x0—4
x,—0 B X )

only if (x)+4x,—4)/x,=5xi+4. Solving, x,=-1. So, there is only one point (—1, —8).

5xg+4. The line AB has slope So, the line AB is the tangent line if and

Specify all lines through the point (1, 5) and tangent to the curve y=3x"+ x + 4.

I y =9x"+1. Hence, the slope of the tangent line at a point (x,, y,) of the curveis 9x2+ 1. The slope of
Yo—5 3xp+x,+4-5 3xj+x,—1
-1 x,— 1 T o x,—1

3xp+ x,— 1 a2 3 _ 2 3 — 043

Tl =09x,;+1, 3xp+x,—1=(x,—1D(9x;+1), 3xg+x,—1=9x; -
9x;+x,—1, 9xi=6x,, 6x;—9x)=0, 3x3(2x,—3)=0. Hence, x,=0 or x,=3, and the points on
the curve are (0, 4) and (3, #2). The slopes at these points are, respectively, 1 and%. So, the tangent lines are

y—4=x and y— 1 =%(x-13), or,equivalently, y=x+4 and y=%x-%.

the line through (x,, y,) and (1,5) is So, the tangent line passes

through (1,5) if and only if

Find the slope-intercept equation of the normal line to the graph of y=x>—x at the point where x=1.

I The normal line is the line perpendicular to the tangent line. Since y’ =3x’—2x, the slope of the tangent
lineat x=1 is 3(1)°—2(1)=1. Hence, the slope of the normal line is the negative reciprocal of 1, namely
—1. Thus, the required slope-intercept equation has the form y=-x+b. On the curve, when x=1,
y=(1’-(1)’=0. So, the point (1,0) is on the normal line, and, thereforc, 0=-—1+b. Thus, b=1,
and the required equationis y=—x+1.

5(3 +m) =5(3)
Evaluate lim L-—)————(i
h—0 L h
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. 5 + A 4 _ 4
{ Recall the definition of the derlvatlve When fx)=5x", f'(x)= AhmO S(x + Ax) = 5x :)Z X .
5(3+Ax)* -5 -
for x=14, f(})= A1i (G A)x ()" . If we replace Ax by A in this limit, we obtain the limit to be
evaluated, which is, therefore, equal to f'(3). But, f'(x)=20x" So, the value of the limit is 2004 =2,
Answer

In particular,

If the ine 4x—9y =0 s tangent in the first quadrant to the graph of y = 4{x'+¢, what s the value of ¢?

I y =x" If we rewnte the equation 4x—9y=0 as y=3x, we see that the slope of the line 1s &

Hence, the slope of the tangent line 1s §, which must equal the derivative x> So, x=*)  Since the point of

tangency 1s 1n the first quadrant, x =3 The corresponding point on the hine has y-coordinate = {x=

3(3)=4F Since this point of tangency 1s also on the curve y=ix'+c¢, we have £ =1(3)’+c¢ So,
16

C= 3z
For what nonnegative value(s) of b 1s the line  y = —&x + b normal to the graph of y=x*+ }?

I v =3x" Swmce the slope of y=—%x+b 15 —i5, the slope of the tangent line at the pomnt of
intersection with the curve 1s the negative reciprocal of — {5, namely 12 This slope 1s equal to the denvative
3x> Hence, x*=4, and x==x2 The y-coordinate at the point of intersection 1s  y = x’+ } = (£2)* +

1=% or —3 So, the possible pomts are (2, ) and (-2, - %) Substituting n y=-—Lx+b, we
obtam b=¥4% and b=-% Thus, b=4% 1sthe only nonnegative value
y 24

A certain pont (x,, y,) 1s on the graph of y =x+x*~91~9, and the tangent line to the graph at (A, y,)
passes through the point (4, —~1) Find (x,, y,)

I ) =3x>+2x-9 s the slope of the tangent lime  This slope 1s also equal to (y +1)/(x —4) Hence,
y+1=3x*+21 -9)(x —4) Multuplying out and simphifying, y=3x"—10x*—17x+35 But the equation
y=x"+x>—9x -9 1salso satisfied at the point of tangency Hence, 3x’—10x" —17x +35=x>+21" - 9x —
9 Simphfying, 2x'—11a2"-8x+44=0 In searching for roots of this equation, we first try integral factors of
44 Itturns out that 1 =2 isaroot So, r-2 1safactorof 2x°—1lx" —8x+44 Dwviding 2x° -
11x’ -8 +44 by x—2, we obtam 2x —7x=22, which factors into (2x —11)(x +2) Hence, the
solutionsare x» =2, x=-2, and x=1%4 The corresponding points are (2, -15), (—2,5), and (& 1)
Answer

Let f be differentiable (that 15, f' exists) Define a tunction f* by the equation f*(x)=
im f A — flx — Ax)

Find the relationship between f* and f'.

Av—0 A-v
P fﬂnzgﬂju+An—ﬂn;ﬂn~ﬂx—mv=ﬁﬂg£§§ﬁ¢4Lmﬂﬁ_§%ziﬂ
= f'() + lim f) —fle = 89) _fA(i — 4
But m OS2 gy JOZIO ) g SO e =gy
Ax-—»() X Ax—0 Ax /,—-u

— R ED10)

lim =7"(x)
Thus, f*(x) =2f'(x).

A function f, defined for all real numbers, is such that (i) f(1)=2, (i) f(2)=8, and (i) flu+v)~-
f(u) = kuv = 2v*  for all u and v, where k is some constant. Find f'(x) for arbitrary x.

I Substituting wu=1 and v=1 in (iii) and using (i) and (ii), we find that k=8. Now, in (iii), let
u=x and v=Ax. Then f(x+Ax)—f(x)=8xAx—2(Ax)> So, [flx+Ax)—f(x)]/Ax=8x—2Ax.

Thus. f'(x)= M Jim (8x —2 Ax) = 8r.

Find the points on the curve y = 1x’—x where the tangent line is parallel to the line y =3x.

I y'=x’—1 Iisthe slope of the tangent line. To be parallel to the line y =3x having slope 3, it also must
have slope 3. Hence, x*—1=3, x*=4, x==2. Thus, the points are (2, }) and (-2, ~ 3).
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8.24

8.25

8.26

8.27

8.28

8.29

Using the A-method, find the derivative of f(x) = V3x +2.

1 fx+Ax)—f(xX)=V3(x +Ax) +2-V3x+2=V3x +3Ax + 2~ V3x +2
_(V3x+3Ax+2-V3x +2)(V3x +3Ax +2+V3x +2)
- V3x+3Ax+2+V3x +2

_(Bx+3Mx+2)-(3x+2) _ 3Ax
V3x+3Ax+2+V3x+2 V3x+3Ax+2+V3x+2

So,

s s flx + Ax) — f(x) _ 3 3
f'x)= lim Ax e vy v SRV e, BN

Show that a differentiable function f(x) is continuous.

I f(x+Ax)— f(x) = {[f(x + Ax) — f(x)]/Ax} Ax. Thus,
Jim, U+ 8 =) = fim, F S0 4= 7900

Hence, 0= Alix_n’0 [fx+Ax) - f(x)] = AliTO fix+ Ax) - Al}i{r_n’0 f(x) = Ali[_l}o fix+ Ax) - f(x)

So, Alim0 fx + Ax) = f(x), fis continuous at x.

Show that the converse of Problem 8.25 is false.
I Consider the function f(x)=|x| at x=0. Clearly, f is continuous everywhere. However,

f(0+Ax)‘f(0)=le|_0=‘A—x—|_ When Ax>0, |Ax|/Ax=1, and, when Ax<O, |Ax|/Ax=—1.
Ax Ax Ax

o lAx _ .
Therefore, A1)1‘1_1)1O Ar s f'(0) does not exist.

Find the derivative of f(x) = x'"*

I f(x+Ax)— f(x)=(x+Ax)"> —x'"

[+ A0 - x PN+ Ax)* + X1 P+ AT + 227 Xx+Ax—x
(x +Ax)*? + 2 (e + Ax)' P + 77 (x +Ax)*° + x'3(x + Ax)' 2 + X*7°
So fx+Ax) —fx) _ 1
? Ax (x+Ax)*? + x"(x + Ax)'? + x*7
f’(X) = lim 1 = 1 = 1,-2/3
am (x+Ax)2/3+x”3(x+Ax)”3 23 323 3x

Find the point(s) at which the tangent line to the parabola y = ax’+ bx + ¢ is horizontal. (Notice that the
solution to this problem locates the “nose” of the parabola.)

J y' =2ax+b istheslope of the tangent line. A line is horizontal if and only if its slope is 0. Therefore, we
must solve 2ax + b=0. The solutionis x=—b/2a. The corresponding value of y is (4ac — b*)/4a.

Let f(x) be a function with the property that f(u + v) = f(u)f(v) for all ¥ and v, and such that f(0) = f'(0) =
1. Show that f'(x)=f(x) for all x.

I fx+ Ax) = fix) = f)f(Ax) — f(x) = fx)[ f(Ax) = 1]. So,
F(x) = f(x +Ax) fx) _ f(x)[f(AA;) -1 _ = )" ]

Ax—»O

f(AX) f(0 +4x) — f(0)
Ax

= f(x)- lim
= f(x)f 0)=fi (x) 1= f(x)
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Determine whether the following function is differentiable at x =0:

N {x2 if x is rational
flx) = 0 if x is irrational
_ _ e _ (Ax)* if Ax is rational
d O+ 8x) = f(0) = f(Ax) — 07 = fiax) { 0 if Ax is irrational

f(0+Ax) - f(0) _ {Ax if Ax is rational

So, Ax 0  if Ax is irrational

+ p—
Hence, f'(0)= Alir_n’0 J—((—O%-f—(—@ exists (and equals 0).

Consider the function
if x is rational
if x is irrational

=1

Determine whether f is differentiable at x =0.

Ax if Ax is rational
I flO+Ax) = f(0) = fiAx) — 0= fldx) = { 0 if x is irrational
S f(O+Ax) - f(0) _ { 1 if Ax is rational
0 Ax 0 if Ax is irrational

. . 0+ Ax)— f(0
Since there are both rational and irrational numbers arbitrarily close to 0, f'(0) = 11m0 ﬁ——A%-—f—(—)

R Ax
not exist.

does

Find the derivative of the function f(x) = (2x —3)°.

I f(x)=4x>-12x+9. Hence, f'(x)=8x—12. [Notice that the same method would be difficult to carry
out with a function like (2x —3)*.]

Where does the normal line to the curve y=x—x’ at the point (1, 0) intersect the curve a second time?

I y' =1-2x. The tangentline at (1,0) hasslope 1-—2(1)=—1. Hence, the normal line has slope 1, and a
point-siope equation for it is y=x—1. Solving y=x-x* and y=x-1 simultaneously, x—x*=
x—1, x*=1, x==1. Hence, the other point of intersection occurs when x=-1. Then y=x-1=
~1-1=-2. So, the other point is (—1, ~2).

Find the point(s) on the graph of y=x” at which the tangent line is parallel to the line y=6x — 1.

I Since the slope of y =6x—1 is 6, the slope of the tangent line must be 6. Thus, the derivative 2x =6,
x=3. Hence, the desired point is (3, 9).

Find the point(s) on the graph of y =x’ at which the tangent line is perpendicular to the line 3x +9y = 4.

I The equation of the line can be rewrittenas y=—1ix+ ¢, andsoitsslopeis —%. Hence, the slope of the

required tangent line must be the negative reciprocal of — 3, namely, 3. So, the derivative =3, x*=1,
x==*1. Thus, the solutions are (1,1) and (-1, —1).

Find the slope-intercept equation of the normal line to the curve =x" at the point at which x=}.
p pt eq y p

I The slope of the tangent line is the derivative 3x% which,at x=1, is 3. Hence, the slope of the normal
line is the negative reciprocal of §, namely, —-3. So, the required equation has the form y=-3x+b. On
the curve, when x=1, y=x>=3%. Thus, the point (4, 25) lieson the line, and % = -3(3)+b, b=2.
So, the required equationis y=-3x+ £.

At what points does the normal line to the curve y=x"—3x+5 at the point (3, 5) intersect the curve?

I The derivative 2x—3 has, at x=3, the value 3. So, the slope of the normal line is —%, and its

equation is y=—4ix+b. Since (3,5) lies on the line, 5=-1+b, or b=6. Thus, the equation of the
normal line is y=—3x+6. To find the intersections of this line with the curve, we set —ix+6=
¥ =3x+5 3x*-8x-3=0, Gx+1)(x—-3)=0, x=-L or x=3._ We already know about the point

(3, 5), the other intersection point is (—3, ).
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8.38

8.39

8.40

8.41

8.42

8.43

8.4

Find the point(s) on the graph of y =x” at which the tangent line passes through (2, —12).
|4 g

I The slope of the tangent line is the derivative 2x. Since (x,x”) and (2, —12) lie on the tangent line, its
slope is (x* +12)/(x —2). Hence, (x*+12)/(x—2)=2x, x> +12=2x"—4x, x* —4x—12=0, (x —6)(x +
2)=0, x=6 or x=—2. Thus, the two points are (6, 36) and (-2, 4).

Use the A-definition to calculate the derivative of f(x) = x*

I f(x+Ax)=(x+Ax)* = x* + 42° Ax + 6x* (Ax)* + 4x(Ax)’ + (Ax)*. So, f(—x-téiz———&l

4x(Ax)® + (Ax)’. Hence, f'(x) = Jlim w =453

=4x> + 6x Ax +

Find a formula for the derivative D [ f(x) g(x) h(x)].

I By the product rule, D {[f(x)g®)]h(x)}=f(x) g(x) k'(x) + D,[f(x) g(x)]h(x) = f(x)g(x)h'(x) +
[f(x)g'(x) + f'(x)g(x)]h(x) = f(x)g(x)h'(x) + f(x)g'(x)h(x) + f'(x) g(x) h(x).

Find D, [x(2x — 1)(x +2)].

I By Problem 8.40, x(2x—1)+x-2-(x +2)+ (2x ~ D(x+2)=x(2x — 1) + 2x(x +2) + (2x — 1)(x + 2).

Let f(x)=3x"-11x"—15x+63. Find all points on the graph of f where the tangent line is horizontal.

I The slope of the tangent line is the derivative f’(x) =9x®> —22x —15. The tangent line is horizontal when

and only when its slope is 0. Hence, we set 9x° Z NRx—-15=0, (9x+5)(x—-3)=0, x=3 or x=-3.

Thus, the desired points are (3,0) and | — 9’ TB)

Determine the points at which the function f(x) =|x — 3| is differentiable.

I The graph (Fig. 8-1), reveals a sharp pointat x=3, y=0, where there is no unique tangent line. Thus
the function is not differentiable at x =3. (This can be verified in a more rigorous way by considering the
A-definition.)

Ly
- 5
- 4
1} - 3
\ - 2
- 1
1 N A L
-1 U 1 2 3 4 X
~1
. - -2
3 gk
. -4
Fig. 8-1 Fig. 8-2

Figure 8-2 shows the graph of the function f(x)=x”—4x. Draw the graph of y=|f(x)| and determine
where y’ does not exist.

A

Fig. 8-3
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I The graph of y (Fig. 8-3) is obtained when the part of Fig. 8-2 below the x-axis is reflected in the x-axis.
see that there is no unique tangent line (i.e., y' is not defined) at x=0 and x=4.

+h
If f is differentiable and  f(x,)=0, find 'llll’l'(l) &v—(’,}h—l
+h +h)—
' i ) _ i S0 D10

If f(x) is even and differentiable, prove that f'(x) is odd.
' fr(_x) = lim f(_x + Ax) _f(_x)

Ax—0 Ax
- m, =0
= lim flxt h) = f(x) ;:)h_ fx) [setting h = —Ax]
If f(x) is odd and differentiable, prove that f'(x) is even.
oy =l FOEFAD —f(0) | = A0) + 1)
I [0 = fim, ¥: g
= lim flx - AZ) —f&) _ lim feth) = fx) [setting h=—Ax]
Ax—0 —4ax h—0 h
=f'(x

55

We

In Problems 8.48-8.51, calculate the derivative of the given function, using the appropriate formula from

Problem 8.7.

(1% +2x°° = 3)(7x® + 20x + 5).

I By the product formula, the derivative is (x'% +2x — 3)(56x” + 20) + (100x®° + 100x**)(7x® + 20x + 5).

-3
x+4°

I By the quotient formula, the derivative is

(+4)D,(*-3)-(*-3) D,(x+4) _(x+H20)-("-3) 2 +8x—x"+3 _x*+8x+3

(x+4)° (x +4)? (x +4)? C (x+4)

¥ —x+2
¥ +7
I By the quotient rule, the derivative is

&+ D(x*—x+2)—-(x*—-x+2)-D,(x*+7) _ @ ANDGx 1) - (¢~ x +2)(3x)

(x3 +7)2 (x3 + 7)2
5% +35x* —x*—7-3x" +3x° —6x°
*+7)
27 +35x +2x —6x* =7
«*+7)

T +x* -2t +x-3
x* )

I Here, it is easier not to use the quotient rule. The given function is equal to 3x* +x—2+ x>
. o _ s 9 +x°-3x+12
Hence, its derivative is 9x>+1-3x"*+12x"° = P .

—3x

-4
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9.1

9.2
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9.4
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9.7

9.8

2.9

56

If f(x)=x*+2x—5 and g(x)=x", find formulas for the composite functions feg and geof.
I (fo8)(x)=flg(x) = f(x*) = (F°)’ +2(x’) = 5=x°+ 22’ =5
(8°f)x) = g(f(x)) = g(x* +2x = 5) = (" + 2x — 5)°
Write the function V3x —35 as the composition of two functions.
I Let g(x)=3x-5 andlet f(x)=vx. Then (fog)(x)=f(g(x))=f(3x~-5)=V3x-5.
If f(x)=2x and g(x)=1/(x—1), find all solutions of the equation (fog)(x)=(g°f)(x).

] (fog)(x)=f(gx)) = f( ) x-2—1 and (gef)(x)=g(f(x))=g(2Jf)=2xl_1
1

So, we must solve L=—, 4x—-2=x-1, 3x=1, x=1%. Answer
x—1 2x-1

x—1

Write the chain rule formula for the derivative of fog

I (foe)(x)=f(s(x)¢'().

If y=Fu) and u=G(x), then we can write y= F(G(x)). Write the chain rule formula for dy/dx,
where we think of y as a function of x.

- du I Here, the first occurrence of y refers to y as a function of x, while the second occurrence of y

(on the right side) refers to y as a function of u.

Find the derivative of (x*> —2x* + 7x — 3)*,

I Use the chain rule. Think of the function as a composition (fog)(x), where f(x)=x* and gx)=
x*=2x*+7x—3. Then f'(x)=4x> and g'(x)=3x>—4x+7. Hence, . -2 +7x-3) =4(x" -
22 +7x -3y - (3x* —4x + 7).

. N 1
Find the derivative of G5y
I We can write (3—21_'_—55; =(3x*+5)"" Now we can use the chain rule. Remember that % X ="
x d
for any real number r. In particular, o x"*=—4x">. By the chain rule,
d 2 -4 2 -5 24x
—_— + = — + . [
p (3x” +5) 4(3x +5)" - (6x) G5y
Find the derivative of V2x +
I We can write V2x +7=(2x+7)"% By the chain rule,
1 1

a w2 _ 1 -1/2 oy -2 _ -
G @D = QXD @ =0 r ) @+ VA7

i 1/2 _ _1_ -1/2 i — ]

[Here, we have used Ll 3V and p (2x+7)=2.
3

Find the derivative of (%) .
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: d (x+2)3_ (x+2)2_i(x+2) d (x+2)
I Use the chain rule. & \x=3) =3\ =3) & \7 3/ Here, we must calculate dg‘ T3 l:y
. ) i<x+2)_(x—3)~1—(x+2)-1 _ 5 d <x+2) _ <x+2)
the quotient rule: p x2—3 = -3y TR Hence, = \73) =33/
5 ] (x+2)
- =-15 . A
[ (- 3) (x—3)y = Answer

Find the derivative of (4x* —3)*(x + 5)*.

I Think of this function as a product of (4x”—3)* and (x+5)°, and first apply the product rule:
% [(4x* = 3)’(x + 5)°] = (4x* —3)*- % (x+5)°+(x+5) - 2"1)2 (4x*> —3)>. By the chain rul;, % (x+5) =
3x+5)°1 =3(x+5)°> and o (4x* —3)* = 2(4x* — 3)-(8x) = 16x(4x> —3). Thus, o [(4x% = 3)*(x +
5] = (4x* =3)*-3(x +5)* + (x +5)>-16x(4x* —=3). We can factor out (4x>—3) and (x+5)° to ob-

tain:  (4x” ~3)(x + 5)°[3(4x% —3) +16x(x +5)] = (4x* = 3)(x + 5)*(12x> — 9 + 16x° + 80x) = (4x° —3)(x +
5)%(28x” +80x —9). Answer

Find the derivative of ; - V3x.

4 4 2 _ d |4 - _
I The chain rule is unnecessary here. \/;=—g=7x=2x 2 So, p \/;: =2(—3x7) = —x7%"2

Also, V3x=V3vi=V3r''® So, E‘i—\/ﬁ=\/§(%x‘”2)=

X

2 2 Y AN
Find the derivative of f(x)=V4—-V4+x.

I f(x)=[4—(4+x)"?}]"> By the chain rule, f'(x)=%[4—(4+x)”2]"”2-%[4——(4+x)”2]. But,
—d—x—[4—(4+x)”2]=—%(4+x)_“2~2x—(4+x)=—%(4+x)'”2. Hence,

e O B e I R vrerrvre v

Find the slope-intercept equation of the tangent line to the graph of y = f _. at the point (2, §).

1
1
(x2+1)%Vx— —Vx—1(2x)x i

’

I By the quotient rule, y

x*+1)y
By the chain rule 1\/x—1=i(x—1)”2= lx—-1)""?= L
y : dx dx ) 2 2Vx -1
2
+ —————— —_—
'_(x 1)2\/x_—T 2xvx —-1
ThuS, y (xZ + 1)2
When x=2, Vx—-1=1, and, therefore, at the point (2,1), y'=-3. Hence,a point-slope equation of
the tangent lineis y — § = —(x —2). Solving for y, we obtain the slope-intercept equation y=—3x+ &.

Find the slope-intercept equation of the normal line to the curve y =Vx®+16 at the point (3, 5).

I y=(x*+16)""> Hence, by the chain rule,

X

Vx' + 16

At the point (3,5), V x*+16=5, and, therefore, y'= 2. Thisis the slope of the tangent line. Hence, the
slope of the normal line is — , and a point-slope equation foritis y —5=—3(x —3). Solving for y, we obtain
the slope-intercept equation y = —3x + 10.

y =3 +16)""2. 2‘-1; (x*+16)=1(x* +16) V- 2x) = x(x* + 16)"V* =

d
If y=x>-2 and x=32z"+S5, then y can be considered a function of z. Express %2 in terms of z.

dz
d
dy _dy dx_ 3x% - (62) = 182x% =182(32% + 5Y

I dz ~ dx dz



58 [ CHAPTER9

9.16

9.17

9.18

9.19

9.20

9.21

9.22
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If gx)=x"°(x-1)"° find the domain of g'(x).

f By the product and chain rules,

' B ) 3ls 1 (x—-1 315
g(x)zx”s'%(x"l) 2/5+(x"'1)3/5‘ Ix™% = 5(x_1)2/5 3 xus)

Since a fraction is not defined when its denominator is 0, the domain of g’(x) consists of all real numbers except 0
and 1.

Rework Problem 8.47 by means of the chain rule.
/) dix f(=x)=f'(—x)- % (—x)=f"(—x)-(-1) = —f'(—x). But,since fisodd, f(x)=—f(—x), and, there-
fore, f(x)= = g (=0 = ~[~f' (=)= f(-2).

Let F and G be differentiable functions such that F(3)=5, G(3)=7, F'(3)=13, G'(3)=6, F'(7)=2,
G'(7)=0. If H(x)=F(G()), find H'(3).
I By the chain rule, H'(x)= F'(G(x))- G'(x). Hence, H'(3)=F'(G(3))-G'(3)=F'(7)-6=2-6=12.

Let F(x)=V1+3x. Find the coordinates of the point(s) on the graph of F where the normal line is parallel to
the line 4x +3y=1.

I V1+3x=(1+3x)'" Hence, by the chain rule, F'(x)=3(1+3x)""2-(3)=3/(2VI+3x). This is the
slope of the tangent line; hence, the slope of the normal line is —3V1+3x. The line 4x+3y=1 has

slope —3, and, therefore, the parallel normal line must also have slope —%. Thus, —3V1+3x=-1%,

V1+3x=2, 1+3x=4, x=1. So, y=V1+3x=2. Thus, the point is (1,2). Answer

Find the derivative of F(x) =V/(1 + x*)".
I F(x)=(+x*"%. By the chain rule,

F)= 31+ 2" & (145 = 11+ ) (20 = 48T+ 2

-1 dy

i =% =Vx?
Given y= per and u=Vx*+2, find I
. . dy 4u . du d ,, 3 a2
==, il G =i+
I Using the quonentlrule, we ;i;d that du " @1y By the chain rule (x"+2) 3(x

2)7? . (2x) = ix Again by the chain rule,

(Vxt2y 3
dy _dy du 4u 2x 8
dx du dx (@ +1)7 3@ Zu@ 41y Answer
A point moves along the curve y=x’-3x+5 sothat x=}Vi+3, whereistime. At what rateisy
changing when =4?

I We are asked to find the value of dy/dt when t=4. dy/dx= 3x*~3=3(x>-1), and dx/dt=1/(4V1).

dy _dy dx_3(x"-1) - - D a6 2)=%  uni i
Herllce, P7ialy P TRy e When ¢=4, x=4 and at =3(16—-1)/(4-2) =% units per unit
of time. Answer

A particle moves in the plane according to the law  x =" +2t, y =2+ —6¢. Find the slope of the tangent line
when ¢=0.

I The slope of the tangent line is dy/dx. Since the first equation may be solved for ¢ and this result substituted
for r in the second equation, y is a function of x. dy/dt=6t"—6, dx/dt=2t+2, dtldx=1/(2t+?2)

(see Problem 9.49). Hence, by the chain rule, dy _dy dt =6( =3(t—1). When =0,

1
dx  dr dx "1)'2(t+1)

dy/dx = —3. Answer

In Problems 9.24-9.28, find formulas for (fog)(x) and (gef)x).
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9.24 fix)y= x—if’ g(x) =3x.

I (foR)(x) = f(8(0) = f(33) = 5
(8900 =800 =l 37) =3(757) = 54

9.25 f(x)=2x"—-x*+4, gkx)=3.

I (fo2)x) = Ag(x)) = f(3) = 49
(8°£)(¥) = g(f(x)) =3
9.26  f()=1x, gx)=r

I (f8)(x) = f(g(x)) = f(x*) = (x*)’ = x°
(8°F)x) = g(f(x) = g(x’) = (x*)" = x°

9.27 fx)=gx)= %
I (Foo)w=f(1) ===
9.28 f(x)=x, gx)=x"—4.

= (Fo8)0x) = f(g() = fix® — 4) = x* — 4
(8°F)(x) = 8(f() = g(x) = £ — 4

In Problems 9.29 and 9.30, find the set of solutions of (fog)(x)=(g°f)(x).
2
9.29 fix)y= Pt g(x) =3x.

— 6 — — —_ 1
Fr e 2x+2=18x+6, —4=16x, x=—;.

I By Problem 9.24, we must solve

930 fx)=x gx)=

=3
1 1
I (Fo0) = gD = 25) = o3y
, 1
(gof)x)=g(f(x))=g(x") = Y =3 =73
So, we must solve 11 = 41 , X*=3=x*-6x*+9, 6x*=12, x°=2, x==V2.

x*-3y x*-3
In Problems 9.31-9.34, express the given function as a composition of two simpler functions.
931 (x*-x"+2).
I Let gx)=x>—x*+2 and f(x)=x". Then (fog)(x)=f(gx)=f(x"—x>+2)=("-x"+2).

9.32 8—-x)*
I Let g(x)=8-x and f(x)=x" Then (fog)x)=f(gx)=Ff8—-x)=(B8~-x"
933  Vi+x’

I Let gx)=1+x and f(x)=+vXx. Then (fog)(x)=fg(x)=f1+x*)=V1+x’



60 [ CHAPTER9

1
x*—-4"

I Let g(x)=x’-4 and f(x)=1/x. Then (fog)(x)=f(g(x))=fx>—4)=1/(x*—4).

9.34

In Problems 9.35-9.44, use the chain rule (and possibly other rules) to find the derivative of the given function.
9.35  (7+3x)°

I D [(7+3x)’]1=5(7+3x)" D (7+3x)=5(7+3x)*- (3) =15(7 + 3x)*
9.36 (2x—-3)2

I D [2x-3)?=(-2)2x—-3)7D,2x~-3)=-22x-3)"%-(2)= -4(2x - 3)"°,
9.37  (3x*+5)7°

I D [(3x*+5)7]1=(=-3)3x"+5)"* D (3x* +5) = =3(3x* + 5)™* - (6x) = —18x(3x> + 5)™*.

-2 )2
9.38 (m .

B e e

- ("2“2)[(2x2+1)'2)C“(x2—2)-4x]_ 2x* —2)

[2x(2x* +1-2x" + 4)]

2 +1 (2x* +1)° @2 +1)

_4x(x* - 2) 5)= 20x(x*> —2)

Qx*+1) @x*+1)°
4
S o
) Dx(:;x—z _4x + 5) =4D,[(3x* = x +5)7']=4(-1)(3x* — x + 5)°D,(3x* — x + 5)
_ 4(1 - 6x)

- 2+ 2 )= —2 7

4(3x" —x+5)(6x— 1) Gl —x+3)

9.40  x°(1-3x%)""
I D [x*(1-3x")"%)= %D (1-3x")""* + 2x(1 - 3x°)"% = x*(3)(1 - 3x*)"2>- D (1 - 3x%) + 2x(1 ~ 3x*)""®
= 1x*(1-3x%)7%7 - (—=9x%) + 2x(1 - 3x%)"° = =3x*(1 - 3x*) 2" + 2x(1 — 3x%)'"3

0.3
= x(1 = 32°) (=3¢ +2(1 - 3¢%)] = x(1 - 3x°) 22 - 9x*) = 229X
(1-3x")
9.41 T
x“+1
P ( x >_\/x2+1~1—x-Dx(\/x2+1)_\/x2+1—x‘Dx(x2+1)”2
“\Ve+1/ X+1 2+1
V- 3P+ )TV D (P +1) VR + 1= (x/2)(x + 1) (2x)
B ¥ +1 B 2 +1
(P~ 1

(x2+ 1):;/2 - (x2+ 1)3/2
9.42 (7xX’—4x*+2)"%

I D (75 —4x* +2)"* = 1(7x° —4x* +2) 7% D (7x® — 4x* + 2) = }(7x — 4x" +2)7*"%(21x" ~ 8x)

x(21x —8)

1
RN T
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9.45
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=
+
[ 38}

-y
bl
|
Ja—y

Vx+2 /x+2_(x+2>”2
V-1 Vx—1 \x-1

Dx<x+2)“2_ 1 (x+2)_”2'Dx(x+2>= % (x+2)‘”2_ x-1)~-(x+2)

x—1/ ~2\x-1 x—1 x—1 (x - 1)
_l(ﬂ)”zi___é_l_*
2 \x+2 (x — 1) 2 Vx+2(Vx =1y
V(4x® +3)*.
I VG 73 =(@x?+3)% D,(4x* +3)° = 3(4x* +3) > D (ax*+3) = 2 1 o 16x
3@ +3)7 T a3

Assume that F and G are differentiable functions such that F'(x)=-G(x) and G'(x)=—F(x). Let
H(x) = [F(x)]* - [G(x)]>. Find H'(x).

I H'(x)=2F(x)- D,F(x) - 2G(x)- D,G(x) = 2F(x)[- G(x)] - 2G(x)[— F(x)] = —2F(x) G(x) + 2F(x) G(x) = 0.
If f is continuous at 4 and g is continuous at f(a), prove that geof is continuous at a.

I Assume e>0. Choose 8,>0 suchthat |g(u)—g(f(a))l<e whenever |u— f(a)|<8,. Then choose
8>0 such that |f(x)— f(a)| <8, whenever |x—a|<8. Hence, if |x—a|<8, |g(f(x))-g(fla)l<e.

x
Show that Dx|xl=¥, for x#0.

I When x>0, D |x|=D.(x)=1=|x|/x. When x<0, D |x|=D(—x)=-1=—-x/x=|x|/x.

Find a formula for D |x* +2x| (x#0, —2).

2

2
, 2 |x® + 2x| ) lx? + 2x|
- = +20) = 5—— (2x +2).
I By the chain rule and Problem 9.47, D _|x* + 2x| e D (x* +2x) . (2x +2)
Give a justification of the rule
dv 1
du ~ duldv @)

I Let u=f(v) be a one-one, differentiable function. Then the inverse function v = g(u) = g(f(v)) is
differentiable, and the chain rule gives

L =1=g) ) @)

Writing dv/du and du/dv for g'(u) and f'(v) in (2), we get (1).
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Trigonometric Functions and
Their Derivatives
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10.3
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Define radian measure, that is, describe an angle of 1 radian.

I Consider a circle with a radius of one unit (Fig. 10-1). Let the center be C, and let CA and CB be two radii
for which the intercepted arc AB of the circle has length 1. Then the central angle 4 ACB has a measure of one
radian.

Fig. 10-1

Give the equations relating degree measure and radian measure of angles.

I 27 radians is the same as 360 degrees. Hence, 1 radian=180/7 degrees, and 1 degree = /180
radians. So, if an angle has a measure of D degrees and R radians, then D =(180/7)R and R=(w/180)D.

Give the radian measure of angles of 30°, 45°, 60°, 90°, 120°, 135°, 180°, 270°, and 360°.

I We use the formula R = (w/180)D. Hence 30°= 7/6 radians, 45°= 7/4 radians, 60°= /3 radians,
90° = 7/2radians, 120°=2#/3radians, 135°=3s/4radians, 180°= = radians, 270°=37/2radians,
360° = 24 radians.

Give the degree measure of angles of 3#/5 radians and 5#/6 radians.

d We use the formula D = (180/7)R. Thus, 3#/5 radians=108° and 5/6 radians = 150°.

In a circle of radius 10 inches, what arc length along the circumference is intercepted by a central angle of 7/5
radians?

I The arc length s, the radius r, and the central angle @ (measured in radians) are related by the equation
s=rf. Inthiscase, r=10inches and 6= x/5. Hence, s =27 inches.

If a bug moves a distance of 37 centimeters along a circular arc and if this arc subtends a central angle of 45°, what
is the radius of the circle?

I s=r6 Inthiscase, s=23wcentimeters and 6= m/4 (the radian measure equivalent of 45°). Thus,
37 =r-mw/4. Hence, r=12 centimeters.

Draw a picture of the rotation determining an angle of — /3 radians.

I See Fig. 10-2. /3 radians =60°, and the minus sign indicates that a 60° rotation is to be taken in the
clockwise direction. (Positive angles correspond to counterclockwise rotations.)
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B(cos 6, sin 8)
A A(l,0)

Fig. 10-2 Fig. 10-3

Give the definition of sin 8 and cos 6.

I Refer to Fig. 10-3. Place an arrow OA of unit length so that its initial point O is the origin of a coordinate
system and its endpoint A is (1,0). Rotate OA about the point O through an angle with radian measure 6. Let

OB be the final position of the arrow after the rotation. Then cos 6 is defined to be the x-coordinate of B, and
sin @ is defined to be the y-coordinate of B.

State the values of cos § and sin 8 for 6 =0, #/6, w/4, #w/3, w/2, w, 3m/2, 27, 97/4.

1

0 sin 0 cos @
0 0 1
/6 1/2 V3/2
/4 V212 V2/2
w3 V3/2 1/2
/2 1 0

T 0 -1
37/2 -1 0

27 0 1

Notice that 9#%/4=2w + w/4, and the sine and cosine functions have a period of 2, that is, sin (8 +27) =
sin@ and cos(@+27)=cosf. Hence, sin(9w/4)=sin(n/4)=V2/2 and cos(97/4)=cos(n/4)=
V2/2.

Evaluate: (a)cos(—w/6) (b)sin(~w/6) (c)cos(2w/3) (d)sin(2w/3)

I (a) 1In general, cos(—6)=cos6. Hence, cos(—m/6)=cos (w/6)=V3/2. (b) In general,
sin(~0) = —sin 6. Hence, sin(—w/6)=—sin(w/6)=~3. (¢) 2w/3=m/2+ w/6. We use the identity
cos (0 + m/2) = —sin§. Thus, cos(2w/3)=—sin(w/6)=—3. (d) We use the identity sin (8 + w/2)=
cos 6. Thus, sin(2#7/3)=cos (mw/6)=V3/2.

Sketch the graph of the cosine and sine functions.

I We use the values calculated in Problem 10.9 to draw Fig. 10-4.

Sketch the graph of y = cos3x.

I Because cos3(x +27/3)=cos (3x +2m) =cos3x, the function is of period p=2n/3. Hence, the
length of each wave is 277/3. The number f of waves over an interval of length 27is 3. (In general, this number
f; called the frequency of the function, is given by the equation f=2#/p.) Thus, the graph is as indicated in
Fig. 10-5.

Sketch the graph of y =1.5sin4x.

I Theperiod p=m/2. (Ingeneral, p=2m/b, where b is the coefficient of x.) The coefficient 1.5 is the
amplitude, the greatest height above the x-axis reached by points of the graph. Thus, the graph looks like Fig.
10-6.
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in 3
Calculate lim SLLELY
in3 . sin 3 . sin3 . sin@
I ogim 222% = im 3 2% =3 im X =3 fim - =3-1=3
x—0 X x—0 X x—0 3X 6—0 (7
2
Calculate lim S0z
x—0 Sin 3x
sin2x _ . (sin2x 3x -2>*—l' sin2x_l. 3x -—2-—11 sin49.li 0 Z=1 1__2_=_2_
paak sin3x it 2x  sin3x 3/ A T2 AW sin3x 3 e 8 oo sin6 3 3 3
1- X
Calculate.lirrz) RmiisE
§ fim LTCOSX _ . 1-cosx ltcosx . 1-cos’x - sin®x i sinx L sinx
o0 X X0 x 1+cosx  xoo x(1+cosx)  r—ox(1+cosx) -0 x e T+cosx
1- 3= 0.

. .. d .
Using the A-definition, calculate E;(sm X).

I By the identity sin (u + v) =sin ucos v + cos usin v, sin (x + Ax) = sin x cos (Ax) + cos x sin (Ax). Hence,
sin (x + Ax) ~ sin x = sin x[cos (Ax) — 1] + cos x sin (Ax), and
O+ Ax) — i _ .
sin (x + Ax) —sinx _ sinx &5 (Ax)—-1 +cosx- smA(Ax)

Ax Ax
d . . sin(x +Ax)~sinx
Thus, = =
dx (sin x) Al?—];]o Ax
—_— . H A -
=sin x - lim ﬁ(A—x)—-—-l +cos x lim M
Ax—0 Ax ax—0  Ax

= (sin x)(0) + (cos x)(1) = cos x

i -1
Here, we have used lin}) _s%() =1 and ‘l’m‘x) go—so— =0 (Problem 10.16).
9> —

Calculate ;;—i— (cos x) from the known derivative of sin x.

ki

1 by e sy oniman(3-2). = & [l )] on(3 ) (2] tom
y the identity cosx=sin{z —x), dx(cosx Zx 151l 3 cos{7 —x)-7={5 —x) [chain

rule] =sin x - (~1) [sinx = Cos (%T —x)] = —sin x.

d .
Calculate e (sin 3x).

I sin 3x is a composite function of 3x and the sine function. By the chain rule and the fact that o (sin x) =
cosx, - (sin 3x) = cos 3x e (3x) =cos3x -3 =3cos 3x.

d 2
Calculate e (cos” x).

I cos’ x = (cosx)> Hence, by the chain rule, d%-(cosz x) =2(cos x) - % cosx =2cos x-(~sinx) =
—2sin x cos x = —sin 2x.

.. d -
Find p (Vsin x).

COos x

1
Wsinx F T Wsinx

Find an equation of the tangent line to the graph of y =sin” x at the point where x = 7/3.

d - d .
I Vsinx=(sinx)"'> By the chain rule, p (Vsinx) = 3(sinx)™""?- - Ginx)=

I The slope of the tangent line is the derivative y’. By the chain rule, since sin® x = (sinx)?, y’=2(sinx)-

a(sinx)=25inxcosx. When x=m/3, sinx=V3/2 and cosx=}. So y =2-V3/2-}=V3/2.

At the point where x= /3, y=(V3/2)’=12. So a point-slope equation of the tangent line is y— 3=
(V372)(x — =/3).



66 [ CHAPTER 10

10.23

10.24

10.25

10.26

10.27

10.28

10.29

10.30

10.31

Find an equation of the normal line to the curve y=1+cosx at the point (7/3, ).

I The slope of the tangent line is the derivative y’. But, y’ = —sin x = —sin (7r/3) = —V3/2. Hence, the
slope of the normal line is the negative reciprocal 2/V3. So a point-slope equation of the normal line is
y=3=02/NV3)x—-n/3)=(2V3/3)x —27V3/9.

. d
Derive the formula e (tan x) = sec® x.
f Remember that tanx =sinx/cosx and secx=1/cosx. By the quotient rule,

(cos x) ‘—gv— (sin x) — (sin x) ‘-fx- (cos x)

d ¢ _i(sinx>=
dx (tan x) = dx \cos x (cos x)*

_ (cos x)(cos x) — (sin x)(—sinx) _ cos’ x +sin® x
(cos x)* (cos x)*

Find an equation of the tangent line to the curve y =tan’ x at the point (7/3, 3).

I Note that tan (/3) =sin (#/3)/cos (w/3) = (V3/2)/1 =V3, and sec(m/3)=1/cos(w/3)=1/1=2. By
the chain rule, y’'=2{tanx)- e (tan x) = 2(tan x)(sec’ x). Thus, when x=a/3, y' =2V3-4=8V3, so
the slope of the tangent line is V3. Hence, a point-slope equation of the tangent lineis y ~ 3 =8V3(x — 7/3).

Derive the formula E‘i— (cot x) = —csc? x.

I By the identity cot x = tan (/2 — x) and the chain rule,

% (cot x) = dix [tan(g —x)] =sec2<g ~x) . Ed; (—g —x)

1
=— (=])= — = —csc? x.
cos® (/2 — x) D sinfx o0 %
d
Show that e (sec x) = sec x tan x.
I By the chain rule,
d _d -1 » d 1 .
i (secx) = p (cos x)” " = ~(cos x) p (cosx) = — P (—sin x)
sin x 1 sin x
= =secxtanx

T cos’x COsx cosx
Find an equation of the normal line to the curve y =3sec’x at the point (7/6, 4).

I By the chainrule, y'=3[2secx- % (sec x)] =3(2sec x-secx -tan x) =6sec’ x tanx. So the slope of the

tangent line is y’' =6($)(V3/3)=8V3/3. Hence, the slope of the normal line is the negative reciprocal
—V3/8. Thus, a point-slope equation of the normal line is y — 4= —(V3/8)(x — m/6).

Find D, (csc V).

I Recall that D (cscx)=—cscxcotx. Hence, by the chain rule, D, (csc VX) = —csc (VX) cot (Vx)-
D (Vx) = —csc (VX) cot (VX)(1/2vx).

. tanx
Evaluate lim
x—0
tanx sinx 1 sinx 1 . tanx . sinx . 1 1
1 = - = . . Hence, lim =lim —— - lim =1.-=-=1
X cosx x X coS X x—0 X x—0 X  x—0 COSX 1

tan’ 2x
Evaluate lim ~———.
=0 X
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1 tan®2x  sin’2x 1
3= 3 3 - 8.
x (2x)”  cos” 2x
. tan’2x . sin’2x 1 ( sin 0)3 3
Hence, Jl(l_r.l}) e —ll_f)l'(l) 7% “lim o 8= ‘l’l_r)[(l)"—o— -1-8=(1)"-8=8.

Show that the curve y =xsinx istangenttotheline y=x whenever x=(4n+ 1)(w/2), where nisany
integer.

I When x=@n+1)(w/2)=n/2+2wn, sinx=sinm/2=1, cosx=cosw/2=0, and xsinx=x.
Thus, at such points, the curve y=xsinx intersects y=x. For y=uxsinx, y =x-D (sinx)+sinx:
D (x)=xcosx +sinx. Thus, at the given points, y’=x-0+1=1. Hence, the slope of the tangent line to
the curve y=xsinx atthose pointsis 1. But the slope of the line y =x isalso 1, and, therefore, y=x
is the tangent line.

At what values of x does the graph of y =secx have a horizontal tangent?

I A line is horizontal when and only when its slope is 0. The slope of the tangent line is y’= D, (secx)=
secxtanx. Hence, we must solve secxtanx=0. Since secx=1/cosx, secx is never 0. Hence,
tanx =0. But,since tanx =sinx/cosx, tanx =0 isequivalentto sinx=0. The latter occurs when and
only when x=nm for some integer n.

For what values of x are the tangent lines to the graphs of y=sinx and y=cosx perpendicular?

I The tangent line to the graph of y=sinx has slope D (sinx)=cosx, and the tangent line to the
graph of y=cosx has slope D, (cosx)=—sinx. Hence, the condition for perpendicularity is that
cos x - (—sin x) = -1, which is equivalent tocos xsinx =1. Since 2cos x sinx =sin2x, thisisequivalent to
sin2x =2, which is impossible, because |sinx]=1 for all x. Hence, there are no values of x which satisfy
the property.

Find the angle at which the curve y = 1sin3x crosses the x-axis.

# The curve crosses the x-axis when y=3sin3x =0, which is equivalent to sin3x=0, and thence
to 3x=nm, where n is an arbitrary integer. Thus, x=nm/3. The slope of the tangent line is
y' =+ cos3x-3=cos3x=cos (nm)=+1. The lines with slope +1 make an angle of +45° with the x-axis.

In Problems 10.36 to 10.43, calculate the derivative of the given function.

xsin x

I D (xsinx)=x-D(sinx)+ D (x)-sinx = x cos x + sin x.

x° cos 2x.

I D (x" cos2x)=x"- D (cos 2x) + 2x - cos 2x = x*(—sin 2x) - D_(2x) + 2x cos 2x = —2x” sin 2x + 2x cos 2x.

sin x

PRt
sin x X Cos x —sin x
I D, P .

2
X

sin® (5x + 4).

I D [sin’(5x + 4)] =3sin® (5x +4)- D (5x +4) = 3sin’ (5x + 4)- (5) = 15sin> (5x + 4).
2tan (x/2) - 5.

I D, (2tan (x/2) - 5)=2sec’ (x/2)- D,(x/2) = sec” (x/2).

tan x —sec x.

I D _(tan x — sec x) = sec® x — sec x tan x = (sec x)(sec x — tan x).
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10.42  cot’ x.

I D, (cot’ x)=2cot x- D, (cot x) =2 cot x (—csc” x) = —2 cot x csc” x.

10.43  csc(3x —5).

I D [csc(3x —5)]=[—csc(3x —5) cot (3x — 5)] - D, (3x — 5) = —csc (3x — S) cot (3x — 5) - (3)
= —3¢sc (3x —5)cot (3x —5).

cos(w/3+h)— 1%

10.44  Evaluate lim
h—s0 h
—1
I Remember that 1=cos(w/3) and use the definition of the derivative. lim ——r (7/3;: ik 3
. 13+ h) - /3 =0
lim cos (1 }1 cos(m/3) _ [D.(cos x))(w/3) = —sin (w/3) = —V3/2.

10.45 For what value of A does 3 sin Ax have a period of 2?
I The period p=2w/A. Thus, 2=27m/A, 2A=27, A=m.

10.46  Find the angle of intersection of the lines £;: y=x-3 and &,: y=-5x+4.

I The angle 6, that &£, makes with the x-axis has a tangent that is equal to the slope of the line. The angle 6, that

&, makes with the x-axis has a tangent equal to the slope of #,. Thus tan§, =1 and tan#,=-5. The
i _ _ tanf,—tanh _ -5-1 -6

angle § between &, and %, is 6,—6,. So, tan6=tan(6,—6,)= T+tanGtand,  1+(<5) =4 1.5.

Reference to a table of tangents reveals that 6 = 56°.

1k

/ Fig. 10-7

10.47 Find the angle of intersection of the tangent lines to the curves xy=1 and y=x’ at the common point

(1, 1).

I Let 6, be the angle between the horizontal and the tangent lineto  y = x>, and let 8, be the angle between
the horizontal and the tangentline to xy =1. Now, tan 6, is the slope of the tangent lineto y = x°, whichis
the derivative of x> evaluated at (1, 1), that is, 3x’evaluatedat x=1 or3. So, tanf, =3. Likewise, since
the derivative of 1/x is —(1/x”), which, when evaluated at x=1, is —1, we have tan#g,=-1. Hence,
_ tahg,—tanf,  -1-3
tan (6, ~6)) = T3 tan 6,tang, 1+ (-3)

=2. A table of tangents yields 6, — 0, =63°.

10.48 Evaluate lim -1 sin (1)
: x—re 3x% 42 )

x
3_ 3 . 3 .
I lim sin (_) -3 4x —1 sin(l/x) _ . 4x’-1 . sin(1/x)
x—-fwa);z ;— 2 x o 3x3 +2x 1/)3: x—1>111°° 3x° +2x i 1/x ~ But,
. sin(l/x) . sind . 4x” -1 o 4—=1/x
xl_lglm RV olirg - = 1, and ,l_’.Tw T XEIP& Ty 4. Thus, the desired limit is %.
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CHAPTER 11

Rolle’s Theorem,
the Mean Value Theorem,
and the Sign of the Derivative

State Rolle’s theorem.

I If f is continuous over a closed interval [a, b] and differentiable on the open interval (a, b), and if
f(a) = f(b) =0, then there is at least one number c in (a, b) such that f'(c) =0.

In Problems 11.2 to 11.9, determine whether the hypotheses of Rolle’s theorem hold for the function f on the
given interval, and, if they do, verify the conclusion of the theorem.

fix)=x"-2x-3 on[-1,3].

I f(x) is clearly differentiable everywhere, and f(—1)=f(3)=0. Hence, Rolle’s theorem applies. f'(x)=
2x —2. Setting f'(x)=0, weobtain x=1. Thus, f'(1)=0 and -1<1<3.

f(x)=x>-x on|0,1].

I f(x) is differentiable, with f'(x)=3x>—1. Also, f(0)=f(1)=0. Thus, Rolle’s theorem applies.
Setting f'(x)=0, 3x’=1;, x’=1%, x==V3/3. The positive solution x=V3/3 lies between 0 and 1.
f(x)=9x—4x on[-%,2].

I f(x)=27x"-4 and f(—%)=f(3)=0. Hence, Rolle’s theorem is applicable. Setting f'(x)=0,
27x* =4, x* =4, x==%2/3V3=2%2V3/9. Both of these values lie in [~ 2, 2], since 2V3/9< 3.
f)=x-3x"+x+1 on[l,1+V7I].

I f(x)=3x"-6x+1 and f(1)=f(1+V2)=0. This means that Rolle’s theorem applies. Setting
f'(x)=0 and using the quadratic formula, we obtain x=1*1V6 and observe that 1<1+ {V6<1+V2.

o) = ’f-z—}?:’ilif- on [-2,3].

I Thereis a discontinuityat x =1, since lin} f(x) doesnot exist. Hence, Rolle’s theorem does not apply.
3 2
X' —2x"—5x+6 . .
fo={"x=1 if x#1 andxisin[-2,3]
-6 if x=1
I Notice that x*—2x*—5x+6=(x—-1}x*—~x—-6). Hence, f(x)=x"—x-6 if x1 and x is in

[-2,3]. But f(x)=—6=x>-x—-6 when x=1. So f(x)=x’—x—6 throughout the interval [—2,3].
Also, note that f(—2)= f(3)=0. Hence, Rolle’s theorem applies. f'(x)=2x —1. Setting f'(x)=0, we

obtain x =1 which lies between —2 and 3.

fx)=x""-2x"* on|o,8].

1 f(x) is differentiable within (0, 8), but not at 0. However, it is continuous at x=0 asnd, theresfore,
throughout [0,8]. Also, f(0)=f(8)=0. Hence, Rolle’s theorem applies. f'(x)=2/3VF—2/3(V%)>
Setting f'(x)=0, weobtain x=1, which is between 0 and 8.

_Ix* if 0=x=1
f) {Z—x if 1<x=2

I f(x) is not differentiable at x=1. (To see this, note that, when Ax <0, [f(1+Ax)—-1]/Ax=2+
Ax—2 as Ax—0. But, when Ax>0, [f(1+Ax)—-1]/Ax=-1—>~-1 as Ax—0.) Thus, Rolle’s
theorem does not apply.
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11.13

11.14

11.15

11.16

11.17

11.18

State the mean value theorem.

I If f(x) is continuous on the closed interval [a, b] and differentiable on the open interval (a, b), then there is a

f(b) — f(a)
b-a

In Problems 11.11 to 11.16, determine whether the hypotheses of the mean value theorem hold for the function
f(x) on the given interval, and, if they do, find a value c satisfying the conclusion of the theorem.

number ¢ in (a, b) such that f'(c)=

f(x)=2x+3 on[1,4].

f&)-f1) _11-5
4._.

I f'(x)=2. Hence, the mean value theorem applies. Note that i yp—

take ¢ to be any point in (1, 4).

=2. Thus, we can

fix)=3x*-5x+1 on|[2,5]

I f'(x)=6x-5, and the mean value theorem applies. Setting 6¢
find ¢c=% =1, which lies between 2 and 5.

—5=f(5;:§(2) =173 16, we

3

fx)=x"* on [0,16].

I f(x) is continuous for x=0 and differentiable for x>0. Thus, the mean value theorem is applicable.

f(x)= & Setting % _fA9-f0) _8-0_1" (o 6ng c=S8L which lies between 0 and 16.
(4

NG 16—-0 16 2’ 16 °
f =552 on[1,3)
I Since p 1 1 is differentiable and nonzero on [1, 3], f(x) is differentiable on [1, 3].
fx)= ("_(4,3__};‘2”) =- (x—74)2 -
Setting —(614)2 =f(3;:]1c(1) = _6; . —% = —g , weobtain (c—4)’=3, c-4=%V3, c=4xV3

The value 4—V3 lies between 1 and 3.

fx)=V25—x*> on[-3,4].

I f(x) is differentiable on [—3,4], since 25—-x">0 on that interval. f'(x)=— 25x <. Setting
4-f(-3) 3-4

- \/250_ = =f(4)_ (f_(3) ) _ 37 = —%, we obtain 7¢=V25-¢% 49¢*=25-c% = %, c== ?

Both of these values lie in [—3, 4].

(x)=—— on[0,2

flx =732 on [0, 2].

. - . 1
I Since x~—4 is differentiable and nonzero on [0,2],s0is f(x). f'(x)=—-——=. Setting -— (c—ay
fQ)-f0)  -3-(-% 1 (x—=4) (c—4)

— 3 =-3 we obtain (c —4)’ =8, c—4==%2V2, ¢=4+2V2. Thevalue 4-2V2
lies between 0 and 2.

Prove that, if f'(x)>0 for all x in the open interval (a, b), then f(x) is an increasing function on (a, b).

I Assume a<u<v<b. Then the mean value theorem applies to f(x) on the closed interval (u, v). So, for
some ¢ between u and v, f'(c)=[f(v) — f(W)]/(v—u). Hence, f(v)~f(u)=Ff'(c)(v—u). Since u<uv,
v—u>0. By hypothesis, f'(c)>0. Hence, f(v)—f(u)>0, and f(v)>f(u). Thus, f(x) is increasing
in (a, b).

In Problems 11.18 to 11.26, determine where the function f is increasing and where it is decreasing.
fx)=3x+1.

I f'(x)=3. Hence, f(x) is increasing everywhere.
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fx)=-2x+1.
I f'(x)=-2<0. Hence, f(x) is always decreasing.

fx)y=x"—4x+7.

I f'(x)=2x—-4. Since 2x-4>0<x>2, f(x) is increasing when x>2. Similarly, since 2x—-4<
0o x <2, f(x)is decreasing when x<2,

fx)=1-4x - x>

I f'(x)=-4-2x. Since —-4-2x>0ox<-2, f(x) is increasing when x<—2. Similarly, f(x) is de-
creasing when x> —2.

fx)=V1-x~

I f(x) is defined only for —1=x=<1. Now, f'(x)=-x/V1-x> So, f(x)>0ex<0. Thus, f(x) is
increasing when —1<x<0. Similarly, f(x) is decreasing when 0<x<1.

fly= Vo=

I f(x) is defined only when —-3=x=3. f'(x)=13(-x)/V9—-x> So, f'(x)>0ex<0. Thus, f(x) is
increasing when —3<x<0 and decreasing when 0<x<3.

fx)=x"-9x*+15x - 3.

I f'(x)=3x"—18x+15=3(x - 5)(x —1). Thekeypointsare x=1 and x=5. f'(x)>0 when x>5,
F(x)<0 for 1<x<5, and f'(x)>0 when x<1. Thus, f(x) is increasing when x<1 or x>5,
and it is decreasing when 1<x <S.

fx)y=x+1/x.

I f(x)is defined for x#0. f'(x)=1-(1/x*). Hence, f'(x)<0<1<1/x’, which is equivalentto x’><1.
Hence, f(x) is decreasingwhen —-1<x<0 or 0<x<1, anditisincreasingwhen x>1 or x<-1.

fx) =x* ~12x + 20.

I f'(x)=3x"-12=3(x —2)(x +2). The key pointsare x=2 and x=-~2. For x>2, f'(x)>0; for
—2<x<2, f'(x)<0; for x<-2, f'(x)>0. Hence, f(x) is increasing when x>2 or x<-2, andit
is decreasing for —-2<x<2.

Let f(x) be a differentiable function such that f’(x) #0 for all x in the open interval (a, b). Prove that there is
at most one zero of f(x) in (a, b).

I Assume that there exist two zeros u and v of f(x) in (a, b)) with u<v. Then Rolle’s theorem applies to f(x)
in the closed interval [u, v]. Hence, there exists a number ¢ in (u, v) such that f'(c)=0. Since a<c<b,
this contradicts the assumption that f’'(x)#0 for all x in (a, b).

Consider the polynomial f(x) = Sx’ — 2x” + 3x —4. Prove that f(x) has a zero between 0 and 1 that is the only
zero of f(x).

I f(0)=-4<0, and f(1)=2>0. Hence, by the intermediate value theorem, f(x) = 0 for some x between
Oand 1. f'(x)=15x>—4x +3. By the quadratic formula, we see that f'(x) has no real roots and is, therefore,
always positive. Hence, f(x) is an increasing function and, thus, can take on the value 0 at most once.

Let f(x) and g(x) be differentiable functions such that f(a)=g(a) and f’(x)>g'(x) for all x. Show that
f(x)>g(x) forall x>a.

I The function A(x)=f(x)—g{x) is differentiable, h(a)=0, and h'(x)>0 for all x. By the latter
condition, h(x) is increasing, and, therefore, since h(a)=0, h(x)>0 for all x>a. Thus, f(x)> g(x)
forall x>a.
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11.30

11.31

11.32

11.33

11.34

11.35

11.36

11.37

11.38

The mean value theorem ensures the existence of a certain point on the graph of y =VX between (27,3) and
(125,5). Find the x-coordinate of the point.

I f» =V%, f(x)=1/ 3(VX)> By the mean value theorem, there is a number ¢ between 27 and 125 such that
125)-f(27) _5-3 1 7 343 343V3

3 z_f( = - =360 o= — = =
1/3¢ve) = 15— 27 98 29 So, 49=3(%), V¢ V3’ c 3 9

Show that g(x) =8x" ~6x>—~2x+1 has a zero between 0 and 1.

I Notice that the intermediate value theorem does not help, since g(0)=1 and g(1)=1. Let f(x)=
2x* - 2x* - x*+x and note that f'(x)=g(x). Since f(0)=f(1)=0, Rolle’s theorem applies to f(x) on
the interval [0, 1]. Hence, there must exist ¢ between 0 and 1 such that f'(c)=0. Then g(c)=0.

Show that x’+2x—5=0 has exactly one real root.

I Let f(x)=x’+2x—5. Since f(0)=-5<0 and f(2)=7>0, the intermediate value theorem tells us
that there is a root of f(x)=0 between 0 and 2. Since f'(x)=3x"+2>0 for all x, f(x) is an increasing
function and, therefore, can assume the value 0 at most once. Hence, f(x) assumes the value 0 exactly once.

Suppose that f(x) is differentiable everywhere, that f(2)= -3, andthat 1<f'(x)<2 if 2<x<35. Show
that 0<f(5)<3.

I By the mean value theorem, there exists a ¢ between 2 and 5 such that f'(c) = A (52 —/) i () +3 . So,

f(5)+3=3f"(c). Since 2<c<S5, 1<f(c)<2, 3<3f'(c)<6, 3<f(5)+3<6, _amd 0<f(53)<3.

Use the mean value theorem to prove that tanx>x for 0<x<m/2.

I The mean value theorem applies to tan x on the interval [0, x]. Hence, there exists ¢ between 0 and x
such that sec’ c=(tanx —tan0)/(x —0)=tanx/x. [Recall that D (tanx)=sec’x.] Since 0<c< /2
0<cosc<1l, secc>1, sec>c>1. Thus, tanx/x>1, and, therefore, tan x> x.

s

If f'(x)=0 throughout an interval [a, b], prove that f(x) is constant on that interval.

I Let a<x=b. The mean value theorem applies to f(x) on the interval [a, x]. Hence, there exists a ¢
between @ and x such that  f'(c) = f—i‘%—_a—a-. Since f'(c)=0, f(x)=f(a). Hence, f(x) has the value f(a)
throughout the interval.

If f'(x)=g'(x) forallxin aninterval {a, b], show that there is a constant K such that f(x)=g(x) + K for
all x in [a, b].

I Let A(x)=f(x)-g(x). Then h'(x)=0 forallxin[a,b]. By Problem 11.35, there is a constant K such
that h(x) =K for all xin [a, b]. Hence, f(x)=g(x)+ K for all x in [a, b].

Prove that x’>+ px+ q=0 has exactly one real root if p>0.

I Let f(x)=x+px+gq. Then f'(x)=3x*+p>0. Hence, f(x) is an increasing function. So f(x) as-
sumes the value 0 at most once. Now, liTw f(x)=+x and XEIEIm f(x) = —. Hence, there are numbers u
and v where f(¥)>0 and f(v)<0. ng the intermediate value theorem, f(x) assumes the value 0 for some
number between u and v. Thus, f(x) has exactly one real root.

Prove the following generalized mean value theorem: If f(x) and g(x) are continuous on [a, b], and if f(x) and
f'(©) _ f(b) - fla)
g'c) gb)—g@’

I g(a)#g(b). [Otherwise, if g(a)=g(b)=K, then Rolle’s theorem applied to g(x) ~ K would yield a
| - b))~ f(a)

8(b) — g(a)
F(x) = f(x) — f(b) — L[g(x) — g(b)]. Itis easy to see that Rolle’s theorem applies to F(x). Therefore, there is a

~ o) = N — T o'(e) = f© _, _ fb)- fla)
number ¢ between a and b for which F'(c)=0. Then, f'(c)— Lg'(c)=0, and ) L= FORYCR

g(x) are differentiable on (a, b) with g'(x) #0, then there exists a ¢ in (a, b) such that

number between a and b at which g'(x) =0, contrary to our hypothesis.] Let and set
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. . Sinx
Use the generalized mean value theorem to show that lim 5 = 1.
x—0

I Let f(x)=sinx and g(x)=x. Since g'(x)=1, the generalized mean value theorem applies to the

. . . (¢ cos ¢
interval [0, x] when x>0. Hence, there is a number ¢ such that O0<c<x for which g'(TC; = =
sinx —sin0 sin x . sinx . )
0 = . As x—0% ¢—>0 and cosc—1. Hence, lim —==1. Since sin(—x)=
X X . sinx . sinx 0t X
—sinx, we also have lim —— =1. Hence, lim = 1.
x>0 r—0 X

Show that |[sin u — sin v| =< |u — v|.

sinu —sinv
u—v

I By the mean value theorem, there exists a ¢ between u and v for which cosc =
fcosc| =1, |[sinu—sinv|=<|u—uv]

Since

Apply the mean value theorem to the following functions on the interval [—1.8]. (a) fix)=x*" (b)
gx) = 2"

I (@) f'(x)=4%x"> By the mean value theorem, there is a number ¢ between —1 and 8 such that
s_f®)-f(-1) _16-1_5

8§~(-1) 9 3
able because g'(x) does not exist at x =0.

$ct Hence, ive=13, c=1%. (b) The mean value theorem is not applic-

Show that the equation 3tanx+ x*=2 has exactly one solution in the interval [0, 7/4].

I Let f(x)=3tanx+x> Then f'(x)=3sec’x+3x">0, and, therefore, f(x) is an increasing function.
Thus, f(x) assumes the value 2 at most once. But, f(0)=0 and f(w/4)=3+(m/4)’>2. So, by the
intermediate value theorem, f(c)=2 for some ¢ between 0 and #/4. Hence, f(x)=2 for exactly one x in
[0, w/4].

Give an example of a function that is continuous on [—1. 1] and for which the conclusion of the mean value
theorem does not hold.

1) - f(—-1 1-1
I Let f(x)=|x|. Then f(l)—— f(l ) - 5— =0. However, there is no number ¢ in (—1,1) for which

f'(c)=0, since f'(x)=1 for x>0 and ~f’(.\') =-1 for x<0. Of course, f'(0) does not exist, which
is the reason that the mean value theorem does not apply.

Find a point on the graph of y=x>+x+3, between x=1 and x=2, where the tangent line is parallel
to the line connecting (1, 5) and (2,9).

I This is essentially an application of the mean value theorem to  f(x)=x"+x +3 on the interval [1,2].

2)~fQ1 9-5
ut 2_{( ) - =4. For that line to be parallel
to the tangent line at a point (¢, f(c)), the slope of the tang?snt line, f'(c), must be equal to 4. But, f'(x)=
2x +1. Hence, we must have 2c+1=4, ¢=3. Hence, the pointis (3, ¥).

The slope of the line connecting (1,5) and (2.9) is

For a function f(x)= Ax’+ Bx+ C, with A0, onaninterval [a, b], find the number in (a, b) determined
by the mean value theorem.

I f'(x)=2Ax+B.  On the other hand,

f(b) - fla) _ (Ab* + Bb + C) — (Aa” + Ba + C) _A(bz—a2)+B(b~a)
b-a b-—-a h b—a

=A(b+a)+ B

Hence, we must find ¢ such that 2Ac+ B= A(b+a)+ B. Then c¢=3(b+a). Thus, the point is the
midpoint of the interval.

If f is a differentiable function such that I_lﬁl f'(x)=0, prove that 'lirP [f(x+1)-f(x)]=0.

I By the mean value theorem, there exists a ¢ with x<c<x+1 such that flx+1)-f(x)=
f(c). As x—+=, c—>+». Hence, f'(c) approaches 0, since lim f'(x)=0. Therefore, lim [f(x+

1) = fl)] =0.
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Prove that the zeros of sin x and cos x separate each other; that is, between any two zeros of sin x, there is a zero of
cos x, and vice versa.

I Assume sina=0 and sinb=0 with a<b. By Rolle’s theorem, there exists a ¢ with a<c<b
such that cosc=0, since D (sinx)=cosx. Similarly,if cosa=cosb=0 with a<b, then there ex-
ists a c with a<c<b suchthat sinc=0, since D, (cosx)= —sinx.

An important function in calculus (the exponential function) may be defined by the conditions
fO=fx) (~o<x<+x)  and  f(0)=1 (1)
Show that this function is (a) strictly positive, and (b) strictly increasing.
I (a) Let A(x)=f(x)f(-x); then, using the product rule, the chain rule, and (1), h'(x)=f(x)f(—x)+
FEf (=x)(=1) = fX)f(~x) - f(x)f(—x)=0. So by Problem 11.35, h(x)=const.=h(0)=1-1=1; thatis,
for all x,
fOf(=x)=1 (2)

By (2), f(x) is never zero. Furthermore, the continuous (because it is differentiable) function f(x) can never be
negative; for f(a)<0 and f(0)=1>0 would imply an intermediate zero value, which we have just seen to
be impossible. Hence f(x) is strictly positive. (&) f'(x)=f(x)>0; so (Problem 11.17), f(x) is strictly
increasing.

Give an example of a continuous function f(x) on [0, 1] for which the conclusion of Rolle’s theorem fails.

I Let f(x)=14—-|x— %] (see Fig. 11-1). Then f(0)=f(1)=0, but f'(x) is not 0 for any x in (0,1).
f'(x)==1 forall xin (0, 1), except at x =1, where f'(x) is not defined.

i e

e
/
Y

Fig. 11-1
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CHAPTER 12

Higher-Order Derivatives
and Implicit Differentiation

Find the second derivative y” of the function y=Vx’+1 by direct computation.

. - d 1 X
I y=@"+1)"2 Bythe chainrule, y' =3(x*+1)""% o= (x*+1)= —==—=-(2x) = ———=—=_ By the
) yd (D) D= s @) = 5 By
VT L x L i) VT e 7
quotient rule, y"= i ™ g (Vx 1)= L N 3 ) et S 1
> Y x‘2+1 2 +1 (x2+1)3/2 “(x2+1)3/2~

Use implicit differentiation to solve Problem 12.1.

- . . . d
I y>*=4x*+1. Take the derivative of both sides with respect to x. By the chain rule, P (Y)=2y-y"
Thus, 2yy’'=2x, and, therefore, yy’=x. Take the derivative with respect to x of both sides, using the

product rule on the left: y-y"+y'-y'=1. So, yy"=1-(y')> But,since yy' =x, y =x/y. Hence,
yw=1-x1y=(y* = x)y* =11y =1/(x* +1). Thus, y"=1/y(x*+1)=1/(x>+1)"2
Find all derivatives y*” of the function y = 7x’ —7x.

I y=3nx"-7, y"=6mx, y"=6m, and y®™ =0 for n=4.

Find all derivatives y* of the function y=Vx+35.

I oy=G+5'% y=3@+5)7" y=—1@+5) " p=ia+5)": ad yO=-EE+s
3.5, . 2" (2n—3) (x +5)—(2n'l)/2‘

This is enough to detect the general pattern: y™ = (—1)""" !

Find all derivatives y* of the function y=1/(3+ x).

] y=0G+x"
1
==+ )t s
y'=-0G+x G +x)
2
H=2 3 + -3 —
V=240 = Gy
6
M (34 x) = 0
Y= 63+ G+
The general pattern is  y = (—=1)"(n!)(3 + x)""*V = (-1)"(n!) _1_’:1_
B+x)
Find all derivatives y* of the function y=(x+1)/(x —1).
I y=(x;1)1+2=1+x31=1+2(x-—1)“
y'=-2x-1)7"
y'=4x-1)7"

y'=—-12(x—1)"*

The general pattern is  y™ = (—=1)"2(n!)(x ~ 1)" """ = (=1)*(n!) 6—1—21—)7?1
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Find all derivatives y*” of the function y=V2x—1.
I Use implicit differentiation. y>=2x—1. Hence, 2yy'=2, y'=y " So,

yr=-y iy =—yyTl=—y?
yr=3y toy =3yt y =3y
y(4) = _3.5y‘6.y' = _3'5)’-6'_}7—1 = __3.5y‘7
So, the pattern that emerges is Yy =(=1)y""'1-3:5- - 2n=3)]y P =(-1)"""[1:3:5---- -

1
(2n-3)]- (m)uﬂ .
Find all derivatives y* of the function y =sin x.

I y =cosx, y"=-sinx, y”"=-cosx, y“’=sinx, and then the pattern of these four functions keeps on
repeating.

Find the smallest positive integer n such that D7 (cos x) = cos x.

I Let y=cosx. y'=-sinx, y"=-cosx, y"=sinx and y'“=cosx. Hence, n=4.

Calculate y® for y =sin’ x.

§ By the chain rule, y =2sinxcosx=sin2x. Hence, y"=cos2x-2=2cos2x, y"=2(—sin2x)-2=
—45in2x; y = —4(cos 2x)-2 = —8 cos 2x, y**’ = —8(—sin 2x)- 2 = 16 sin 2x = 16(2 sin x cos x) = 32 sin x cos x.

On the circle x> +y®>=4’, find y"

I By implicit differentiation, 2x +2yy’'=0, y’'=—x/y. By the quotient rule, y"=-— L—l—j{L—y— =
__y-—x(—x/y)ﬁ_y2+x2=_a_2 y
y2 y3 y3 .
If x¥>’-y>=1, findy"
I Use implicit differentiation. 3x”> —-3y’y’=0. So, y’'=x%¥y>. By the quotient rule,
d
2005y — 2 & ()2
. Y (2x) = x dx ") 2y’ X (2yy') | 2xy? = 2xPy(x*y?)
y= 4 - 4 - a
y y y
_ 2yt -t _ 2(y* - x*)  2x(-1) _ _ 2§
y’ y’ y’ y

If xy+y>=1, findy' andy".
I Use implicit differentiation. xy’+y+2yy’'=0. Hence, y'(x+2y)=-y, and y' =-— p +yZy . By

the quotient rule,
= 2y —y(1+2y") __ xy'—y

(x +2y)* (x +2y)
__ X[y 2y —xy —y(x+2y)
(x+ 2y)* (x+ 2y)3
C2xy+2y7 20y +y°) 2

@ty (+2y) (+2y)
At the point (1,2) of the curve x*—xy+y®>=3, find an equation of the tangent line.

I Use implicit differentiation. 2x — (xy’ + y) +2yy’ =0. Substitute 1forxand2fory. 2—(y'+2)+4y' =
0. So, y'=0. Hence, the tangent line has slope 0, and, since it passes through (1, 2), its equationis y =2.

If x*+2xy+3y>=2, findy' and y" when y=1.
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I Use implicit differentiation. (*) 2x +2(xy’ +y)+6yy’=0. When y=1, the original equation yields
¥ +2x+3=2, x¥*+2x+1=0, (x+1)*=0, x+1=0, x=-1. Substitute —1 for x and 1 for y in (¥),
which results in —2+2(-y'+1)+6y'=0; so, y'=0 when y=1. To find y”, first simplify (*) to
x+xy'+y+3yy’=0, andthen differentiate implicitly to get 1+ (xy" +y')+y" +3(yy"+y'y')=0. In this
equation, substitute —1 for x, 1 for y, and 0 for y’, which results in 1 —y"+3y"=0, y"= 3.

Find the siope of the tangent line to the graph of y=x+cosxy at(0,1).

I Differentiate implicitly to get y'=1—[sinxy-(xy’+y)]. Replace x by 0 and y by 1. y'=1-
fsin(0)-1]=1-0=1. Thus, the tangent line has siope 1.

If cosy=x, findy'"
I Differentiate implicitly: (—sin y)y’'=1. Hence, y'=-—1/(siny)==x1/V1—x"

Find an equation of the tangent line to the curve 1+ 16x°y =tan (x —2y) at the point (7/4,0).

I Differentiating implicitly, 16(x’y’ + 2xy) = [sec’(x —2y)](1 —2y’). Substituting w/4 forx and 0 for y,
16(7r?/16)(y') = [sec’ (w/4))(1 — 2y’). Sincecos (m/4)=V2/2, sec’(w/4)=2. Thus, =’y =2(1-2y').
Hence, y'=2/(w*+4), which is the slope of the tangent line. A point-slope equation of the tangent line is
y={2/(7" + &)](x — 7/4).

Evaluate y” on the ellipse b°x” + a’y® = a’b’,

v

I Use implicit differentiation to get 2b’x+2a’yy’' =0, y'=—(b%a’)(x/y). Now differentiate by the
quotient rule.

v b’ (y - xy’) b2y = x[(=ba)(x1v)]
el G R ;

: y

b @’y + b’x° b* a’b’ b*
B - R

a y a’ a’y’ & a’y’ B ;—)7 ’

a

Find y" on the parabola y®=4px.

I By implicit differentiation, 2yy’ =4p, yy’ =2p. Differentiating again and using the product rule, yy"+
y'y'=0. Multiply both sides by y>: yly"+y*(y)>=0. However, since yy' =2p, y*(y')’=
4p>. So, yy"+4p>=0, and, therefore, y"=—4p7/y’.

n

Find a general formula for y” on the curve x" +y" =aq".

I By implicit differentiation, nx" "'+ ny” 'y’ =0. that is, (¥) " '+y"7'y'=0. Hence, y" 'y'=

—x""%, and, therefore, squaring, (*x) y>" *(y')’=x>""2 Now differentiate (*) and multiply by y":
(n—=Dx" 73"+ [y 7y + (n— 1) (y')’] = 0. Use (+) to replace y*" *(y') by ™% (n - Dx"y" +
[yZIr—lyr/+(’1_1)x2n—2]=0- Hence, y'.!u—lynz_(n_l)(x211—2+xrl~lyn):_(n_l)xll—Z(xn+yll)=
—(n-1x"a". Thus, y"=—-(n—1)a"x""%y* . (Check this formula in the special case of Problem
12.11).

Find y” on the curve x'?+y'?=4'""

I Use the formula obtained in Problem 12.21 in the special case n = y'=—(=31a" 7Yy = La

[

Find the 10th and 11th derivatives of the function f(x) = x'"— 14x” + 3x* + 2x* — x + 2.

I By the 10th differentiation, the offspring of all the terms except x' have been reduced to 0. The successive

offspring of x'® are  10x”,9-10x*% 8-9-10x",...,1-2-3- --+ -10. Thus, the 10th derivative is 10!. The 11th
derivative is 0.

For the curve y’=x’ calculate y' (a) by implicit differentiation and (&) by first solving for y and then
differentiating. Show that the two results agree.

I (a) 3y’y'=2x. Hence, y =2x/3y’. (b) y=x"" So, y'=3x"'"> Observe that, since y>=x*?
the two answers are the same.
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Find a formula for the nth derivative of y=1/x(1-x).

I Observe that y=1/x+1/(1—-x). Now, the nth derivative of 1/x is easily seen to be (—1)"(n!)x~ """
and thatof 1/(x—1) tobe (n!)(1-x)"“"". Hence, y™ =@)H(-1)/x"""'+1/(1-x)""").

Consider the function f(x) defined by

x’ if x=0
f(")"{—xz if x<0
Show that f"(0) does not exist.

I f(x)=2x if x>0 and f'(x)=-2x if x<0. Direct computation by the A-definition, shows that
f'(0)=0. Hence, f'(x)=2|x| forall x. Since |x]is not differentiable at x =0, f(0) cannot exist.

Consider the circles C,: (x—a)’+y*=8 and C,: (x+a)’+y’=8. Determine the value of |a| so that C,
and G, intersect at right angles.

I Solving the equations for C, and C, simultaneously, we find (x — a)> = (x + a)’, and, therefore, x=0.
Hence. y==*V8-a’ OnC,, 2(x,—a)+2y,y,=0, so atthe intersection points, y,y,=a. (Here, the
subscript indicates values on C,.) On C,, 2(x,+a)+2y,y;=0, so at the intersection points, y,y;= —a.
Hence. multiplying these equations at the intersection points, y,y,y,y3= —a’. Atthese points, y, =y, =y;
hence, y’yiy,=—a” Since C, and C,are supposed to be perpendicular at the intersection points, their tangent
lines are perpendicular, and, therefore, the product y;y, of the slopes of their tangent lines must be ~1. Hence,
-y’=-a’, y’=d° But y’=8-a" atthe intersection point. So, a’=8-a°, a’=4, |a|=2.

Show that the curves C;: 9y —6x+y*+x’y =0 and C,: 10y +15x+ x> — xy>=0 intersect at right angles
at the origin.

I On C, 9y -6+4y’y’ +x°' +3x°y=0. At the origin (0,0), 99'—6=0, or y'=3%. On GC,,
10y’ +15+2x — y* - 3xy’y’ =0. At the origin, 10y’ +15=0, or y’'=-3. Since the values of y' on C,
and G, at the origin are negative reciprocals of each other, the tangent lines of C, and C, are perpendicular at the
origin.

In Problems 12.29 to 12.35, calculate the second derivative y".

y=Vx+5.
’ y___('\,+5)!/2, y:= %(x+5)—l/2 yll=‘_%(x+5)“3/2=__1/[4(.‘ /x+5)3].

]

y=\/3.\'~—1.

I y=(-1"" y=iax-1)7 y=-3(x-1)"""=-2/[9(Vx-1)").
y=V4.\‘:+1.

1 y=0x"+1)'"

y =3+ )TV 20 = b+ 1)

Y =3xS )TN0 + (2 + 1)
=3[-3°C + 1) 2 + 1))
= L+ 1) =322 + 2(x2 + 1))

— lfy2 T4 2y 2-x
BRI R Ty v
y=(+1)(x-3)"

I Here it is simplest to use the product rule (wv)"=u"v +2u'v’ + wv”. Then y"=(0)(x —3) +2(1)[3(x -
3)°) + (x + 1)[6(x — 3)] = 12(x — 3)(x — 1).
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=%
y (1_x)2'
P y= (1 —x)° = x(2)(1 - x)(-1) . (l—x)+2x= x+1
1-x° (1-x*  (1-x°
o_ (1) = (x+ 3)(1 - x)°(=1) _(1-0+3x+1) _ 2x+2)
(1-x° (1-x? (1-x?
2 2
x*—y'=1
, , L x ., y—xy — x(x/y Tox’ 1
I 2x-2yy'=0, x—yy'=0, y'=% =22 _7 G _yox_ 1
y y y y y
Vx—-vy=1
’ xl/2_yl/2_ %x—l/z_ iy—IIZ 1_0 x—l/z_y—l/’ ] _0 '\,~112=y—l/2y:, y'=x—“2/y—”2=y”2/x”2.
”=xl/2 1,,-1/2 r)__y x -172 =lx|/7(x—l/2)__y1/: -1/2 l —1/’ \1/:_y1/2 B 1
y X 2 X 2* x o2

Find all derivatives of y=2x"+x—1+1/x.

I y=2x"+x-1+x"", y =dx+1-x7" y=44+2x7Y y=—3-2x7Y yP=(4-3-2)x7% and,
for n=4, y"W=(-1)'(nHx" """,

At the point (1,2) of the curve x> —xy +y” =3, find the rate of change with respect to x of the slope of the
tangent line to the curve.

I By implicit differentiation, (¥) 2x —(xy’+y)+2yy'=0. Substitution of (1,2) for (x, y) ylelds 2-
(y'+2)+4y’'=0, y'=0. Implicit differentiation of (*) yields 2—(xy"+y' +y')+2yy"+2(y') =0,
Substitution of (1, 2) for (x, y), taking into account that y' =0 at(1,2),yields 2+ (4—1)y"=0, y"=-3.
This is the rate of change of the slope y’ of the tangent line.

In Problems 12.38 to 12.41, use implicit differentiation to find y".

tanxy =Y.

I (sec’ xy)-(xy' +y)=y'. Note that sec’xy=1+ tan xy=1+y> Hence, (1+y)xy +y)=y’,
Y +y)-1)=—y1+y*), y =yA+y)/[1-x(1+y)]

sec’ y +cot’ x =3,

I (2sec y)(sec y tan y)y' + (2cot x)(—csc® x) =0, y’=cotxcsc” x/sec’ ytan y.

tan® (y + 1) =3sin x.
3cosx
[2tan (y + D)][tan” (y + 1) +1]°
3cosx
[2tan(y +1)]3sinx + 1)’

I 2tan(y+1)sec’(y+1)y’=3cosx. Hence, y' = Since sec’(y+1)=

tan’ (y+1)+1=3sinx+1, the answer can also be written as ' =

y =tan® (x + y).
I Note that sec’(x+y)=tan’ (x+y)+1=y+1. y =2tan(x +y)sec’(x +y)(1+y')=2tan(x +y) X
(y+1)(A+y"). So, y'[l-2tan(x+y)(y+1)]=2tan(x+y)(y+1),

_ 2tan(x+yly+1)  _ 2Vy(y+1)
Y T1-2tan(x+y)(y+1) 1-2vy(y+1)

Find the equations of the tangent lines to the ellipse  9x® + 16y® =52 that are parallel to the line 9x — 8y = 1.

1 By implicit differentiation, 18x +32yy’=0, y’= —(9x/16y). The slope of 9x —8y =1 is §. Hence,
for the tangent line to be parallel to 9x —8y =1, we musthave —(9x/16y)=13, —x=2y. Substitutingin
the equation of the ellipse, we obtain 9(4y*)+ 16y* =52, S52y° =52, y*=1, y==1. Since x=-2y,
the points of tangency are (-2, 1) and (2, —1). Hence, the required equations are y—1= §(x +2) and
y+1=3(x-2), or 9x—8y=-26 and 9x—8y=26.
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Show that the ellipse 4x* + 9y> =45 and the hyperbola x*> — 4y’ =35 are orthogonal.

I To find the intersection points, multiply the equation of the hyperbola by 4 and subtract the result from the
equation of the ellipse, obtaining 25y2 =25, y2 =1, y==1, x==3. Differentiate both sides of the
equation of the ellipse: 8x +18yy’=0, y'=—(4x/9y), which is the slope of the tangent line. Differentiate
both sides of the equation of the hyperbola: 2x —8yy’ =0, y’'=x/4y, which is the slope of the tangent line.
Hence, the product of the slopes of the tangent lines is  —(4x/9y)- (x/4y) = —(x%9y®). Since x*=9 and
y*=1 at the intersection points, the product of the slopes is —1, and, therefore, the tangent lines are
perpendicular.

Find the slope of the tangent line to the curve x°+2xy —3y* =9 at the point (3,2).

I 2x+2(xy'+y)—6yy’=0. Replace x by 3 and y by 2, obtaining 6 +2(3y’ +2) —12y' =0, 10—6y’ =0,
y'=3. Thus, the slope is 3.

Show that the parabolas y*=4x+4 and y =4-4x intersect at right angles.

I To find the intersection points, set 4x +4=4-4x. Then x=0, y2 =4, y==2. For the first
parabola, 2yy’'=4, y’=2/y. For the second parabola, 2yv'=—4, y'=-2/y. Hence, the product of
the slopes of the tangent lines is (2/y)(=2/y) = —4/y> At the points of intersection, y’>=4. Hence, the
product of the slopes is —1, and, therefore, the tangent lines are perpendicular.

Show that the circles x*+y’—12x—6y+25=0 and x’+y +2x+y—10=0 are tangent to each other
at the point (2, 1).

I For the first circle, 2x +2yy’ —12—6y’' =0, and, therefore, at (2,1), 4+2y'—12-6y’' =0, y =-2.
For the second circle, 2x+2yy’+2+y'=0, and, therefore, at (2,1), 4+2y' +2+y'=0, y =-2.
Since the tangent lines to the two circles at the point (2, 1) have the same slope, they are identical, and, therefore,
the circles are tangent at that point.

If the curve sin y =x" — x> passes through the point (1, 0), find y’ and y" at the point (1, 0).

I (cos y)y' =3x"—5x* At (1,0), y'=3-5=-2. Differentiating again, (cos y)y"— (sin y)y’ =6x —
20x> So.at (1,0), y"=6-20=-14.

If x+y=xy, showthat y"=2y%x"

I 1+y =xy'+y, y(1-x)=y-—1. Note that, from the original equation, y—1=y/x and x-1=

x/y. Hence, y'=-—y%x’ Fromtheequation y'(1-x)=y-1, y'(-D+y(1-x)=y" y(1-x)=2y,
Y (=xly)=2(=y%x*), y"=2y"x"
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CHAPTER 13
Maxima and Minima

State the second-derivative test for relative extrema.

I It f(c)=0 and f"(c)<0, then f(x) has a relative maximum at c. [See Fig. 13-1(a).] If f'(c)=0
and f'(c)>0, then f(x) has a relative minimum at c. [See Fig. 13-1(b).] If f'(c)=0 and f'(c)=0,
we cannot draw any conclusions at all.
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Fig. 13-1 Fig. 13-2

State the first-derivative test for relative extrema.

I Assume f'(c)=0. Iff’isnegative to the left of c and positive to the right of c—the case{—, +}—then f has
a relative minimum at c. [See Fig. 13-2(a).} [If f' is positive to the left of ¢ and negative to the right of c—the
case{+, —}—then f has a relative maximum at c. [See Fig. 13-2(b).] If f' has the same sign to the left and to
the right of c—{+, +} or {—, —}—then f has an inflection point at c. [See Fig. 13-2(c).]

Find the critical numbers of f(x) =5—2x + x>, and determine whether they yield relative maxima, relative
minima, or inflection points.

I Recall that a critical number is a number c such that f(c) is defined and either f'(c)=0 or f'(c) does not
exist. Now, f'(x)=-2+2x. So, we set -2+2x=0. Hence, the only critical number is x=1. But
f'(x)=2. In particular, f"(1)=2>0. Hence, by the second-derivative test, f(x) has a relative minimum at
x=1

81
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Find the critical numbers of f(x)=x%(x —1) and determine whether they yield relative maxima, relative
minima, or inflection points.

(x—1D2x)—x*(1) _ 2x°—2x—x° _xX -2 x(x-2)

(x-1) (x-1)° -1 (x-1)
Hence, the critical numbers are x=0 and x=2. [x=1 is not a critical number because f(1) is not
defined.] Now let us compute f"(x).
(x = 1)’2x —2) = (x* = 20)[2(x = 1)] _ 2(x = D[(x — 1) = (x* — 2x)]

(-1 (x-1)
A -2+ 1-x+20) 2
(x-1) (x-1y

Hence, f"(0)=-2<0, and, therefore, by the second-derivative test, f(x) has a relative maximum at
0. Similarly, f"(2)=2>0, and, therefore, f(x) has a relative minimum at 2.

I f'x)=

£ =

Find the critical numbers of f(x)=x*>—-5x>—~8x+3, and determine whether they yield relative maxima,
relative minima, or inflection points.

I f(x)=3x"-10x-8=(3x+2)(x—4). Hence, the critical numbers are x=4 and x=-3%. Now,
f'(x)y=6x—10. So, f"(4)=14>0, and, by the second-derivative test, there is a relative minimum at x =
4. Similarly, f"(—%)=—14, and, therefore, there is a relative maximum at x = —3.

Find the critical numbers of f(x)=x(x —1)’, and determine whether they yield relative maxima, relative
minima, or inflection points.

I f(x)=x3x-1+x-1)=x=-1Gx+x-1)=(x—1)’(4x — 1). So, the critical numbers are x =1
and x=1 Now, ffx)=@E-1Y-4+2x-1)(4x—-1) = 2(x—-D[2(x—1)+4x—1}=2(x —1)(6x - 3)
=6(x - 1)(2x —1). Thus, f(§)=6(—32)(—3%)=3>0, and, therefore, by the second-derivative test, there is a
relative minimum at x = 5. On the other hand f"(1)=6-0-1=0, and, therefore, the second-derivative
test is inapplicable. Let us use the first-derivative test. f'(x) =(x —1)’(4x —1). For x#1, (x—1)° is
positive. Since 4x—1 has the value 3 when x=1, 4x—1>0 just to the left and to the right of 1.
Hence, f'(x) is positive both on the left and on the right of x =1, and this means that we have the case {+, +}.
By the first-derivative test, there is an inflection point at x =1.

Find the critical numbers of f(x)=sinx — x, and determine whether they yield relative maxima, relative
minima, or inflection points.

I f(x)=cosx—1. The critical numbers are the solutions of cosx =1, and these are the numbers x =
27n  for any integer n. Now, f"(x)=-sinx. So, f'(2mwn)=~sin(2mn)=-0=0, and, therefore, the
second-derivative test is inapplicable. Let us use the first-derivative test. Immediately to the left and right
of x=2mn, cosx<1, and, therefore, f'(x)=cosx—1<0. Hence, the case {—, —} holds, and there is
an inflection point at x =2mwn.

Find the critical numbers of f(x)=(x —1)*> and determine whether they yield relative maxima, relative
minima, or inflection points.

I f(x)=%x~-1)">=2%[1/(x-1)'"). There are no values of x for which f'(x)=0, but x=1 isa
critical number, since f'(1) is not defined. Try the first-derivative test [which is also applicable when f’'(c) is not
defined]. Totheleftof x=1, (x—1) isnegative, and, therefore, f'(x) is negative. Totherightof x=1,
(x —1) is positive, and, therefore, f(x) is positive. Thus, the case {—, +} holds, and there is a relative
minimum at x =1.

Describe a procedure for finding the absolute maximum and absolute minimum values of a continuous function
f(x) on a closed interval [a, b].

I Find all the critical numbers of f(x) in [a, b]. List all these critical numbers, c,,c,,...,and add the
endpoints a and b to the list. Calculate f(x) for each x in the list. The largest value thus obtained is the
maximum value of f(x) on {a, b], and the minimal value thus obtained is the minimal value of f(x) on [a, b].
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Find the absolute maximum and minimum of the function f(x) =4x”—7x +3 on the interval [-2, 3].

1 f'(x)=8x—"7. Solving 8x—~7=0, we find the critical number x= %, which lies in the interval. So
we list  and the endpoints —2 and 3 in a table, and calculate the corresponding values f(x). The absolute
maximum 33 is assumed at = ~2. The absolute minimum — £ is assumed at x = 3.

x | -2 3 Z
fo 133 18 -

Elne

Find the absolute maximum and minimum of f(x) =4x’ —8x*+ 1 on the closed interval [~1, 1].

I f'(x)=12x" —16x =4x(3x —4). So, the critical numbersare x=0 and x=3%. But x=% doesnot
lie in the interval. Hence, we list only 0 and the endpoints —1 and 1, and calculate the corresponding values of
f(x). So, the absolute maximum 1 is achieved at x =0, and the absolute minimum —11 is achieved at
x=-1.

X | -1 1 0
1 -1 -3 1

Find the absolute maximum and minimum of f(x) = x* —2x>~ x>~ 4x +3 on the interval |0, 4].

I f(x)=4x’—6x>—2x—4=2(2x" = 3x’ — x~2). Wefirstsearch forrootsof 2x*>—3x>~x~2 bytrying
integral factors of the constant term 2. It turns out that x=2 is aroot. Dividing 2x*-3x*—x—2 by
x—2, we obtain the quotient 2x’+ x+1. By the quadratic formula, the roots of the latter are x =
(—1+=V=7)/4, whichare notreal. Thus, the only critical numberis x=2. So, listing 2 and the endpoints 0
and 4, we calculate the corresponding values of f(x). Thus, the absolute maximum 99 is attainedat x =4, and
the absolute minimum —9 at x =2.

x |0 4 2
foy |3 99 -9

Find the absolute maximum and minimum of f(x) = x"(x +2) on the interval [~1, 1].
1 Fix) = (x +2)(3x") - x* _ 37+ 6x7 = x° _ 2x° + 6x° - 2x°(x +3)
(x +2)° (x+2) (x+2)° (x +2)
Thus, the critical numbersare x=0 and x=-3. However, x= -3 isnotin the giveninterval. So, we

list 0 and the endpoints —1 and 1. The absolute maximum } is assumed at x =1, and the absolute minimum
—11is assumed at x = —1.

x l 0 -1 1
fm Lo -1 3
For what value of k will f(x)=x— kx~'. have a relative maximum at x = —2?

I f'(x)=1+kx"?=1+k/x". We want —2 to be a critical number, thatis, 1+ k/4=0. Hence, k= —4.
Thus, f'(x)=1-4/x>, and f"(x)=8/x> Since f"(—2)= -1, there is a relative maximum at x = ~2.

Find the absolute extrema of f(x)=sinx+x on [0,2].

I f'(x)=cosx+1. For acritical number, cosx+1=0, or cosx=-1. The only solution of this equa-
tionin [0, 27]is x=a. We list 7 and the two endpoints 0 and 27, and compute the values of f(x). Hence, the
absolute maximum 27 is achieved at x =27, and the absolute minimum 0 at x =0.
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Find the absolute extrema of f(x)=sinx ~cosx on [0, 7].

I f'(x)=cosx+sinx. Settingthisequalto0, wehave sinx=—cosx, or tanx=—1. The onlysolution
for this equation in [0, ] is 37/4. Thus, the only critical number is 377/4. We list this and the endpoints 0 and
, and calculate the corresponding values of f(x). Then, the absolute maximum V2 is attained at x = 37/4,
and the absolute minimum —1 is attained at x =0.

x | 3w4 0 -
o | V2 11

(a) Find the absolute extrema of f(x)=x —sinx on [0, #/2). (&) Show that sinx <x for all positive x.

I (00 f(x)=1-cosx. Setting 1—cosx=0, cosx=1, and the only solution in [0,n/2] is x=
0. Thus, the only critical number is 0, which is one of the endpoints. Drawing up the usual table, we find that
the absolute maximum #/2—1 is achieved at x = #/2 and the absolute minimum 0 is achieved at x =
0. (b) By part (a), since the absolute minimum of x —sinx on[0. 7/2]is 0, which is achieved only at 0, then,
for positive x in that interval, x —sinx>0, or x>sinx. For x>#/2, sinx=1<#/2<x.

x |0 w2
o | o w21

Find the points at which  f(x) = (x —2)*(x + 1)° has relative extrema.

I £(0)=3(x-2)"(x +1) +4(x -2 (x + 1)* = (x = 2)’(x + 1)°[3(x = 2) + 4(x + 1)] = (x ~ 2)*(x + 1)*(7x - 2).
Hence, the critical numbers are x=2, x=-—1, x=2%_ We shall use the first-derivative test. At x=2,
(x +1)’(7x —2) is positive, and, therefore, (x +1)’(7x —2) is positive immediately to the left and right of
x=2. For x<2, x-2<0, (x—2)’<0, and, therefore, f'(x)<0. For x>2, (x—2)°>0, and,
therefore, f'(x)>0. Thus, we have the case {—, +}; therefore, there is a relative minimum at x=2. For
x=~1, x—-2<0, (x-— 2)’<0, 7x-2<0. and. therefore, (x - 2)3(7.\' —2)>0. Thus, immediately to
the left and right of x=-1, (x—2)’(7x-2)>0. (x+1)>0 on both sides of x=-1. Hence,
f'(x)>0 on both sides of x=—1. Thus, we have the case {+.+}. and there is an inflection point at
x=-1. For x=3, (x—2)"(x+1)"<0. Hence.immediately to the left and right of x=2 (x-2)’(x +
1)’<0. For x<3%, 7x—2<0, and, therefore, f'(x)>0 immediately to the left of 3. For x> 2,
7x —2>0, and, therefore, f'(x)<0 immediately to the right of 3. Thus. we have the case {+, —}, and,
therefore, there is a relative maximum at x = 2,

Show that  f(x) = (ax + b)/(cx + d) has no relative extrema [except in the trivial case when f(x) is a constant].

vy (ex +d)(@) —(ax + b)(c)  ad-— bc
I feo= (cx + d) T ext A

This is never 0, and, therefore, there are no critical num-

bers. [Note that, if ad —bc=0, then f(x) is a constant function. For, if d#0, then fx)=
adx+bd _ bcx+bd b
dlcx+d)  dex+d)  d

If d=0, then c¢#0 and b=0; then. f(x)=g‘]

Test f(x)=x"—3px+gq for relative extrema.

I f/(x)=3x"-3p=3(x"-p). Set f'(x)=0. Then x’=p. If p<O0. there are no critical numbers
and, therefore, no relative extrema. If p=0, the critical numbers are *v/p. Now, f'(x)=6x. If
p>0, f(vp)=6vp>0, and, therefore, there is a relative minimum at x =+/p; while, f'(—vp)=
—6v/p <0, and, therefore, there is a relative maximum at x=—-vp. If p=0, f'(x)=3x> and, at the
critical number x =0, we have the case {+, +} of the first-derivative test; thus, if p =0, there is only an
inflection point at x =0 and no extrema.

Show that f(x)=(x—a,)"+(x—a,)* +---+(x—a,)’ has an absolute minimum when x=(a,+a,+--
-+a,)/n. [In words: The least-squares estimate of a set of numbers is their arithmetic mean.]
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I f(x)=2(x-a)+ 2(x—a,)+--+2(x—a,). Setting this equal to 0 and solving for x, x= (a, ta,+
“=++a,)/n. Now, f%x)=2n>0. So, by the second-derivative test, there is a relative minimum at
x=(a, +a,+---+a,)/n. However, since this is the only relative extremum, the graph of the continuous
function f(x) must go up on both sides of (a, +a,+---+a,)/n and must keep on going up (since, if it ever
turned around and started going down, there would have to be another relative extremum).

Find the absolute maximum and minimum of f(x)=-4x+5 on[-2,3].

I Since f(x) is a decreasing linear function, the absolute maximum is attained at the left endpoint and the
absolute minimum at the right endpoint. So, the absolute maximum is —~4(~2)+5=13, and the absolute
minimum is —4(3)+5=-7.

Find the absolute maximum and minimum of f(x)=2x*~7x~10 on[-1,3].

I f'(x)=4x—7. Setting 4x—7=0, we find the critical number x = 1. We tabulate the values at the
critical number and at the endpoints. Thus, the absolute minimum —16% is attained at x =1 and the
absolute maximum —1 at x= —1.

x | -1 3
fml -1 -6 -13

Find the absolute maximum and minimum of f(x)=x>+2x*+x~1 on[-1,1].

I F(x)=3x"+4x+1= (Bx+1)(x+1). Setting f'(x)=0, we obtain the critical numbers x=—1 and
x=—1%. Hence, we need only tabulate the values at —1, —%, and 1. From these values. we see that the
absolute maximum is 3, attained at x =1, and the absolute minimum is — 3%, attained at x = —1,

x | -1 -4

f -1 -3 3

Find the absolute maximum and minimum of f(x) = (2x +5)/(x* = 4) on [-5, -3].

, (X =4)(2) - 2x +5)(2x) _ —2(x*+5x+4)  =2(x +1)(x +4)

! frx)= 3 3 = 3 ] = 3 3
(x"—4) (x*—4) (x"—4)

the critical numbers x=-1 and x= -4, of which only —4 is in the given interval. Thus, we need only

compute values of f(x) for —4 and the endpoints. Since =~} <-3;<—1%, the absolute maximum —! is

attained at x = —3, and the absolute minimum —1at x = —4.

Setting f'(x)=0, we find

x| -3 -4 =5
fo | - -1 -

Mo

Find the absolute maximum and minimum of f(x)=x%16+1/x on {1,4].

I f(x)=x/8-1/x> Setting f'(x)=0, we have x’=8, x=2. We tabulate the values of f(x) for the
critical number x =2 and the endpoints. Thus, the absolute maximum 3 is attained at x =4, and the
absolute minimum 2 at x =2,

x |l 2 4
g 1

Find the absolute maximum and minimum of the function f on [0, 2}, where

? for 0=x=s1

¢
X+

LS T ]

fx)= {

-4 for 1<x=2.

I For 0=x<1, f'(x)=3x"-14. Setting f'(x)=0, wefind x’=4, x==x1! Only }is in the given
interval. For 1<x<2, f'(x)=2x+1. Setting f'(x)=0, we obtain the critical number x= — i,
which is not in the given interval. We also have to check the value of f(x) at x =1, where the derivative might
not exist. We see that the absolute maximum % is attained at x =2, and the absolute minimum — % at
x=1.



86 [ CHAPTER 13

13.28

13.29

13.30

13.31

13.32

13.33

x |0% 1 2
fmlo -z 3z

Find the absolute maximum and minimum (if they exist) of f(x) = (x*+4)/(x ~2) on the interval [0, 2).
I fo= (x —2)(2x) — sz +4) _ x> —4x —24

(x—2) (x—2)
find the critical numbers 2+*2V2, neither of which is in the given interval. Since f "0=-1, ()
remains negative in the entire interval, and, therefore, f(x) is a decreasing function. Thus, its maximum is
attained at the left endpoint 0, and this maximum value is —2. Since f(x) approaches — as x approaches 2 from
the left, there is no absolute minimum.

By the quadratic formula, applied to x*—4x—4=0, we

Find the absolute maximum and minimum (if they exist) of f(x)=x/(x*+1)*> on [0, +x).
I Note that f(0)=0 and f(x) is positive for x>0. Hence, 0 is the absolute minimum.
FE+D" = x(DE"+ D7 (20) P+ DR+ 1) -3x7 | 1-2x
(x*+1)° (x2+1)° TP+ 1)
Setting f'(x)=0, we have 2x°=1, x*=4, x=%V2/2. So, the only critical number in [0, +%) is
x=V2/2. At that point, the first derivative test involves the case {+, —}, and, therefore, there is a relative

maximum at x=V2/2, where y=2V3/9. Since this is the only critical number in the given interval, the
relative maximum is actually an absolute maximum,

frx=

Find the absolute maximum and minimum of f(x) =cos’x+sinx on [0, 7].

I 7'(x)=2cos x(—sin x) + cos x. Setting f'(x)=0, we have cosx(1—2sinx)=0, cosx=0 or 1-—
2sinx =0. In the given interval, cosx=0 at x= /2. In the given interval, 1—2sinx=0 (that is,
sinx=3) only when x=x/6 or x=57/6. So, we must tabulate the values of f(x) at these critical
numbers and at the endpoints. We see that the absolute maximum is §, attainedat x=7/6 and x=5%/6.
The absolute minimum is 1, attained at x=0, x=7/2, and x=m

x l 0 w/6 /2 S5#/6 T
fo 113 1 3

Find the absolute maximum and minimum of f(x)=2sinx +sin2x on [0,27].

I f'(x)=2cosx+2cos2x. Setting f'(x)=0, we obtain cosx+cos2x =0. Since cos2x =2cos’x —1,
we have 2cos’x+cosx—1=0, (2cosx—1) (cosx+1)=0, cosx=—1 or cosx=3%. In the given
interval, the solution of cosx=—1 is x=m, and the solutions of cosx=3 are x=#/3 and x=
5w/3. We tabulate the values of f(x) for these critical numbers and the endpoints. So, the absolute maximum is

3V3/2, attained at x = /3, and the absolute minimum is —3V3/2, attained at x =5u/3.
X | 0 w3 T S5#/3 2m
fmlo 332 o -3v32 o

Find the absolute maximum and minimum of f(x)=x/2—sinx on [0,27].

I f'(x)=1%-cosx. Setting f'(x)=0, we have cosx=13. Hence, the critical numbers are x = 7/3

and x=57/3. We tabulate the values of f(x) for these numbers and the endpoints. Note that #/6<V3/2
(since 7<3V3). Hence, #/6—V3/2<0<w<5w/6+V3/2. So, the absolute maximum is S5u/6+
V3/2, attained at x=5w/3, and the absolute minimum is =/6—V3/2, attained at x = /3.

Find the absolute maximum and minimum of f(x)=3sinx~4cosx on [0,2n].

I f'(x)=3cosx+4sinx. Setting f'(x)=0, we have 3cosx=—4sinx, tanx=—0.75. There are two
critical numbers: x,, between /2 and =, and x,, between 37/2 and 27. We calculate the values of f(x) for
these numbers by using the 3-4-5 right triangle and noting that, sinx,=2 and cosx,=—%, and that
sinx,=—2 and cosx,=4%. So, the absolute maximum is 5, attained at x= Xx,, and the absolute
minimum —5 is attained at x =x;. From a table of tangents, x, is approximately 143° and x, is approximately
323°.
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3 x| 0 X x, 2
o] -4 5 -5 -a

4

Find the absolute maximum and minimum of f(x) =|cos x — 4| on [0, 27].

i1 Clearly, the absolute minimum is 0, attained where cosx =3, thatis,at x=#/3 and x=57/3. So,

1
) cos X — 3 . .
we only have to determine the absolute maximum. Now, f'(x)= ———-—l cos x 21| (—sinx). 'We need only consider
—2

the critical numbers that are solutions of sinx=0 (since the solutions of cosx =3 give the absolute

minimum). Thus, the critical numbers are 0, 7, and 2#. Tabulation of f(x) for these numbers shows that the
absolute maximum is 2, achieved at x = .

X |0 T 27

1

Find the absolute maximum and minimum (if they exist) of f(x)=(x +2)/(x —1).

I Since lim f(x)=+ and lim f(x)=-®, no absolute maximum or minimum exists.
x—1

x—1t

Find the absolute maximum and minimum of f(x)=V|4x —3| on [0, 1].

I Since f(x) is not differentiable at x =3 (because |4x—3| is not differentiable at this point), x=3
1 |4x — 3]
'(x) = : -(4).
9.47.) Thus, there are no other critical numbers. We need only compute f(x) at x =3 and at the endpoints.
We see that the absolute maximum is V3, attained at x =0, and the absolute minimum is 0, attained at
x=3

is a critical number. (Here, we have used the chain rule and Problem

=
(=]
Bl
[
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The top of a 25-foot ladder, leaning against a vertical wall is slipping down the wall at the rate of 1 foot per second.
How fast is the bottom of the ladder slipping along the ground when the bottom of the ladder is 7 feet away from
the base of the wall?

25 y

=
x Fig. 14-1

I Let y be the distance of the top of the ladder from the ground, and let x be the distance of the bottom of the
ladder from the base of the wall (Fig. 14-1). By the Pythagorean theorem, x*+y’>=(25)% Differentiating
with respect totime ¢, 2x-Dx+2y-D,y=0; so, x-Dx+y-D,y=0. The given information tells us that
D,y = —1 foot per second. (Since the ladder is sliding down the wall, y is decreasing, and, therefore, its
derivative is negative.) When x=7, substitution in x*+y®>=(25) yields y*=576, y=24. Substitu-
tionin x-Dx+y-Dy=0 yields: 7-Dx+24-(-1)=0, Dx= % feet per second.

A cylindrical tank of radius 10 feet is being filled with wheat at the rate of 314 cubic feet per minute. How fast is
the depth of the wheat increasing? (The volume of a cylinder is wr°h, where r is its radius and h is its height.)

I Let V be the volume of wheat at time ¢, and let 4 be the depth of the wheat in the tank. Then V= w(10)*h.
So, D,\V=100m-Dh. But we are given that D,V =314 cubic feet per minute. Hence, 314=1007- DA,
D,h =314/(1007). If we approximate 7 by 3.14, then D,h=1. Thus, the depth of the wheat is increasing at
the rate of 1 cubic foot per minute.

A 5-foot girl is walking toward a 20-foot lamppost at the rate of 6 feet per second. How fast is the tip of her
shadow (cast by the lamp) moving?

A
A
/
7/
/
s
/
, 20
D/
7
// % ’
Z 1 X B
C E P
- > Fig. 14-2

I Let x be the distance of the girl from the base of the post, and let y be the distance of the tip of her shadow
from the base of the post (Fig. 14-2). AABC is similar to ADEC. Hence, AB/DE=y/(y—x), 2=
y/(y—x),4=y/(y—x), 4y —4x=y, 3y=4x. Hence, 3-D,y=4-Dx. But, we are told that Dx=—6
feet per second. (Since she is walking toward the base, x is decreasing, and D,x is negative.) So 3-D,y=
4:(—6), D,y=-8. Thus the tip of the shadow is moving at the rate of 8 feet per second toward the base of the
post.

Under the same conditions as in Problem 14.3, how fast is the length of the girl’s shadow changing?

I Use the same notation as in Problem 14.3. Let ¢ be the iength of her shadow. Then ¢=y—x. Hence,
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D ¢=D,y— Dx=(—8)—(—~6)=—2. Thus, the length of the shadow is decreasing at the rate of 2 feet per
second.

A rocket is shot vertically upward with an initial velocity of 400 feet per second. Its height s after ¢ seconds is
s =400t — 161> How fast is the distance changing from the rocket to an observer on the ground 1800 feet away
from the launching site, when the rocket is still rising and is 2400 feet above the ground?

T800 Fig. 14-3

I Let u be the distance from the rocket to the observer, as shown in Fig. 14-3. By the Pythagorean theorem,
u’=5"+(1800)>. Hence, 2u-Du=2s-Ds, u-Du=s-Ds. When s=2400, u’=(100)"-(900), u=
100-30=3000.  Since  s=400t—16¢>, when s=2400, 2400 =400¢ - 16, £ —25t+150=0,
(t —10)(t —15) =0. So, on the way up, the rocket is at 2400 feet when ¢=10. But, D,s=400-32s. So,
when ¢=10, D,s=400~32-10=280. Substitutingin u-D,u=s-D,;s, we obtain 3000- Du =2400-80,
Du=64. So the distance from the rocket to the observer is increasing at the rate of 64 feet per second when
t=10.

A small funnel in the shape of a cone is being emptied of fluid at the rate of 12 cubic centimeters per second. The
height of the funnel is 20 centimeters and the radius of the top is 4 centimeters. How fast is the fluid level
dropping when the level stands 5 centimeters above the vertex of the cone? (Remember that the volume of a
cone is $wr’h.)

' Fig. 144

! The fluid in the funnel forms a cone with radius r, height &, and volume V. By similar triangles, r/4 = h/20,
r=h/5. So, V=3inr’h=1n(h/5)h=7%nh’> Hence, DV=kwh’-Dh We are given that DV=
~12, since the fluid is leaving at the rate of 12 cubic centimeters per second. Hence, —12= &wh’- Dh,
—300=mh*>-Dh. When h=5, —~300=m-25" Dh, Dh=-12/%, or approximately —3.82 centimeters
per second. Hence, the fluid level is dropping at the rate of about 3.82 centimeters per second.

A balloon is being inflated by pumped air at the rate of 2 cubic inches per second. How fast is the diameter of the
balloon increasing when the radius is 3 inch?



90 [ CHAPTER 14

14.8

14.9

14.10

14.11

14.12

14.13

14.14

14.15

14.16

I v=4xr" So, DV=4nr’-Dr. We are told that DV=2. So, 2=4nr’-Dr. When r=4%, 2=
4mw(3)-D,r, Dr=2/w. Let d be the diameter. Then, d=2r, Dd=2-Dr=2-Q2/m)=4/m=1.27.
So, the diameter is increasing at the rate of about 1.27 inches per second.

Oil from an uncapped well in the ocean is radiating outward in the form of a circular film on the surface of the
water. If the radius of the circle is increasing at the rate of 2 meters per minute, how fast is the area of the oil film
growing when the radius is 100 meters.

I The area A=ar> So, DA=2nr-Dr. We are given that Dr=2. Hence, when r=100,
DA =27-100-2=400m, which is about 1256 m*/min.

The length of a rectangle of constant area 800 square millimeters is increasing at the rate of 4 millmeters per
second. What is the width of the rectangle at the moment the width is decreasing at the rate of 0.5 millimeter per
second?

I The area 800=¢w. Differentiating, 0= ¢-Dw+w-D,¢. We are given that D,¢=4. So, 0=
¢-Dw+4w. When Dw=—-05, 0=-0.5¢+4w, 4w=0.5¢. But ¢£=800/w. So, 4w =0.5(800/w)=
400/w, w’=100, w=10mm.

Under the same conditions as in Problem 14.9, how fast is the diagonal of the rectangle changing when the width is
20 mm?

I As in the solution of Problem 14.9. 0=¢-Dw+4w. Let u be the diagonal. Then u°=w’+ ¢?
2u-Du=2w-Dw+2¢-D¥f, u-Du=w-Dw+ ¢-Df. When w=20, ¢€=800/w=40. Substitute in

0=¢-Dw+4w: 0=40-Dw+80, Dw=-2. When w=20, u =(20)°+(40)°=2000, u=20V35.
Substitutingin u-Du=w-Dw+¢-D ¢, 20V5-Du=20-(-2)+40-4=120, D,u=6V5/5~2.69mm/s.

A particle moves on the hyperbola x* —18y” =9 in such a way that its y-coordinate increases at a constant rate
of 9 units per second. How fast is its x-coordinate changing when x =97

I 2x-Dx-36y-Dy=0, x-Dx=18y-D,y. We are given that D,y=9. Hence, x-Dx=18y-9=
162y. When x=9, (9°~-18y’=9, 18y°=72, y°=4, y==2. Substitutingin x-Dx =162y,
9. D,x=+324, D, = +*36 units per second.

An object moves along the graph of y = f(x). At a certain point, the slope of the curve is } and the x-coordinate
of the object is decreasing at the rate of 3 units per second. At that point, how fast is the y-coordinate of the
object changing?

I y=f(x). By the chain rule, D,y=f'(x):Dx. Since f'(x) is the slope & and Dx=-3, Dy=
$ - (=3) = — % units per second.

If the radius of a sphere is increasing at the constant rate of 3 millimeters per second, how fast is the volume
changing when the surface area 477 is 10 square millimeters?

I v=147" Hence, DV=4nr’-Dr. We are given that Dr=3. So, DV=4xr’-3 When
47r* =10, D,V=30mm’/s.

What is the radius of an expanding circle at a moment when the rate of change of its area is numerically twice as
large as the rate of change of its radius?

I A=uxr®> Hence, DA=2mr-Dyr. When DA=2-Dr, 2:-Dr=2xwr-Dr, 1==r, r=1/m.

A particle moves along the curve y=2x>—3x*+4. At a certain moment, when x=2, the particle’s
x-coordinate is increasing at the rate of 0.5 unit per second. How fast is its y-coordinate changing at that
moment?

I Dy=6x>Dx—6x-Dx=6x-Dx(x—1). When x=2, Dx=0.5. So, at that moment, D,y=
12(0.5)(1) = 6 units per second.

A plane flying parallel to the ground at a height of 4 kilometers passes over a radar station R (Fig. 14-5). A short
time later, the radar equipment reveals that the distance between the plane and the station is 5 kilometers and that
the distance between the plane and the station is increasing at a rate of 300 kilometers per hour. At that moment,
how fast is the plane moving horizontally?
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I At time 1, let x be the horizontal distance of the plane from the point directly over R, and let u be the distance
between the plane and the station. Then u’=x"+(4)>. So, 2u-Du=2x-Dx, uDu=x-Dx.
When u=5, (5)’=x*+(4)°, x=3, and we are also told that D,u is 300. Substituting in u-Du =
x-Dx, 5-300=3-Dx, D.x=500kilometers per hour.
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A boat passes a fixed buoy at 9 a.m. heading due west at 3 miles per hour. Another boat passes the same buoy at

10 a.m. heading due north at 5 miles per hour. How fast is the distance between the boats changing at 11:30
a.m.?

I Refer to Fig. 14-6. Let the time ¢ be measured in hours after 9a.m. Let x be the number of miles that the
first boat is west of the buoy at time ¢, and let y be the number of miles that the second boat is north of the buoy at
time 7. Let u be the distance between the boats at time f. For any time =1, w’=x"+y> Then
2u-Du=2x-Dx+2y-Dy, u-Du=x-Dx+y-D,y. We are given that Dx=3 and D,y=S5. So,
u-Du=3x+5y. At 11:30a.m. the first boat has travelled 2} hours at 3 miles per hour; so, x=4.
Similarly, the second boat has travelled at 5 miles per hour for 14 hours since passing the buoy; so, y=%.
Also, ¥ =(%)+(%) =%, u=15/V2. Substitutingin wu-Du=3x+5y, (15/V2)-Du=3-%+
5-% =60, D,u=4V2~=5.64 miles per hour.

Water is pouring into an inverted cone at the rate of 3.14 cubic meters per minute. The height of the cone is 10

meters, and the radius of its base is 5 meters. How fast is the water level rising when the water stands 7.5 meters
above the base?

10

Fig. 14-7

I Let w be the level of the water above the base, and let r be the radius of the circle that forms the surface of the
water. Let y=10—w. Then y is the height of the cone-shaped region above the water (see Fig. 14-7). So,
the volume of that cone is V, = 3#7r’y. The total volume of the conical container is V,= {#(5)°-10=
2507r/3. Thus, the total volume of the water is V=V, -V, =2507/3— #r’y/3. By similar triangles,
10/5=ylr, y=2r. So, V=250m/3— wr’(2r}/3=250%/3-2mr"3. Hence, DV=-27mr"-Dr. We
are given that D,V=3.14. So, 3.14=-27r>-D,r. Thus, D,r=-3.14/2wr> When the water stands
7.5 metersin the cone, w=75, y=10-75=25 r=14y=125 So D,r=-3.14/27(1.25 D,y=
2-D,r=-3.14/7(1.25)°, D,w=—-D,y=3.14/7(1.25)> = & = 0.64 m/min.

A particle moves along the curve y =x” +2x. At what point(s) on the curve are the x- and y-coordinates of the
particle changing at the same rate?

I Dy=2x-Dx+2-Dx=Dx(2x+2). When Dy=Dx, 2x+2=1, 2x=-1, x=-4, y=-}
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A boat is being pulled into a dock by a rope that passes through a ring on the bow of the boat. The dock is 8 feet
higher than the bow ring. How fast is the boat approaching the dock when the length of rope between the dock
and the boat is 10 feet, if the rope is being pulled in at the rate of 3 feet per second?

Fig. 14-8

I Let x be the horizontal distance from the bow ring to the dock, and let u be the length of the rope between the
dock and the boat. Then, u’=x>+(8)> So 2u-Du=2x-Dx, u-Du=x-Dx. We are told that
Du=-3. So —-3u=x-Dx. When u=10, x*=36, x=6. Hence, —3-10=6-" Dx, Dx=-5. So
the boat is approaching the dock at the rate of 5 ft/s.

A girl is flying a kite, which is at a height of 120 feet. The wind is carrying the kite horizontally away from the girl
at a speed of 10 feet per second. How fast must the kite string be let out when the string is 150 feet long?

I Letx be the horizontal distance of the kite from the point directly over the girl’s head at 120 feet. Let u be the
length of the kite string from the girl to the kite. Then u” = x>+ (120)>. So, 2u-Du=2x-Dx, u-Du=
x-Dx. We are told that Dx=10. Hence, u-D,u=10x. When u =150, x*=8100, x=90. So,
150 D,u =900, D,u=6ft/s.

A rectangular trough is 8 feet long, 2 feet across the top, and 4 feet deep. If water flows in at a rate of 2 ft*/min,
how fast is the surface rising when the water is 1 ft deep?

I Letxbethe depth of the water. Then the water is a rectangular slab of dimensions x, 2, and 8. Hence, the
volume V=16x. So DV=16-Dx. We are told that DV=2 So, 2=16-Dx. Hence, Dx=
1 ft/min
I .

A ladder 20 feet long leans against a house. Find the rate at which the top of the ladder is moving downward if
the foot of the ladder is 12 feet away from the house and sliding along the ground away from the house at the rate
of 2 feet per second?

I Let x be the distance of the foot of the ladder from the base of the house, and let y be the distance of the top
of the ladder from the ground. Then x*+y*=(20)>. So, 2x-Dx+2y-D,y=0, x-Dx+y-D,y=0.
We are told that x=12 and Dx=2. When x=12, y>=256, y=16. Substituting in x-Dx+
y-Dy=0, 12-2+16-D,y=0, D,y=-—3. So the ladder is sliding down the wall at the rate of 1.5 ft/s.

In Problem 14.23, how fast is the angle « between the ladder and the ground changing at the given moment?

x-Dy-y-Dx 12:(-3)—-16:2 50
X h 144 To1a4-
Also, tana=y/x=1=4%. So, secCa=1+tan*a=1+%¥=%. Thus, ¥ -Da=-7%, Da=-1}.

Hence, the angle is decreasing at the rate of § radian per second.

I tana=yix. So, by the chain rule, sec’aD,a=

oy

A train, starting at 11 a.m., travels east at 45 miles per hour, while another starting at noon from the same point
travels south at 60 miles per hour. How fast is the distance between them increasing at 3 p.m.?

I Let the time ¢ be measured in hours, starting at 11a.m. Let x be the distance that the first train is east of the
starting point, and let y be the distance that the second train is south of the starting point. Let u be the distance
between the trains. Then wu’=x’+y°, 2u-Du=2x-Dx+2y-D,y, u-Du=x-Dx+y-D,y. We are
told that Dx=45 and D,y=60. So u-D,u=45x+60y. At3 p.m., the first train has been travelling
for 4 hours at 45 mi/h, and, therefore, x =180; the second train has been travelling for 3 hours at 60 mi/h, and,
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therefore, y = 180. u®=(180)° + (180)°, u=180V2. Thus, 180V2-D,u=45-180+60-180,

D =105V2/2 mi/h.

Then,

A light is at the top of a pole 80 feet high. A ball is dropped from the same height (80 ft) from a point 20 feet
from the light. Assuming that the ball falls according to the law s= 161>, how fast is the shadow of the ball
moving along the ground one second later?

§ Sce Fig. 14-9. Let x be the distance of the shadow of the ball from the base of the lightpole. Let y be the
height of the ball above the ground. By similar triangles, y/80=(x—20)/x. But, y=80-16/> So,

-1 =1-(20/x). Differentiating, ~2r=(20/x’)-Dx. When t=1, 1-1(1)’=1-20/x, x=100.
Substituting in —3%¢=(20/x*)- Dx, D,x=-200. Hence, the shadow is moving at 200 ft/s.
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Ship A is 15 miles east of point O and moving west at 20 miles per hour.
north at 15 miles per hour.

Ship B is 60 miles south of O and moving
Are they approaching or separating after 1 hour, and at what rate?

I Let the point O be the origin of a coordinate system, with A moving on the x-axis and B moving on the y-axis
(Fig. 14-10). Since A begins at x =15 and is moving to the left at 20 mi/h, its position is x = 15 — 20¢.
Likewise, the position of Bis y=-60+15t. Let u be the distance between A and B. Then u’=x?+y>
2usDu=2x-Dx+2y-Dy, u-Du=x-Dx+y-Dy. Since Dx=-20 and Dy=15, u-Du=
~20x+15y. When =1, x=15-20=-5, y=-60+15=-45 u*=(-5)+(-45)>=(25)(82), u=
5V82. Substituting in u-Du=-20x +15y, 5V82Du=-575, Du=—-115/V8=~—13. Since the de-
rivative of u is negative, the distance between the ships is getting smaller, at roughly 13 mi/h.

Under the same hypotheses as in Problem 14.27, when are the ships nearest each other?

I When the ships are nearest each other, their distance u assumes a relative minimum, and, therefore,
Du=0. Substituting in u-Du=-20x+15y, 0=-20x+15y. But x=15-20¢t and y=—60+ 15¢.
So, 0=—-20(15—20t) + 15(-60 + 15r), ¢= 3 hours, or approximately, 1 hour and 55 minutes.

Water, at the rate of 10 cubic feet per minute, is pouring into a leaky cistern whose shape is a cone 16 feet deep and

' Fig. 14-11
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8 feet in diameter at the top. At the time the water is 12 feet deep, the water level is observed to be rising 4
inches per minute. How fast is the water leaking out?

I Let & be the depth of the water, and let r be the radius of the water surface (Fig. 14-11). The water’s volume
V=14inr’h. By similar triangles, r/4=h/16, r=1h, V=\im(h/4)’h=%wh> So DV=i=nh’-Dh.
We are told that when h =12, Dh=1%. Hence, at that moment, D,V = & w(144)(3)=3=. Since the rate
at which the water is pouring in is 10, the rate of leakage is (10 — 3#) ft*/min.

An airplane is ascending at a speed of 400 kilometers per hour along a line making an angle of 60° with the ground.
How fast is the altitude of the plane changing?

I Let & be the altitude of the plane, and let u be the distance of the plane from the ground along its flight path
(Fig. 14-12). Then h/u=sin60°=V3/2, 2h=V3u, 2-Dh=V3Du=V3-400. Hence, Dh=200V3
kilometers per hour.

7~
7~
Ve
Fig. 14-12 27 - Fig. 14-13

How fast is the shadow cast on level ground by a pole 50 feet tall lengthening when the angle a of elevation of the
sun is 45° and is decreasing by § radian per hour? (See Fig. 14.13.)

I Let x be the length of the shadow. tan a =50/x. By the chain rule, sec’ a-D,a =(-50/x*)- D,x. When
a=45°, tana=1, sec’a=1+tan’a=2, x=50. So, 2(—%)=-% -Dx. Hence, Dx=25ft/h.

A revolving beacon is situated 3600 feet off a straight shore. If the beacon turns at 47 radians per minute, how
fast does its beam sweep along the shore at its nearest point A?

3600

A Fig. 14-14

I Let x be the distance from A to the point on the shore hit by the beacon, and let a be the angle between the line
from the lighthouse B to A, and the beacon (Fig. 14-14). Then tan a = x/3600, so sec’ a-D,a = 35 - Dx.
We are told that D ,a=47. When the beacon hits point A, a=0, seca=1, so 4w = ggxDx,
D, x = 14,4007 ft/min = 240 ft/s.

Two sides of a triangle are 15 and 20 feet long, respectively. How fast is the third side increasing when the angle
a between the given sides is 60° and is increasing at the rate of 2° per second?

I Let x be the third side. By the law of cosines, x* = (15)* + (20)> ~ 2(15)(20)-cos @. Hence, 2x-Dx=
600sin @ - D,a. x-Dx=300sina-D,a. We are told that D,a=2-(w/180) = 7#/90rad/s. When a=
60°, sina=V3/2, cosa=1%, x*=225+400-600-1=325, x=5V13. Hence, SVI3-Dx=
300 (V3/2)-(w/90), Dx=(w/V39)ft/s.
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The area of an expanding rectangle is increasing at the rate of 48 square centimeters per second. The length of
the rectangle is always equal to the square of its width (in centimeters). At what rate is the length increasing at
the instant when the width is 2 cm?

I A=¢w, and ¢=w> So, A=w’ Hence, D,A=3w’-Dw. We are told that D,A=48. Hence,
48=3w>-Dw, 16=w’-Dw. When w=2, 16=4-Dw, Dw=4. Since ¢=w’ D,f=2w-Dw.
Hence, D,f=2-2-4=16cm/s.

A spherical snowball is melting (symmetrically) at the rate of 47 cubic centimeters per hour. How fast is the
diameter changing when it is 20 centimeters?

I The volume V=4%nr’ So, DV=4nr’-Dr. We are told that DV=—-4m Hence, —47m=
4wr*-Dyr. Thus, —1=r>-D;r. When the diameter is 20 centimeters, the radius r=10. Hence, —-1=
100- D,r, D,r=-0.0l. Since the diameter d=2r, D,d=2-Dyr=2-(—0.01)=-0.02. So, the diameter
is decreasing at the rate of 0.02 centimeter per hour.

A trough is 10 feet long and has a cross section in the shape of an equilateral triangle 2 feet on each side (Fig.
14-15). If water is being pumped in at the rate of 20 ft*/min, how fast is the water level rising when the water is
1 ft deep?

B e%
u Fig. 14-15

I The water in the trough will have a cross section that is an equilateral triangle, say of height k and side s.
In an ecquilateral triangle with side s, s= 2h/V3. Hence, the cross-sectional area of the water is
L -(2h/V3)-h = h*V3. Therefore, the volume V of water is 10h%V3. So, D,V =(20h/V3)-Dh. We
are told that D V=20. So, 20=(20n/V3)-D,h, V3=h-Dh. When h=1ft, Dh=V3ft/min.

If a mothball evaporates at a rate proportional to its surface area 47r’ show that its radius decreases at a constant
rate.

I The volume V=¢%xr’ So, DV=4mr’-D;r. We are told that D,V =k-4mr> for some constant k.
Hence, k=D,r.

Sand is being poured onto a conical pile at the constant rate of 50 cubic feet per minute. Frictional forces in the
sand are such that the height of the pile is always equal to the radius of its base. How fast is the height of the pile
increasing when the sand is 5 feet deep?

I Thevolume V=1isr*h. Since h=r, V=1%ixh> So, DV=mh>-Dh. Wearetoldthat DV=>50,
so 50=mh*-Dh. When h=5, 50=m-25-Dh, Dh=2/xft/min.

At a certain moment, a sample of gas obeying Boyle’s law, pV = constant, occupies a volume V of 1000 cubic
inches at a pressure p of 10 pounds per square inch. If the gas is being compressed at the rate of 12 cubic inches
per minute, find the rate at which the pressure is increasing at the instant when the volume is 600 cubic inches.

I Since pV=constant, p-DV +V-D,p=0. We are told that DV=-12, so —12p+V-D,p=0.
When V=1000 and p=10, D, p=0.12 pound per square inch per minute.

A ladder 20 feet long is leaning against a wall 12 feet high with its top projecting over the wall (Fig. 14-16). Its
bottom is being pulled away from the wall at the constant rate of 5 ft/min. How rapidly is the height of the top of
the ladder decreasing when the top of the ladder reaches the top of the wall?

I Let y be the height of the top of the ladder, let x be the distance of the bottom of the ladder from the wall, and
let u be the distance from the bottom of the ladder to the top of the wall. Now, u®=x?+(12)3
2u-Du=2x-Dx, u-Du=x-Dx. Wearetold that Dx=5. So, u-Du=>5x. When the top of the
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ladder reaches the top of the wall, u=20, x*>=(20)°—(12)°=256, x=16. Hence, 20-Du=5-16,
Du=4. By similar triangles, y/12=20/u, y=240/u, Dy= ~(240/u?)- Du=—%3 - 4= —2.4 ft/min.
Thus, the height of the ladder is decreasing at the rate of 2.4 feet per minute.

\ C ——
u
- Fig. 14-16 V Fig. 14-17

Water is being poured into a hemispherical bow! of radius 3 inches at the rate of 1 cubic inch per second. How
fast is the water level rising when the water is 1 inch deep? [The spherical segment of height 4 shown in Fig. 14-17
has volume V= wh’*(r — h/3), where r is the radius of the sphere.]

I V=nh’(3-h/3)=37h*—(w/3)k>. So, DV=6mh-Dh—mh®-Dh=mhDh(6—h). We are told
that DV=1, so 1=xhDh(6—h). When h=1, Dh=1/57in/s.

A metal ball of radius 90 centimeters is coated with a uniformly thick layer of ice, which is melting at the rate of 87
cubic centimeters per hour. Find the rate at which the thickness of the ice is decreasing when the ice is 10
centimeters thick?

I Let h be the thickness of the ice. The volume of the ice V=%m(90+ k)’ —$m(90)>. So, DV=
4w(90+ h)*-Dh. We are told that DV=—-8w. Hence, —2=(90+h)*-D,h. When h=10, -2=
(100)>- D,h, D,h=—0.0002cm/h.

A snowball is increasing in volume at the rate of 10 cm’/h. How fast is the surface area growing at the moment
when the radius of the snowball is S cm?

I The surface area A=4nr’. So, DA=8mwr-Dr. Now, V=inr DV=4znr’-Dr. We are
told that DV=10. So, 10=4#r’-Dr=4r-8ar-Dr=4%r-D,A. When r=5 10=1%1:-5-DA,
D,A=4cm?/h.

If an object is moving on the curve y =x’, at what point(s) is the y-coordinate of the object changing three
times more rapidly than the x-coordinate?

I Dy=3x*-Dx. When D,y=3-Dx, x*=1, x==1. So,thepointsare(1,1)and (-1, ~1). (Other
solutions occur when D,x =0, D,y=0. This happens within an interval of time when the object remains
fixed at one point on the curve.)

If the diagonal of a cube is increasing at a rate of 3 cubic inches per minute, how fast is the side of the cube
increasing?

I 1let u be the length of the diagonal of a cube of side s. Then uw’=s>+s>+5>=3s" u=sV3,
Du=V3Ds. Thus, 3=V3Ds, D,s=V3in/min.

The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate of 3 inches per minute.
How fast is the area decreasing when the two equal sides are equal to the base?

b/2 Fig. 14-18
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I Let s be the length of the two equal sides, and let & be the height. Then, from Fig. 14-18, h*=s"—b"/4,
2h-Dh=2s-Ds, h-Dh=s-Ds. When s=b, h>’=3b>, h=(V3/2)b, (V3/2)b-Dh=b"Dgs,
(V3/2)-Dh=Ds. We are told that D,s=-3. Hence, Dh= -2V3. Now, A=1ibh, DA=
1p-Dh=1b-(-2V3)=—bV3in’/min.

An object moves on the parabola 3y = x> When x=3, the x-coordinate of the object is increasing at the
rate of 1 foot per minute. How fast is the y-coordinate increasing at that moment?
I 3-Dy=2x-Dx. When x=3, Dx=1. So 3-D,y=6, D,y=2ft/min.
A solid is formed by a cylinder of radius r and altitude 4, together with two hemispheres of radius r attached at

each end (Fig. 14-19). If the volume V of the solid is constant but r is increasing at the rate of 1/(27) meters per
minute, how fast must # be changing when r and k are 10 meters?

r

@ Fig. 14-19

I v=nar*h+4nr> DV=mur"-Dh+2urh-Dr+4nr’-Dr. But,since V is constant, DV=0. We
are told that Dgr=1/(2w). Hence, O0=mr’-Dh+rh+2r’. When r=h=10, 1007 -Dh+300=0,
D,h = —3 /7 meters per minute.

If y=7x—x" andxincreases at the rate of 4 units per second, how fast is the slope of the graph changing when
x=37

I The slope D,y=7-3x> Hence, the rate of change of the slope is D,(D,y)=—6x-Dx=—6x-4=
—24x. When x=3, D,/(D,y)=—72 units per second.

A segment UV of length 5 meters moves so that its endpoints U and V stay on the x-axis and y-axis, respectively.
V is moving away from the origin at the rate of 2 meters per minute. When V is 3 meters from the origin, how fast
is U’s position changing?

I Let x be the x-coordinate of U and let y be the y-coordinate of V. Then y*+x*=25, 2y-Dy+
2x-Dx=0, y-Dy+x-Dx=0. Weare told that Dy=2. So, 2y+x-Dx=0. When y=3, x=
4, 2-3+4-Dx=0, Dx=~3meters per minute.

A railroad track crosses a highway at an angle of 60°. A train is approaching the intersection at the rate of
40 mi/h, and a car is approaching the intersection from the same side as the train, at the rate of 50 mi/h. If, ata
certain moment, the train and car are both 2 miles from the intersection, how fast is the distance between them
changing?

§ Refer to Fig. 14-20. Let x and y be the distances of the train and car, respectively, from the intersection, and

Fig. 14-20
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let u be the distance between the train and the car. By the law of cosines, u’=x’+y®—2xy-cos60° =
x*+y*—xy (since cos60°=13}). Hence, 2u-Du=2x-Dx+2y-D,y—-x-Dy—y-Dx. We are told
that Dx=-40 and D,y=-50, so 2u-D,u=—80x— 100y +50x +40y = —30x —60y. When y=2
and x=2, u’=4+4—-4=4, u=2. Hence, 4-Du=-60~120=-180, D,u= —45mi/h.

A trough 20 feet long has a cross section in the shape of an equilateral trapezoid, with a base of 3 feet and whose
sides make a 45° angle with the vertical. Water is flowing into it at the rate of 14 cubic feet per hour. How fast is
the water level rising when the water is 2 feet deep?

45°| h h a5

3 Fig. 14-21

I Let h be the depth of the water at time ¢. The cross-sectional area is 3k + h*> (see Fig. 14-21), and,
therefore, the volume V=2032+h%). So DV=2003-Dh+2h-Dh)y=20-Dh-(3+2h). We are told
that D V=14 so 14=20-Dh-(3+2h). When h=2, 14=20-Dh-7, D,h=0.1ft/h.

A lamppost 10 feet tall stands on a walkway that is perpendicular to a wall. The distance from the post to the wall
is 15 feet. A 6-foot man moves on the walkway toward the wall at the rate of 5 feet per second. When he is 5
feet from the wall, how fast is the shadow of his head moving up the wall?

I SeceFig. 14-22. Let x be the distance from the man to the wall. Let u be the distance between the base of the
wall and the intersection with the ground of the line from the lamp to the man’s head. Let z be the height of the
shadow of the man’s head on the wall. By similar triangles, 6/(x + «)=10/(15 + u) = z/u. From the first
equation, we obtain wu=3(9—x). Hence, x+u=3(15—-x). Since z/u=6/(x+u), z=6ul(x+u)=
1009 — x)/(15~x) =10[1 = 6/(15— x)]. Thus, D,z={10-6/(15—-x)’]-(~D,x). Weare told that Dx = 5.
Hence, D,z=300/(15—x)> When x=35, D,z=3ft/s. Thus, the shadow is moving up the wall at the rate
of 3 feet per second.

™~
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fe———15——] Fig. 14-22 A x C Fig. 14-23

In Fig. 14-23, a ladder 26 feet long is leaning against a vertical wall. If the bottom of the ladder, A, is slipping
away from the base of the wall at the rate of 3 feet per second, how fast is the angle between the ladder and the
ground changing when the bottom of the ladder is 10 feet from the base of the wall?

I Let x be the distance of A from the base of the wall at C. Then Dx=3. Since cos@ =x/26,
(-sin8)-DO=%Dx=2. When x=10, CB=1V/(26)’-(10=V3576=24, and sin8=2%. So,
-%D,0= 3%, D,6=-1}radian per second.
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In Fig. 14-24, a baseball field is a square of side 90 feet. If a runner on second base (II) starts running toward
third base (I11) at a rate of 20 ft/s. how fast is his distance from home plate (H) changing when he is 60 ft from II?

I Let x and u be the distances of the runner from III and H, respectively. Then u”=x’+(90)

2u fid—': =2x %’tf = 2x(—20), % =-20 % When x=90-60=230, u«=\(30)"+(90)° =30VI0; therefore,

du _ _ _30__)__
- 20(30 ) = -2Vt

An open pipe with length 3 meters and outer radius of 10 centimeters has an outer layer of ice that is melting at the
rate of 277 cm®/min. How fast is the thickness of ice decreasing when the ice is 2 centimeters thick?

I Let x be the thickness of the ice. Then the volume of the ice V=300{=(10+ x)* — 100%], So DV =
3007[2(10 + x)- Dx]. Since DV=-27, we have -2#=6007w(10+x)-Dx, D.x=-1/[300(10+ x)].
When x=2, Dx=-—3k cm/min. So the thickness is decreasing at the rate of 35 centimeter per minute
(4 millimeters per day).
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When sketching a graph, show all relative extrema, inflection points, and asymptotes; indicate concavity; and
suggest the behavior at infinity.

In Problems 15.1 to 15.5, determine the intervals where the graphs of the following functions are concave
upward and where they are concave downward. Find all inflection points.

fix)=x"—x+12.

I f'(x)=2x-1, f'(x)=2. Since the second derivative is always positive, the graph is always concave
upward and there are no inflection points.

f(x)=x>+ 15" + 6x + 1.

I f(x)=3x"+30x+6, f'(x)=6x+30=6(x+5). Thus, f'(x)>0 when x> -—5; hence, thegraphis
concave upward for x>-5. Since f"(x)<0 for x< -5, the graph is concave downward for x < —35.
Hence, there is an inflection point, where the concavity changes, at (5, 531).

f()=x*+18x" +120x* + x + 1.

I f(x)=4x"+54x* +240x + 1,  f"(x) =12x" + 108x + 240 = 12(x* + 9x + 20) = 12(x + 4)(x +5).  Thus,
the important pointsare x=-4 and x=-5. For x>-4, x+4 and x+35 are positive, and, there-
fore,sois f"(x). For —5<x<-4, x+4 isnegativeand x+5 is positive; hence, f*(x) is negative. For
x<-5, both x+4 and x+35 are negative, and, therefore, f"(x) is positive. Therefore, the graph is
concave upward for x>—4 and for x<-5. The graph is concave downward for —5<x< —4. Thus,
the inflection points are (~4, 1021) and (-5, 1371).

fOx)=x/(2x - 1).

I fo)=[(x-H+I/RE-HI={1+[1/2x—1)]}. Hence, f'(x)=3[-1/(2x-1)"]-2=-1/(2x - 1)
Then f'(x)=[1/2x—-1)’]-2=2/2x~1)" For x>3i, 2x-1>0, f'(x)>0, and the graph is concave
upward. For x<3, 2x—1<0, f’(x)<0, and the graph is concave downward. There is no inflection
point, since f(x) is not defined when x=1%.

f(x)=5x" = x7.

I 7(x)=20x"-5x" and f(x)=60x>-20x=20x*(3—x). So, for 0<x<3 and for x<O0, 3-
x>0, f"(x)>0, and the graph is concave upward. For x>3, 3-x<0, f"(x)<0, and the graph is
concave downward. There is an inflection point at (3, 162). There is no inflection point at x =0; the graph
is concave upward for x <3.

For Problems 15.6 to 15.10, find the critical numbers and determine whether they yield relative maxima, relative
minima, inflection points, or none of these.

f(x)=8-3x+x".

I f(x)=-3+2x, f'(x)=2. Setting —3+2x=0, we find that x=13} is a critical number. Since
f"(x)=2>0, the second-derivative test tells us that there is a relative minimum at x = 3.

fix)=x"—18x" +9.

I f(x)=4x" —36x =dx(x* - 9) =4dx(x - 3)(x +3). f'(x)=12x"—-36=12(x>—3). The critical numbers
are 0,3, -3. f"(0)=-36<0; hence, x=0 yields a relative maximum. f“(3)=72>0; hence, x=3
yields a relative minimum. f"(=3)=72>0; hence x= -3 yieldsarelative minimum. There are inflection
points at x=*V3, y=-36.
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f(x)=x>—-5x*—8x +3.

I f'(x)=3x*-10x —8=(3x +2)(x —4). f"(x)=6x—10. The critical numbersare x=-3% and x=4.
f(-3)=-14<0; hence, x=-—3% vyields a relative maximum. f"(4)=14>0; hence, x=4 yields a
relative minimum. There is an inflection point at x = 3.

fx)=x*(x - 1).

2
-1)+1 -Dx+1)+1 1 >
I =& x-—)l - @ )x(x_ - )Xl e 1 S0, f)=1-1/(x=17 f()=2/(x=1)
Thus, the critical numbers are the solutions of 1=1/(x-1)>, (x—1)’=1, x~1=2*1, x=0 or x=2.
f(0)=-2<0; thus, x=0 yields a relative maximum. f(2)=2>0; thus, x=2 yields a relative
minimum.

f(x) = X"+ 1).

I f(x)=1-1/(x>+1). So, f'(x)=2x/(x*+1)>. The only critical numberis x=0. Use the first-deriva-
tive test. To therightof 0, f'(x)>0, and totheleft of 0, f'(x)<0. Thus, we have the case {—, +}, and,
therefore, x=0 yields a relative minimum. Using the quotient rule, f"(x)=2(1-3x%)/(x*+1)’. So,
there are inflection points at x =+*1/V3, y=14i.

In Problems 15.11 to 15.19, sketch the graph of the given function.

fx)=(* - 1)

I F'(x)=30*-1)"2x=6x(x> —1)> =6x(x — 1)’(x + 1)> There arc three critical numbers 0,1, and —1.
At x=0, f'(x)>0 totherightof0,and f'(x)<0 to theleft of 0. Hence, we have the case {—, +} of
the first derivative test; thus x =0 vyields a relative minimum at (0, —1). For both x=1 and x= -1,
f'(x) has the same sign to the right and to the left of the critical number; therefore, there are inflection points at
{(1,0) and (-1,0). When x-— xx, f(x)— +w.

It is obvious from what we have of the graph in Fig. 15-1 so far that there must be inflection points between
x=-1 and x=0, andbetween x=0 and x=1. To find them, we compute the second derivative:

Frx) =6(x —1)°(x + 1)° + 12x(x = 1)’(x + 1) + 12x(x — 1)(x + 1)*
=6(x — 1)(x + D{(x — D)(x + 1) + 2x(x — 1) + 2x(x + 1)}
=6(x — 1)(x + D(5x* - 1)

Hence, the inflection points occur when 5x*—1=0, x’=1, x==1/\V5=045, y=(i-1)'=-f=
~0.51. The graph is in Fig. 15-1.
7 2 121 y
(-55) .}
1 - '
119 11,9 1 A AT ! -
X »_ X
-2
(oS -8 T
Vs’ 125 V3’125 .
(09 __1) =
Fig. 15-1 2. -5) Fig. 15-2

fx)=x"—2x*—4x+3.

I f(x)=3x-4x-4=03x+2)(x—2). f'(x)=6x—-4=6(x—2). The critical numbers are x=-—2
and x=2. f"(~%)=-8<0; hence, there is a relative maximum at x=—3%, y=2=45 f(2)=8>
0; so there is a relative minimum at x=2, y=-5 As x—>+%, flx)>+® As x— —,
f(x)— —». To find the inflection point(s), we set f(x)=6x —4=0, obtaining x=3%, y=-%=-0.26.
The graph is shown in Fig. 15-2.
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15.13

15.14

15.15

15.16

f(x) = x(x - 2)~

I 7(x)=x-2x-2)+(x—-2=(x-2)(3x—2), and f'(x)=(x—2)-3+(3x—2)=6x-8. The critical
numbers are xr=2 and x=13%. f'(2)=4>0; hence, there is a relative minimum at x=2, y=0.
f(3)=—4<0; hence, there is a relative maximum at x=3, y=3 ~12. There is an inflection point
where f'(x)=6x—8=0, x=4%, y=%~06. As x—+», fx)=>+2 As x—>-o, flx)— -»
Notice that the graph intersects the x-axis at x=0 and x=2. The graph is shown in Fig. 15-3.

L Y
-4\ -3 -2 -1 [°
S W |
~1I0,0) &
~-181
(-3, -27) [~
Fig. 15-3 (-2, ~16) Fig. 15-4

fix)=x"+4x>,

I f(x)=4xr+12x>=4x’(x +3) and f"(x)=12x*+24x=12x(x +2). The critical numbers are x=0
and x=-3. f"(0)=0, sowe have to use the first-derivative test: f'(x) is positive to the right and left of 0;
hence, there is an inflection point at x=0, y=0. f“(-3)=36>0; hence, there is a relative minimum at
x=-3, y=-27. Solving f"(x)=0, we see that there is another inflection point at x=-2, y=-16.
Since f(x)=x’(x +4), the graph intersects the x-axis only at x=0 and x=
—4. As x—*w, f(x)— +%. The graph is shown in Fig. 15-4.

f(x) =3x" = 20x".

I f'(x)=15x"— 60x’ = 15x°(x* — 4) = 15x°(x — 2)(x + 2), and f(x) = 60x> — 120x = 60x(x" — 2) =
60x(x — V2)(x + V2). The critical numbers are 0,2, 2. f%0)=0. So, we must use the first-derivative
test for x=0. f'(x)is negative to the right and left of x=0; hence, we have the {—, —} case, and there is

an inflection point at x=0, y=0. For x=2, f"(2)=240>0; thus, there is a relative minimum at
x=2, y=—64. Similarly, f"(—2) =-240<0, so there is a relative maximum at x= -2, y= 64. There
are also inflection points at x=V32, y=-28V2=-392, and at x=-V2, y=28V2=392. As
x->+x, flx)—>+%. As x—-x,  flx)—>—». See Fig. 15-5.

1(-V2,28V2) y
(~2.64) 1

10, 0) /

V2, -28V72) (2, -64) Fig. 15-5

f)=Vx=1=(x-1)"

I f()=i(x-1)"%" and f'(x)=-3%(x—1)""" The only critical number is x =1, where f'(x) is not
defined. f(1)=0. f'(x)is positive to the right and leftof x=1. f"(x)isnegativetotherightof x=1; so
the graph is concave downward for x>1. f"(x) is positive to the left of x=1; hence, the graph is concave

upward for x <1 and there is an inflection pointat x=1. As x— +w, f(x)— +=, and,as x—> —o,
f(x)— —=. See Fig. 15-6.
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Fig. 15-6 i Fig. 15-7

f(x)=x>+2/x.

I f(x)=2x—2/=2" - 1)/ =2(x = 1)(x* +x +1)/x’, and f"(x)=2+4/x’. By the quadratic for-
mula, x*+x+1 hasno real roots. Hence, the only critical numberis x=1. Since f"(1)=6>0, there
is a relative minimum at x =1, y=3. There is a vertical asymptote at x=0. As x—0%, f(x)— +o.
As x—07, f(x)— —=. There is an inflection point where 2+4/x’=0, namely, at x= —\3/5; the
graph is concave downward for ~“V2<x<0 and concave upward for x< 2. As x— +®,
f(x)—> +=. As x— -, f(x)—>+x. See Fig. 15-7.

fx) = (x*=3)/x>.

I writing f(x)=x"'-3x"", we obtain f'(x)=-1/x>+9/x*=~(x—3)(x+3)/x*. Similarly, f"(x)=
—-2(18 — x*)/x". So the critical numbers are 3, —3. f"(3)=—-% <0. Thus, there is a relative maximum at
x=3, y=3%. f'(-3)=%>0. Thus, thereis arelative minimum at x= -3, y=—3. Thereisa vertical
asymptote at x=0. As x—0%, flx)»>-=. As x—07, f(x)»>+x. As x->+o, flx)—0. As
x—>—x, f(x)->0. Thus, the x-axis is a horizontal asymptote on the right and on the left. There are infiection
points where x> =18, thatis,at x==*3V2==x42 y=25{V2~=02. See Fig. 158.

- (35)
Lt Lol Y
\/ - X
i(-3vz,- 22) -

*(5-3)

Fig. 158

flix)=(x — 1)x*

, 3 -1 - (x-1)" 20 (x—1)Bx—2(x— 1 —1)%(x+2
{ PR GLE b i €S VP S Vi LS ) I R V)
x x x
- . 6(x — 1) e .
Similarly, f'(x)= —. The critical numbers are 1 and -2. Since f"(1)=0, we use the first-

derivative test for x=1. Clearly, f'(x) is positive on both sides of x =1; hence, we have the case {+, +},
and there is an inflection point at x=1. On the other hand. f"(—2)=—% <0, and there is a relative
maximum at x=-2, y=-—%. There is a vertical asymptote at x=0; notice that,
as x—0, f(x)——« from both sides. As x— +%, f(xX)>+». As x— -, f(x)— —. Note

also that f(x)-(x—3)—0 as x— *x. Hence, theline y=x—3 isan asymptote. See Fig. 15-9.

If, forallx, f'(x)>0 and f"(x) <0, which of the curves in Fig. 15-10 could be part of the graph of f?
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15.21

15.22

77\

: -

(a) (®) (©

/ : —
/ /

(d) (o)
Fig. 15-10

I Since f"(x)<0, the graph must be concave downward. This eliminates (a), (c), and (e). Since
f'(x)>0, the slope of the tangent line must be positive. This eliminates (b). The only possibility is (d).

At which of the five indicated points of the graph in Fig 15-11 do y' and y” have the same sign?

J At A and B, the graph is concave downward, and, therefore, y”<0. The slope y’ of the tangent line is >0
at A and <0 at B. Thus, B is one of the desired points. At C, there is an inflection point, and therefore,
y"=0; however, the slope y’ of the tangent line at C is not 0, and, therefore, C does not qualify. At D and E,
the graph is concave upward, and, therefore, y">0. At E, theslope y of the tangent line is >0, and, therefore,
E is one of the desired points. At D, the slope y’ of the tangent line seems to be 0, and, therefore, D does not

qualify. Thus, B and E are the only points that qualify.

vy

(=2,4+k)

x
Fig. 15-11 ©. k) Fig. 15-12

If f(x)=x>+3x"+k hasthree distinct real roots, what are the bounds on k?

I f(x)=3x"+6x=3x(x+2), and f"(x)=6x+6=6(x+1). The critical numbers are 0 and —2. Since
f'(0)=6>0, there is a relative minimum at x=0, y=k. Since f'(—-2)=-6<0, there is a relative
maximum at x= -2, y=4+k. Since there are no critical numbers >0 and there is a relative minimum at
x=0, the graph to the right of x =0 keeps on going up toward +w. Since there are no critical numbers
< —2 and there is a relative maximum at x = —2, the graph to the left of x= -2 keeps on going down
toward —». Hence, a partial sketch of the graph, with the axes missing, is shown in Fig. 15-12.  Since there are
three distinct real roots, the graph must intersect the x-axis at three distinct points. Thus, the x-axis must lie
strictly between y=+k and y=4+k, thatis, k<0<4+ k. Hence, —4<k<0.
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In each of Problems 15.23 to 15-29, sketch the graph of a continuous function f satisfying the given conditions.
1523 f(1)=-2, f'(1)=0, f"(x)>0 forallx.

I Since f"(x)>0 for all x, the graph is concave upward. Since f'(1)=0 and f"(1)>0, thereis a
relative minimum at x =1. Hence, the graph in Fig. 15-13 satisfies the requirements.

LY 194

3P

VAR i

Fig. 1513 Fig. 15-14

[

1524  f(2)=3, f(2)=0, f'(x)<0 forallx.

I since f"(x)<0, the graph is concave downward. Since f'(2)=0 and f"(2)<O0, there is a relative
maximum at x=2, y=3. The graph in Fig. 15-14 satisfies these requirements.

15.28 f(1)=1, f'(x)<0 for x>1, f'(x)>0 for x<1, lim f) =+, lim flx) = —c.

I The graph is concave upward for x <1 and concave downward for x>>1; therefore, it has an inflection
pointat x=1, y=1. A possible graph is shown in Fig. 15.15.

Ary

1 ’

1526 f(0)=0, f'(x)<0 for x>0, f'(x)>0 for x<O, lir{l f(x)=1, Jim fx)=-1.

Fig. 15-15

I The graph must be concave upward for x <0 and concave downward for x>0, so there is an inflection
point at x=0, y=0. Theline y=1 Iis a horizontal asymptote to the right, and the line y=-1 isa
horizontal asymptote to the left. Such a graph is shown in Fig. 15-16.

- —— —— — — — ——— ——

ot

Fig. 15-16
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15.27

15.28

15.29

15.30

15.31

fO)=1, f)<0 for x#0, lm f(x)=+=, lim f'(x)=—,
x—0* x—=

I For x#0, thegraphisconcave downward. As the graph approaches (0, 1) from the right, the slope of the
tangent line approaches +w. As the graph approaches (0, 1) from the left, the slope of the tangent line
approaches —. Such a graph is shown in Fig. 15-17.

y

Y \
N

Fig. 15-17 Fig. 15-18

=

w

f(0)=0, f'(x)>0 for x<0, f'(x)<0 for x>0, lix}}f f'(x)=+0o, lim f'(x)= +oo.
x> x~>0"

I The graph is concave upward for x <0 and concave downward for x>0. As the graph approaches the
origin from the left or from the right, the slope of the tangent line approaches +«. Such a graph is shown in Fig.
15-18.

f0)y=1, f'(x)<0 if x#0, lit(l)l+ f'(x)=0, xl_i»r‘r)lf f'(x)=—.

I The graph is concave downward. As the graph approaches (0, 1) from the right, it levels off. As the graph
approaches (0, 1) from the left, the slope of the tangent line approaches —c. Such a graph is shown in Fig. 15-19.

I 94
b Y
2 —
[ 1
1 1 1 >
- -1 12 x
x - -1
- -2
Fig. 15-19 Fig. 15-20

Sketch the graph of f(x) = x|x —1].

I First consider x>1. Then f(x)=x(x—1)=x>—x=(x—1)’— 1. The graph is part of a parabola with
vertex at (3, —1) and passing through (1,0). Now consider x<1. Then f(x)=-x(x—-1)=-(x*-x)=
~[(x—-4)*—4]=—(x—4)*+ 4. Thus, we have part of a parabola with vertex at (1, }). The graph is shown

in Fig. 15-20.

Let f(x)=x"+ Ax’+ Bx*+ Cx+ D. Assume that the graph of y=f(x) is symmetric with respect to the
y-axis, has a relative maximum at (0, 1), and has an absolute minimum at (k, —3). Find A, B, C, and D, as well
as the possible value(s) of k.

I 1t is given that f(x) is an even function, so A=C=0. Thus, f(x)=x"+ Bx*+ D. Since the graph
passes through (0,1), D=1. So, f(x)=x"+ Bx*+1. Then f'(x)=4x>+2Bx=2x(2x>+ B). Oand k
are critical numbers, where 2k>+ B =0. Since (k, —3)is on the graph, k*+ Bk*+1=—3. Replacing B by
~2k% k*—-2k*=-4, k=4, k*=2, B=-4. kcanbe +V2.
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In Problems 15.32 to 15.54, sketch the graphs of the given functions.

f(x) =sin® x.

I Sincesin (x + #) = —sinx, f(x) has a period of .

Now, f'(x)=2sinx-cosx=sin2x. f"(x)=2cos2x.
bers 0, —w/2, w/2. f"(0)=2>0; hence, there is a relative minimum at
hence, there is a relative maximum at x=n/2, y=1,
points occur where f"(x)=2cos2x =0, 2x=*7u/2,

So, we need only show the graphfor —#w/2=x= #/2.

Within [~ /2, 7/2}, we only have the critical num-
x=0, y=0. f'(w/2)=-2<0;
and similarly at x=-#/2, y=1. Inflection

x==m/4,y=1. The graph is shown in Fig. 15-21.

y y
Vil
o 1
S\ s /
2
1 1 ! 1 . 1 1 ! -
-z -7 0 3 3 x z b i Iz oas x
3+
Fig. 15-21 Fig. 15-22

f(x) =sin x + cos x.

I f(x) has a period of 27. Hence, we need only consider the interval [0, 27]. f'(x)=cosx —sinx. and
f"(x) = —(sin x + cos x). The critical numbers occur where cosx =sinx or tanx=1, x=x/4 or x=
Swid. f(wld)=—(VZ/2+V2/2)=-VZ<0. So, there is a relative maximum at x==u/4, y=V2.
f"(5mi4)=—(—=V2/2—=V2/2)=V2>0. Thus, there is a relative minimum at x=57/4, y=-V2. The
inflection points occur where f"(x) = —(sinx +cosx) =0, sinx=-cosx, tanx=-—1, x=37/4 or x=
Tmi4, y=0. See Fig. 15-22.

f(x) = 3sin x —sin’ x.

I f(x)=3cosx—3sin®x-cosx=3 cosx(l—sin*x) = 3cosx-cos’x=3 cos’x. f'(x)=9cos’x-(—sinx)
= —9cos’ x -sinx. Since f(x) has a period of 27, we need only look at, say, (—a, w). The critical numbers are
the solutions of 3cos’x=0, cosx=0, x=-=w/2 or x=x/2. f'(—mw/2)=0, so we must use the
first-derivative test.  f'(x) is negative to the left of —#/2 and positive to the right of —#/2. Hence, we have the
case {—, +}, and there is a relative minimum at x = —=/2, y= —2. Similarly, there is a relative maximum
at x=m/2, y=2. [Notice thatf{x)isanodd function; thatis, f(-~x)=—f(x).] To find inflection points,
set  f'(x)=-9cos’ x-sinx =0. Aside from the critical numbers + /2, this yields the solutions — 7. 0, 7
of sinx =0. Thus, there are inflection points at (—, 0), (0,0), (7, 0). See Fig. 15-23.

184

=

Fig. 15-23

f(x) = cos x — cos’ x.

I f'(x)=—sinx —2(cos x)(—sin x) = (sin x)(2 cos x ~ 1), and f"(x) = (sin x)(~2sin x) + (2 cos x — 1)(cos x) =
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15.36

15.37

15.38

15.39

2(cos’ x — sin® x) — cos x = 2(2 cos” x ~ 1) — cos x =4 cos’ x —cos x —2. Since f(x) has a period of 27, we need
only consider, say, [—, w]. Moreover, since f(—x)= f(x), we only have to consider [0, 7], and then reflect
in the y-axis. The critical numbers are the solutions in [0, #]Jof sinx=0 or 2cosx—-1=0. The equation
sinx=0 has the solutions 0, w. The equation 2cosx—1=0 is equivalent to cosx =3, having the
solution x= /3. f"(0)=1>0, sothereisarelative minimumat x=0, y=0. f%(a7)=3>0, sothere
is a relative minimum at x=m, y=-2. f%#/3)=-3<0, so there is a relative maximum at x = /3,
y = 1. There are inflection points between 0 and /3 and between 7r/3 and w; they can be approximated by
using the quadratic formula to solve  f“(x) =4 cos’x —cosx —2=0 for cos x, and then using a cosine table to
approximate x. See Fig. 15-24.

-2 F

Fig. 15-24 Fig. 15-25
f(x) = |sin x|.

I Since f(x) is even, has a period of 7, and coincides with sin x on [0, 7/2], we get the curve of Fig. 15-25.
f(x)=sinx + x.

I f(x)=cosx+1. f(x)=-—sinx. The critical numbers are the solutions of cosx=-1, x=(2n+1)m.

The first derivative test yields the case {+, +}, and, therefore, we obtain only inflection points at x = (2n + 1),
y=(2n+1)w. See Fig. 15-26.

| 1 | 1

— 2
—47 ~37 2@ -7, X
v 3y,
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’ Fig. 15-26

N
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|
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1 1
N
3
Q
[
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Fig. 15-27
f(x) = sin x + sin |x|.

I Case 1. x=0. Then f(x)=2sinx. Case 2. x<0. Then f(x)=0 [since sin(—x)= ~sinx]. See
Fig. 15-27.

9+ x°
f(x)=9—x2
9+ x*
! 0= G969
f,(x)z(9—x2)2x—(9+x2)(—-2x): 2x(18)  36x

(9-x*) 9-x*Y  (9-x°)
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(9—x%) +4x° 3+ %7

(9 — x2)? — %[2(9 — x*)(—2x%)] _ _
=36 =108 G5

(9-x%* (9-x*y

The only critical number is 0. f"(0) = § >0, so there is a relative minimum at x=0, y=1. There are no
inflection points. Vertical asymptotes occur at x=-3 and x=3. As x—>-37, f(x)— —, since
9+x*> and 3-—x arepositive, while 3+ x isnegative. Similarly,as x— -3", f(x)— +». Note that
f(—=x)=f(x), so the graph is symmetric with respect to the y-axis. In particular, at the vertical asymptote
x=3, as x—37, f(x)—>+», and, as x—3", f(x)—> - As x—>xo, flx)=(9/x>+1)/(9/x*-1)—
—1. Thus, the line y= -1 is a horizontal asymptote on the left and right. Observe that f'(x)>0 for
—3<x<3; hence, the graph is concave upward on that interval. In addition, f'(x)<0 for |x|>3;
hence, the graph is concave downward for x>3 and x<-3. See Fig. 15-28.

f(x)=36

l ]

| ‘ !

! I

| !

! 1 I

1 t

| |

—3? 3 >

+ R e P

I !

| !

| i

| 1

| I

: : Fig. 15-28

1540 f(x)= xzx_ -
x
J == he+Dn
o (2= —x(2x) _ 1+
fix)= = 1)2 = (x2 1y
v (oD@ -A+ARE -1 2] 2D -(1+x")2 _ 2x(3+x7)
frx)=— (x2_1)4 = (x2—1)3 (x2—1)3

There are no critical numbers. There are vertical asymptotes at x=1 and x=-1. As x—17,
fx)—=+2, As x—17, f(x)—»-o. As x—>-1", f(x)>+x. As x—> -1, f(x)—> - As x—> *x,
f(x)=(1/x)/(1 ~1/x*)—0. Hence, the x-axis is a horizontal asymptote to the right and left. There is an
inflection point at x=0, y=0. The concavity is upward for x>1 and for —-1<x<0, where
f'(x)>0; elsewhere, the concavity is downward. See Fig. 15-29.

-1

e e e e — = — —
e e e e e e e e =
Y

Fig. 15-29
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15.41

15.42

15.43

fx)=x+9/x.

I f(x)=1-9/x"=("-9)/x*=(x—3)(x +3)/x* f"(x)=18/x>. The critical numbers are +3. f"(3)=
2>0, so there is a relative minimum at x=3, y=6. f"(-3)=-%<0, so there is relative maximum
at x=-3, y=-—6. There is a vertical asymptote at x=0: as x—0", f(x)—>+»; as x—0,
fx)—>—=. As x—>zxowo, flx)—x=9/x—0; so the line y=x is an asymptote. The concavity is
upward for x>0 and downward for x<0. Note that f(x)=—f(~x), so the graph is symmetric with
respect to the origin. See Fig. 15-30.

\

Fig. 15-30
2x°
f(x) = +3
s (P +3)(4x) —2x°(2x) _ 12
! f'x)= (x2+3)2 = (x2+3)2
oy _ @2 +3)°(12) - 12x[2(x* +3)(2x)] _ ., (P +3)—4x® _ . 3- 3 _ 1-x
f)= (x> +3)* =B o +3) (x> +3) 36 (x*+3)°

The only critical number is 0. f"(0) = 4 >0, so there is a relative minimum at x=0, y=0. Note that

f(x) = f(—x); hence, the graph is symmetric with respect to the y-axis. As x— *w, f(x)—2. Hence, the

line y=2 isa horizontal asymptote on the right and left. There are inflection points where  f"(x) =0, that
1

is,at x==1, y=3. SeeFig. 15-31.

A
(_1’ 3)
S .
-1, 1, o
( 2) ° ( % ) (\3/5, 0)
-1 1
Fig. 15-31 Fig. 15-32

flxy=x>—-2/x.

I f0)=0"-2)x. fl)=2x+2/x" =2 +1)/x" fix)=2-4/x*=2(1-2/x*)=2(x-2)/x’. The
only critical number is the solution —1 of x*+1=0. f%(~1)=6>0, so there is a relative minimum
at x=-1, y=3. Thereis a vertical asymptote at x=0. As x—0', f(x)>-= As x—0,
flx)— +». As x—xx, f(x)—+x. Thereisaninflection pointat x=v2, y=0; the graph is concave
upward to the right of that point, as well as for x<0. See Fig. 15-32.



15.44

15.45

15.46

15.47
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fx) = %x”:’ — 323

I f(x)=3"(4x-1). flx)=x*" — 2=y (x = 2) = (x —2) /R flx)=38x"""+ 2=
2"+ 1) =3(x+ l)/f/?. There are critical numbers at 2 and 0. f"(2)>0; hence, there is a relative
minimum at x=2, y= 3W4(—3)~-3.2. Near x=0, f'(x)is positive to the left and negative to the
right, so we have the case {+, —} of the first-derivative test and there is a relative maximum at x=0, y=0.
As x—+wo, f(x)—>+». As x—>-=. f(x)—>—x. Note that the graph cuts the x-axis at the solution
x=5 of ix—1=0. Thereis an inflection point at x= -1, y=-3.6. The graph is concave downward
for x<-1 and concave upward elsewhere. Observe that there is a cusp at the origin. See Fig. 15-33.

(-1.3)

Y

0,1

(1.-1)

Fig. 15-33 Fig. 15-34

f(x)=3x" -5+ 1.
I f(x)=15x" 152 = 15 (¢ - 1) = 15x°(x = 1)(x + 1), and  f'(x) =15(4x" —2x) =30x(2x* - 1). The

critical numbers are 0, =1. f“(1)=30>0. so there is a relative minimum at x=1, y=-1. f(-1)=
-30<0, sothereisa re}ative maximugn at x=-1, y=3. Near x=0, f'(x)isnegative to the right and
left of x=0 (since x>0 and x*—1<0). Thus, we have the case {—, —} of the first-derivative test,

and therefore, there is an inflection point at x=0, y=1. As x—+x, flx)=>+x As x— —x,
f(x)— —. There are also inflection points at the solutions of 2x°—1=0, x==*V2/2==0.7. See Fig.
15-34.

fxy=x*-2x*+1.

I Note that the function is even. f(x)=(x*~1)% f'(x)=4x’—4x=4x(x* —1)=4dx(x —1)(x +1), and
f"(x) =4(3x*>—1). The critical numbers are 0, 1. f"(0) = —4 <0, so there is a relative maximumat x =0,
y=1. f"(x1)=8>0, so there are relative minima at x =1, y=0. There are inflection points where
3x2-1=0, x==+V3/3=06, y=34=04 As x— *x, f(x)—>+=.  See Fig. 15-35.

Fig. 15-35

x
x) = .

= 75=s

d The function is not defined when x°<9, thatis, for —3<x<3. Observe also that f(—x)=—f(x),

so the graph is symmetric with respect to the origin.

X

flx)= -9
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15.48

15.49

flx)= -9 -9y ST 9y
27x
There are no critical numbers.  There are vertical asymptotes  x =31 and x=-3. As x—3",
x)—>+x. As x—-37, x)— -, As x—>+om, X) = —p=————], Hence, as x— —%,
fx) £ 1) = =

flx)—> —=1. Thus, y=1 Iisa horizontal asymptote on the right, and y = —1 is a horizontal asymptote on
the left. See Fig. 15-36.

(=92 —x-1(x*-9)"""*(2x) _ (-9 - 9

1) = B =9) " 2x =

— . n —m—— o ol ——— = = - e e — —

-t —————
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- —
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Fig. 15-36
)= —
fO=G e
e (1D =x2x+1)  (x+1)-2x 1-x

I f@) G+ 1) BT RTINS

) = x+ 1’1 -1 -x)-3(x+1) __ Gt D+3(-x) _ 2(x-2)

(x +1)° (x+1)* (x+ 1)

The only critical number is 1. f'(1) =~} <0, so there is a relative maximum at x=1, y=1. The line

x=-—1 is a vertical asymptote. As x—>—1, f(x)——». As x—>=*x, fx)=(1/x)/(1+1/x)’—0.
Thus, the x-axis is a horizontal asymptote on the right and left. There is an inflection point at x=2, y= 3.
The curve is concave downward for x <2. See Fig. 15-37.
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Fig. 15-37

I f(x)=x*-6x>+8x+8.

I f'(x)=4r-12x+8=4(x>-3x+2), and f'(x)=12x"~12=12(x> — 1) = 12(x = 1)(x + 1). The critical
numbers are the solutions of x” —3x+2=0. Inspecting the integral factors of the constant term 2, we see that
lisaroot. Dividing x*—3x+2 by x—1, weobtain the quotient x*+ x—2=(x— 1){(x+2). Hence,
F'(x) =4(x —1)*(x +2). Thus, the critical numbers are 1 and —2. f"(—2)=36>0, so there is a relative
minimum at x=-2, y=-16. At x=1, use the first-derivative test. To the right and left of x =1,
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Fig. 15-38

f'(x)>0, so we have the case {+, +}, and there is an inflection point at x=1, y=11. There is another
inflection point at x=-1, y=-5. As x—>=*x, f(x)— +=. See Fig. 15-38.

1550 f(x)= (_)ﬁx—:—é} .
von (x=2)(x—6)(4x) —2x*(2x —8)  16x(3 —x)
J f'x)= (x —2)(x - 6) T (x —2)’(x - 6)?
v (0 =2)°(x — 6)°(48 — 32x) = 16x(3 — x) - 2(x — 2)(x — 6)(2x —8) _ 16(2x’ — 9x + 36)
frx)= (x = 2)*(x - 6)° (x—2)(x—6)’

The critical numbers are 0 and 3. f"(0)>0, so there is a relative minimum at x=0, y=0. f"(3)<0;
hence, there is a relative maximum at x=3, y=-6. The lines x=2 and x=6 are vertical asymp-
totes. As x—67, fx)—+x. As x—6, flx)—>-o As x—2', flx)—-= As x—2,
f(x)—> +o. As x—x0o, f(x)=2/(1—-2/x)(1—-6/x)—2. Hence, theline y =2 is a horizontal asymptote
on the right and left. There is a root of 2x> —9x*+36=0 between x=-1 and x=—2 that yields an
inflection point. See Fig. 15-39.

oy
.

I ..
|
|
‘—......__-

e e — — | l _
bo— 14 -
213 l'6
| I
I !
| {
| 3., -6) !
_.6 [ ] : ’ :
Ir\ :
[
| i Fig. 15-39
sin x
15.51  f(x)= T cosx’

I Since f(x) has a period of 27 and is an odd function, we can restrict attention to [0, #].

vron . (2—cos x)(cos x) — (sinx)(sinx) _ 2cosx — 1
fx= (2 —cos x)° (2 - cos x)°
v~ (2—cos x)*(—=2sin x) — (2 cos x — 1)-2(2 — cos x)(sin x)
fx= (2 - cos x)*
= (-7 2—cosx+2cosx—1=*25inx(1+cosx)
=(~2sinx) (2 -cos x)° (2 —cos x)’

The critical numbers are the solutions in [0, 7] of cosx =3, thatis, w/3. f(w/3)= -2V3/3<0; thus,
there is a relative maximum at x= /3, y=V3/3. The graph intersects the x-axis at x=0 and =
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15.52

15.53

15.54

There is an inflection point where f"(x) =0, that is, where sinx=0 or cosx=—1, namely, x=0,
x=m. See Fig. 15-40.
A (E _\/_3) A
3° 3
/\ ] @ m — e e — -
AN . - >
AN BRI
3 3
59 -
3 3
Fig. 15-40 Fig. 15-41
\Z4
=17
I Note that f(x) is defined only for x=0.
() = (1+vx)(1/2vE) = VX(1/12VZ) _ 1
fx)= 1+ V7 2VE(1 + Vi)

o= <%>[(1 +—\2/f)3]<2\1/f> T +1\/Y)2 - '41?)(731’3) B 4x2(a/}vx)3 Gvi+h

The only critical number is x =0. Since f(x) is always positive, f(x) is an increasing function.
x—>+o, f(x)=1/(1/vT+1)—1. Thus,theline y=1 Iisanasymptote on the right.
negative, the graph is always concave downward. See Fig. 15-41.

In addition, as
Since f"(x) is always

f(x)=sinx + V3cos x.

I f(x) has a period of 2, so we consider only [0,27]. f'(x)=cosx—V3sinx, and f'(x)= —sinx—
V3cosx = —f(x). The critical numbers are the solutions of cosx —V3sinx=0, tanx=1/V3, x=7/6
or x=7w/6. f'(mw/6)=-2<0, so there is a relative maximum at x=x/6, y=2. fY(7m/6)=2>0,
so there is a relative minimum at x=7#/6, y=—2. The graph cuts the x-axis at the solutions of
sinx+V3cosx=0, tanx=-V3, x=2x/3 or x=S5m/3, which also yield the inflection points [since

f'(x) = —f(x)]. See Fig. 15-42.
w
4 (5.2)
2 4
V3 ¢
ZI w 2'11' >
3
-2 v
Tn
(_6" —2> Fig. 15-42
f&x)=xV1—x.

I y=f(x) isdefined for x=<1. When 0<x<1, y>0, and, when x<0, y<O0, yr=x*(1-x)=
x> —x*> Hence, 2yy'=2x—-3x"=x(2-3x). So, x=3% is a critical number. Differentiating again,

2Ayy"+y'-y')=2-6x, yy"+(y')’=1-3x. When x=3, y=2V3/9, (2V3/9)y"=1-3(3)=-1, y'<
0; so there is a relative maximum at x=3. When x#0, 4y’y'°=x(2-3x), 4x’(1-x)y" " =x(2-
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q
L

Fig. 15-43

3x)%, 41-x)y'>=(2-3x)> So, as x—0, y?—>1. Since 2yy'=x(2-3x), as x—0", y' —1,
and, as x—07, y'—1. As x—> -, y—-wo Let us look for inflection points. Assume y"=0.
Then, y?=1-3x, 4y*(1-3x)=x’(2-3x), 4x’(Q-x)(1-3x)=x*(2-3x)>, 4(1-x)(1-3x)=(2-
3x)2, 4-16x+12x*=9x* -~ 12x +4, —16+12x=9x—12, 3x=4, x=2. Hence, there are no inflection
points. See Fig. 15-43.

15.55  Sketch the graph of a function f(x) having the following properties: f(0)=0, f(x) is continuous except at
x=2, liné f(x) = +»,  lim_ fx)=0, lirg f(x)=3, f(x) is differentiable except at x =2 and x=-1,
flx)>0 if -1<x<2, f'(x)<0 if x<-1 or x>2, f'(x)<0 if x<0 and x#-1, f(x)>0 if
x>0 and x#2.

I See Fig. 15-44.

!
—

——— et . " tvn i o — o —
(8]

Fig. 15.44
15.56  Sketch the graph of a function f(x) such that: f(0)=0, f(2)=f(-2)=1, f(0)=0, f'(x)>0 for x>0,
i) <0 for x<0, f'(x)>0 for |x|<2, f(x)<0 for [x|>2, lim f(x)=2, lim f(x)=2.

I See Fig. 15-45.

1e

\j

Fig. 15-45



116 [ CHAPTER 15

A

\ AN
_3\__2/_1

Fig. 15-46 Fig. 15-47

15.57  Sketch the graph of f'(x), if Fig. 15-46 gives the graph of f(x).

I A possible graph for f'(x) is shown in Fig. 15-47. At x=-2, f'(x)=0. Totheleftof x=-2, f'(x)
is negative and approaches —® as x——«, From x=-2 to x=-1, f'(x)is positive and increasing.
At x=—1, the graph of f has an inflection point, where f'(x) reaches a relative maximum. From x= -1
to x=0, f'(x)is positive and decreasingto 0. From x=0 to x=1, f'(x)is negative and decreasing.
At x=1, where the graph of f has an inflection point, the graph of f' has a relative minimum. From x=1
to x=2, f'(x)is negative and increasing, reaching0at x=2. From x=2 to x=3, f'(x)is positive
and increasing toward +®. At x =3, fis not differentiable, so f' is not defined. The graph of f' has x =3
as a vertical asymptote. For x>3, f’(x) has a constant negative value (approximately —1).

Problems 15.58 to 15.61 refer to the function f(x) graphed in Fig. 15-48.

y :f(x—)

Fig. 15-48 Fig. 15-49

15.58  Which of the functions f(x)—1, f(x~1), f(—x), or f'(x) is graphed in Fig. 15-49?

I This is the graph of f(x —1). It is obtained by shifting the graph of f(x) one unit to the right.

15.59  Which of the functions f(x)—-1, Ffx-1), f(-x), or f’(x) is graphed in Fig. 15-507

I This is the graph of f(—x). It is obtained by reflecting the graph of f(x) in the y-axis.

—

Fig. 15-50
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15.60  Which of the functions f(x)—1, f(x—1), f(-x), or f'(x) is graphed in Fig. 15-517
I This is the graph of f(x) — 1. It is obtained by lowering the graph of f(x) one unit.

3
2 1
1 —1/\
-1 N o
-1
Fig. 15-51 Fig. 15-52

15.61  Which of the functions f(x)~1, f(x—1), f(—x), or f'(x) is graphed in Fig. 15-52?

I This is the graph of f'(x). At x=-1, f'(x)=0. To the left of x=—1, f'(x) is negative and
decreases to ~® as x—> —o. Where the graph of f has an inflection point at x =0, f'(x) reaches a relative

(actually, absolute) maximum. For x>0, f'(x) is positive and decreasing toward 0. Thus, the positive
x-axis is a horizontal asymptote of the graph of f'(x).
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Applied Maximum and
Minimum Problems

16.1

16.2

16.3

16.4
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A rectangular field is to be fenced in so that the resulting area is ¢ square units. Find the dimensions of that field
(if any) for which the perimeter is a minimum, and the dimensions (if any) for which the perimeter is a maximum.

I Let ¢be the length and w the width. Then ¢w=c. The perimeter p=2¢+2w=2¢+2c/¢. ¢canbe
any positive number. D,p=2-2c/¢?>, and D}p=4c/¢>. Hence, solving 2-2c/¢*=0, we see that
¢ =+/C is a critical number. The second derivative is positive, and, therefore, there is a relative minimum at
¢ =+/c. Since that is the only critical number and the function 2¢€ +2c¢/¢ is continuous for all positive ¢,
there is an absolute minimum at ¢ =+v/c. (If p achieved a still smaller value at some other point £, there would
have to be a relative maximum at some point between V¢ and ¢, yielding another critical number.) When
¢€=+v¢, w=+vc. Thus, for a fixed area, the square is the rectangle with the smallest perimeter. Notice that
the perimeter does not achieve a maximum, since p=2¢+2c/f—+» as (- +ox,

Find the point(s) on the parabola 2x=y> closest to the point (1,0).

I Refer to Fig. 16-1. Let u be the distance between (1,0) and a point (x, y) on the parabola. Then
u=\(x—-1+y> To minimize u it suffices to minimize u’>=(x—1)"+y% Now, u’=(x-1)"+2x.
Since (x, y)is a pointon 2x=y° x can be any nonnegative number. Now, D (u*)=2(x—-1)+2=2x>0
for x>0. Hence, u”is an increasing function, and, therefore, its minimum value is attainedat x=0, y=0.

A

(0, 1)

\J

(1,0)

Fig. 16-1 Fig. 16-2

Find the point(s) on the hyperbola x> —y®>=2 closest to the point (0, 1).

I Refer to Fig. 16-2. Let u be the distance between (0,1) and a point (x, y) on the hyperbola. Then
u=Vx*+(y—-1) To minimize u, it suffices to minimize w’=x"+(y—-1>=2+y*+(y—1)> Since
x*=y*+2, y can be any real number. D,(u°)=2y+2(y—-1)=4y—2. Also, D}(u’)=4. The only
critical number is 1, and, since the second derivative is positive, there is a relative minimumat y=3, x==z=3.
Since there is only one critical number, this point yields the absolute minimum.

A closed box with a square base is to contain 252 cubic feet. The bottom costs $5 per square foot, the top costs $2
per square foot, and the sides cost $3 per square foot. Find the dimensions that will minimize the cost.

I Let s be the side of the square base and let 4 be the height. Then s’ =252. The cost of the bottom
is 55° the cost of the top is 2s> and the cost of each of the four sides is 3sh. Hence, the total cost
C =55 +25" +4(3sh) =7s" + 12sh = 7s* + 125(252/5s%) =7s* + 3024/s. s can be any positive number. Now,
D.C=14s—3024/s> and D>C=14+6048/s’. Solving 14s—3024/s°=0, 14s’=3024, s’ =216, s=6.
Thus, s =46 is the only critical number. Since the second derivative is always positive for s>0, thereisa
relative minimum at s=6. Since s=26 is the only critical number, it yields an absolute minimum. When
§s=6, h=1.
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16.7

16.8
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A printed page must contain 60 cm’ of printed material. There are to be margins of 5cm on either side and
margins of 3 cm on the top and bottom (Fig. 16-3). How long should the printed lines be in order to minimize the
amount of paper used?

5 5 Fig. 16-3

I Let x be the length of the line and let y be the height of the printed material. Then xy =60. The amount
of paper A= (x+10)(y+6)=(x +10)(60/x +6) =6(10+ x +100/x + 10) =6(20 + x + 100/x). x can be
any positive number. Then D_A=6(1—-100/x’) and D2A=1200/x> Solving 1-100/x*=0, we see
that the only critical number is 10. Since the second derivative is positive, there is a relative minimum at
x =10, and, since this is the only critical number, there is an absolute minimum at x = 10.

A farmer wishes to fence in a rectangular field of 10,000 ft>2  The north-south fences will cost $1.50 per foot, while
the east-west fences will cost $6.00 per foot. Find the dimensions of the field that will minimize the cost.

I Let x be the east-west dimension, and let y be the north-south dimension. Then xy =10,000. The cost
C=6(2x) + 1.5(2y) = 12x + 3y = 12x + 3(10,000/x) = 12x + 30,000/x. x can be any positive number. D C=
12-30,000/x>. D2>C=60,000/x>. Solving 12-30,000/x>*=0, 2500=x> x=50. Thus, 50 is the only
critical number. Since the second derivative is positive, there is a relative minimum at x =50. Since this is the
only critical number, this is an absolute minimum. When x =50, y=200.

Find the dimensions of the closed cylindrical can that will have a capacity of k units of volume and will use the
minimum amount of material. Find the ratio of the height 4 to the radius r of the top and bottom.

I The volume k= mr’h. The amount of material M =2mr’+27rh. (This is the area of the top and
bottom, plus the lateral area.) So M =2mr’+2wr(k/mr’)=2mr’+2k/r. Then D,M=4mr—2k/r’
D>M =4 +4k/r’. Solving 4mr—2k/r*=0, we find that the only critical number is r=Vk/2Zm. Since
the second derivative is positive, this yields a relative minimum, which, by the uniqueness of the critical number, is
an absolute minimum. Note that k= 7r’h = wr’(h/r) = w(k/27)(h/r). Hence, h/r=2.

In Problem 16.7, find the ratio A/r that will minimize the amount of material used if the bottom and top of the can
have to be cut from square pieces of metal and the rest of these squares are wasted.  Also find the resulting ratio
of height to radius.

I k=nr’h. Now M=8r"+2urh=8r+2mr(kimr’)=8r"+2k/r. D,M=16r—2k/r>. DM=16+
Ak/r’ Solving for the critical number, rP=k/8 r= Vk/2. As before, this yields an absolute minimum.
Again, k= mwr’h=ar’(hi/r)= w(k/8)(h/r). So, h/r=8/m.

A thin-walled cone-shaped cup (Fig. 16-4) is to hold 36 in’ of water when full. What dimensions will minimize
the amount of material needed for the cup?

I 1Let r be the radius and A be the height. Then the volume 367 = 1@r*h. The lateral surface area
A=mrs, where s is the slant height of the cone. s>=r>+h> and h=108/r" Hence, A=

ar\/r® + (108/r%)* = (w/r)\/r® + (108)>. Then,

wlr-L-6r3\Vr® + (108)2 — V/r® + (108)°]
D,A= >
r

_ w{3r® = [r® + (108)*]} _ w[2r® — (108)]
r\r® + (108)° r*\r® + (108)*
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Solving 2r®—(108)> =0 for the critical number, r=3V2. The first-derivative test yields the case {—, +},
showing that r=3V2 gives a relative minimum, which, by the uniqueness of the critical number, must be an
absolute minimum. When r=3V2, h=6.

Fig. 16-4

A rectangular bin, open at the top, is required to contain 128 cubic meters. If the bottom is to be a square, ata
cost of $2 per square meter, while the sides cost $0.50 per square meter, what dimensions will minimize the cost?

I Let s be the side of the bottom square and let & be the height. Then 128 =s’h. The cost (in doitars)
C =25+ §(4sh) = 257 + 25(128/5%) = 25* + 256/s, so D C=4s—256/s’, D;C=4+512/s> Solving 4s—
256/s° =0, s’=64, s=4. Since the second derivative is positive, the critical number s=4 yields arelative
minimum, which, by the uniqueness of the critical number, is an absolute minimum. When s=4, h=8.

The selling price P of anitemis 100 —0.02x dollars, where x is the number of items produced per day. If the
cost C of producing and selling x items is 40x + 15,000 dollars per day, how many items should be produced
and sold every day in order to maximize the profit?

I The total income per day is x(100— 0.02x). Hence the profit G = x(100— 0.02x) — (40x + 15,000) =
60x —0.02x* — 15,000, and D ,G=60-0.04x and D2G=-0.04. Hence, the unique critical number is
the solution of 60-—0.04x =0, =1500. Since the second derivative is negative, this yields a relative
maximum, which, by the uniqueness of the critical number, is an absolute maximum.

Find the point(s) on the graph of 3x*+ 10xy +3y> =9 closest to the origin.

I 1t suffices to minimize u=x”+y’, the square of the distance from the origin. By implicit differentiation,
Du=2x+2yD,y and 6x+10(xD,y +y)+6yD,y=0. From the second equation, D y=—(3x+5y)/
(5x +3y), and, then, substituting in the first equation, D u=2x+2y[—(3x+5y)/(5x +3y)]. Setting
Du=0, x(5x+3y)—y(3x+5y)=0, 5(x*-y’)=0, x’=y>, x==y. Substituting in the equation of the
graph, 6x° +10x” =9. Hence, we have the + sign,and 16x*=9, x==3 and y==*2. Thus, the two
points closest to the origin are (3, 3) and (-3, —3).

A man at a point P on the shore of a circular lake of radius 1 mile wants to reach the point Q on the shore
diametrically opposite P (Fig. 16-5). He can row 1.5 miles per hour and walk 3 miles per hour. At what angle 6
(0=6=x/2) to the diameter PQ should he row in order to minimize the time required to reach Q?

Fig. 16-5
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I Let R be the point where the boat lands, and let O be the center of the circle. Since AOPR is isosceles,
PR =2cos 0. The arc length RAQ =20. Hence, the time T = PR/1.5+ RQ/3=%cos8+ %6. So, D, T=
—3sin@+3%. Setting D,T=0, we find sin6=3, ¢=n/6. Since T is a continuous function on the
closed interval [0, /2], we can use the tabular method. List the critical number /6 and the endpoints 0 and
w/2, and compute the corresponding values of 7. The smallest of these values is the absolute minimum.
Clearly, 7/3<%, and it is easy to check that #/3<(6V3+ 7)/9. (Assume the contrary and obtain the
false consequence that 7 >3V3.) Thus, the absolute minimum is attained when 6 = /2. That means that

the man walks all the way.

6 | =6 0 /2
T 6V3+m)/9 4 w3

[

Find the answer to Problem 16.13 when, instead of rowing, the man can paddle a canoe at 4 miles per hour.

I Using the same notation as in Problem 16.13, we find 7T=1cos0+ 26, D,T=—1sin6+ 3. Setting
D,T=0, We obtain sin® =%, which is impossible. Hence, we use the tabular method for just the
endpoints 0 and /2. Then, since % < a/3, the absolute minimum is 3, attained when 6 =0. Hence, in
this case, the man paddles all the way.

6 0 wl2
T 1 w/3

A wire 16 feet long has to be formed into a rectangle. What dimensions should the rectangle have to maximize
the area?

I Llet x and y be the dimensions. Then 16=2x+2y, 8=x+y. Thus, 0=x=8. Thearea A=zxy=
x(8—x)=8x—x> so D,A=8-2x, D2A=-2. Hence, the only critical number is x=4. We can use
the tabular method. Then the maximum value 16 is attained when x=4. When x=4, y=4. Thus,the
rectangle is a square.

Find the height 4 and radius r of a cylinder of greatest volume that can be cut within a sphere of radius b.

I The axis of the cylinder must lie on a diameter of the sphere. From Fig. 16-6, b*>=r*+(h/2)>, so
the volume of the cylinder V= nwr’h=m(b®— h’/4)h = w(b’h — h*/4). Then D,V=m(b*—3h%4) and
D;V=—(3m/2)h, so the critical number is k=2b/V3. Since the second derivative is negative, there is a
relative maximum at 4 =2b/V3, which, by virtue of the uniqueness of the critical number, is an absolute
maximum. When h=2b/V3, r=b\2.

- —

DN

N ——— Fig. 16-6

Among all pairs of nonnegative numbers that add up to 5, find the pair that maximizes the product of the square of
the first number and the cube of the second number.

I Let x and y be the numbers. Then x+y=5. We wish to maximize P=x%’=(5-y)% Clearly,
2

0=y=5_ D,P=(5-y)'GBy")+y’[2(5 - y)(-D]=( -y’ [3(5-y) ~2y]=(5-y)y*(15-5y).  Hence,

the critical numbers are 0,3, and 5. By the tabular method, the absolute maximum for Pis 108, corresponding to

y=3. When y=3, x=2.
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A solid steel cylinder is to be produced so that the sum of its height 4 and diameter 2r is to be at most 3 units.
Find the dimensions that will maximize its volume.

I We may assume that h+2r=3. So, 0<r=32. Then V=mnr*h=ar*3-2r)=3nr"=2ar’ so
D,V=6nr—67r>. Hence, the critical numbers are 0 and 1. We use the tabular method. The maximum value
7 is attained when r=1. When r=1, h=1.

r'012
vio = o

Among all right triangles with fixed perimeter p, find the one with maximum area.

I Let the triangle A ABC have a right angle at C, and let the two sides have lengths x and y (Fig. 16-7). Then
the hypotenuse AB=p—x—y. Therefore, (p—x—y)’=x*+y° so 2p—-x—y)-1-Dy)=2x+
2yDy, Dyl(p—x-y+yl=Cp+tx—y)+x, Dy(p-x)=y-p, Dy=(y-p)/(p—x). Now, the
area A=jxy, D,A=3(xD,y+y)=3x(y —p)/(p—x)+y]=:{[x(y —p)+y(p —0)}/(p—x0)} = 2[p(y -
x)/(p—x)]. Then,when D A=0, y=x, andthe triangle isisosceles. Then, (p—2x)° =2x%,
p—2x=xV2, x=p/(2+V2). Thus, the only critical numberis x=p/(2+V2). Since 0=x<p,
we can us¢ the tabular method. When x=p/(2+V2), y=p/(2+V2), and A=3}[p2+V2)]>
When x=0, A=0. When x=p/2, y=0 and A=0. Hence, the maximum is attained when x=
y=pl2+V2).

A |
!
y h{
!
i cC—s
B X € Fig. 16-7 2c —2s Fig. 16-8

Of all isosceles triangles with a fixed perimeter, which one has the maximum area?

I Let s be the length of the equal sides, and let h be the altitude to the base. Let the fixed perimeter
be 2c. Then the base is 2c¢—2s. and (Fig. 16-8) h’=s’—(c—s5)°=2cs— ¢’ Hence, 2hDh=2c,
hDh = c. The area A= 1h(2c—2s)=h(c~s). So, DA=(c—s)D,h—h=(c—s)c/h—h= ic_:;l)_”__}l: -

2 2 2
c"—cs—2cs+¢ 2¢* — 3cs . .. -
= Solving 2¢®>—3es=0, we find the critical number s=32c. Now,

7 -
he(=3) — c(2¢ — 3s)D,h

, which eventually evaluates to —(c*/#°)(3s —c). When s=3c, the sec-

DA=
ond derivative becomes —(c/h’)<0. Hence, s= %c yields a relative maximum, which by virtue of the
uniqueness of the critical number, must be an absolute maximum. When s= 3¢, the base 2¢-—2s= 3c.
Hence, the triangle that maximizes the area is equilateral. [Can you see from the ellipse of Fig. 16-9 that of all
triangles with a fixed perimeter, the equilateral has the greatest area?)

Fig. 16.9

A rectangular yard is to be built which encloses 400 ft>. Two opposite sides are to be made from fencing which
costs $1 per foot, while the other two opposite sides are to be made from fencing which costs $2 per foot. Find
the least possible cost.
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I Let x be the length of the each side costing $1 per foot, and let y be the length of each side costing
$2 per foot. Then 400=xy. The cost C=4y+2x=1600/x +2x. Hence, D,C=-1600/x"+2 and
DXC=1600/x> Solving —1600/x*+2=0, x’=800, x=20VZ. Since the second derivative is positive,
this yields a relative minimum, which, by virtue of the uniqueness of the critical number, must be an absolute
minimum. Then the least cost is 1600/20V2 + 40V2 = 40V2 + 40V2 =80V2, which is approximately $112.

A closed, right cylindrical container is to have a volume of 5000 in>. The material for the top and bottom of the
container will cost $2.50 per in’, while the material for the rest of the container will cost $4 per in>  How should
you choose the height 4 and the radius r in order to minimize the cost?

I 5000=nr’h. The lateral surface area is 27rh. Hence, the cost C =2(2.50)7r +4Q2nrh)=5mr’ +
8mwrh = 5mr® + 87r(5000/mr®) = 5wr® +40,000/r. Hence, D,C=107r—40,000/r> and D>C=10m+
(80,000/r%). Solving 107r —40,000/r> =0, we find the unique critical number r=10V4/x. Since the
second derivative is positive, this yields a relative minimum, which, by virtue of the uniqueness of the critical
number, is an absolute minimum. The height A =5000/77* =25 2.

The sum of the squares of two nonnegative numbers is to be 4. How should they be chosen so that the product of
their cubes is a maximum?

I Let x and y be the numbers. Then x*+y’=4, so 0=x=2. Also, 2x+2yD,y=0, D.y=-xly.
The product of their cubes P=x%", so D _P=x’(3y’D.y)+3x’y’ =x’[3y*(—x/y)] +3x°y’ = =3x*y +
3x%® =3x%y(~x*+y’). Hence,when D _P=0, either x=0 or y=0 (and x=2), or y=x
(and then, by x>+ y*>=4, x=V?2). Thus, we have three critical numbers x=0, x=2, and x=V2.
Using the tabular method, with the endpoints 0 and 2, we find that the maximum value of P is achieved
when x=V2, y=VZ.

x|0 V2 2
plo 8 o

Two nonnegative numbers are such that the first plus the square of the second is 10. Find the numbers if their
sum is as large as possible.

I Let x be the first and y the second number. Then x+y°=10. Their sum S=x+y=10—y*+y.
Hence, D S=-2y+1, DiS = -2, so the critical number is y= 4. Since the second derivative is
negative, this yields a relative maximum, which, by virtue of the uniqueness of the critical number, is an absolute
maximum. x=10—(})"=2%.

Find two nonnegative numbers x and y whose sum is 300 and for which x’y is a maximum.

I x+y=300. The product P=x’ =x?300-x)=2300x>~x> D P=600x—3x> so the critical num-
bersare x=0 and x=200. Clearly, 0=x=300, so using the tabular method, we find that the absolute
maximum is attained when x =200, y=100.

x |0 200 300
Plo 4ax10° 0

A publisher decides to print the pages of a large book with 4 -inch margins on the top, bottom, and one side, and a
1-inch margin on the other side (to allow for the binding). The area of the entire page is to be 96 square inches.
Find the dimensions of the page that will maximize the printed area of the page.

1 i
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I Let x be the width and y be the height of the page. Then 96=xy, and (Fig. 16-10) the printed
area A=(x—-3)(y—-1). Hence, 0=xDy+y, Dy=-y/x. Now DA=x-3)Dy+y-—1=
(x=3(—y/x)+y—1=3y/2x - 1. Therefore, D2A=3(xD.y - y)/x* = }(—2y/x*) <0. Setting
D,A=0, weobtain y=3%x, 9%6=x(3x), x*=144, x=12, y=8. Since the second derivative is nega-
tive, the unique critical number x =12 yields an absolute maximum for A.

A paint manufacturer can produce anywhere from 10 to 30 cubic meters of paint per day. The profit for the day
(in hundreds of dollars) is given by P = (x — 15)*/1000 — 3(x — 15)/10 + 300, where x is the volume produced
and sold. What value of x maximizes the profit?

I D P=35(x—15°—%. Setting D P=0, (x—15°=100, x—15=%10, x=25 or x=5. Since
x =15 is not within the permissible range, the only critical number is x =25. Using the tabular method, we
find that the maximum profit is achieved when x =10.

x | 10 25 30
P | 301375 208 298875

A printed page is to have a total area of 80 in” and margins of 1 inch at the top and on each side and of 1.5 inches at
the bottom. What should the dimensions of the page be so that the printed area will be a maximum?

I Let x be the width and y be the height of the page. Then 80=xy, 0=xD,y+y, D,y=-y/x. The
area of the printed page A=(x—-2)(y—25), so DA=(x-2)Dy+y—-25=(x-2)(~y/x)+y—
25=-y+2y/x+y—25=2y/x—25. Also, D?A=2(xD,y—y)/x*=2(-y - y)/x* = —~4y/x* <0. Solving
D A=0, wefind y=1.25x, 80=1.25x% 64=x", x=8, y=10. Since the second derivative is nega-
tive, this unique critical number yields an absolute maximum for A.

One side of an open field is bounded by a straight river. Determine how to put a fence around the other sides of a
rectangular plot in order to enclose as great an area as possible with 2000 feet of fence.

I Let v be the length of the side parallel to the river, and let y be the length of each of the other sides. Then
2y +x =2000. The area A =xy=y(2000~2y)=2000y —2y>, D A=2000—4y, and D2A=-4. Solv-
ing D,A=0, we find the critical number y=500. Since the second derivative is negative, this unique
critical number yields an absolute maximum. x = 2000 — 2(500) = 1000.

A box will be built with a square base and an open top. Material for the base costs $8 per square foot, while
material for the sides costs $2 per square foot. Find the dimensions of the box of maximum volume that can be
built for $2400.

I Let s be the side of the base and h be the height. Then V=s’h. We are told that 2400 = 8s° + 2(4hs),
so 300=s*+hs, h=300/s—-s. Hence, V=s5*300/s—s5)=300s—s>. Then D,V=300-3s’, DV=
—6s. Solving D V=0, we find the critical number s=10. Since the second derivative is negative, the
unique critical number yields an absolute maximum. h = 3% —10 =20,

Find the maximum area of any rectangle which may be inscribed in a circle of radius 1.

I Let the center of the circle be the origin. We may assume that the sides of the rectangle are parallel
to the coordinate axes. Let 2x be the length of the horizontal sides and 2y be the length of the vertical
sides. Then x>+y°=1, so 2x+2yD y=0, D ,y=-x/y. The area A= (2x)(2y)=4xy. So, D A=

2 4 2xy —x°D 2xy + x%
4(xD\,v+y)=4("x—+y>=—(—x2+y2). Also, D§A=4<— el +Dr‘y>=4(_ 2y rxly _£)=
L, R4 Yy, y y y
ol xt - xy? Y hoxy? 4 4 ,
—4(—2—‘;‘——5,—&)=—4(5-——3-’9'—)=——f(x2+y2)=—;§. Solving D,A=0, we find y=x, 2x>=1,

y y y

x=1/V2, y=1/V2. Since the second derivative is negative, the unique critical number yields an absolute
maximum. The maximum areais (2-1/V2)(2-1/V2)=2.

A factory producing a certain type of electronic component has fixed costs of $250 per day and variable costs of
90x, where x is the number of components produced per day. The demand function for these components is
p(x)=250—-x, and the feasible production levels satisfy 0=x=90. Find the level of production for
maximum profit.
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I The daily income is x(250 —x), since 250—x is the price at which x units are sold. The profit
G = x(250 — x) — (250 + 90x) = 250x — x* — 250 — 90x = 160x — x° —250. Hence, D ,G=160-2x, D’G=
-2. Solving D,G=0, we find the critical number x=80. Since the second derivative is negative, the
unique critical number yields an absolute maximum. Notice that this maximum, taken over a continuous variable
x, is assumed for the integral value x=80. So it certainly has to remain the maximum when x is restricted to
integral values (whole numbers of electronic components).

A gasoline station selling x gallons of fuel per month has fixed cost of $2500 and variable costs of 0.90x. The
demand functionis 1.50 —0.00002x and the station’s capacity allows no more than 20,000 gallons to be sold per
month. Find the maximum profit.

I The price that x gallons can be sold at is the value of the demand function. Hence, the total income
is  x(1.50 —0.00002x), and the profit G = x(1.50—0.00002x) — 2500 —0.90x = 0.60x — 0.00002x> — 2500.
Hence, D_.G =0.60~0.00004x, and D2>G=-0.00004. Solving D ,G=0, we find 0.60=0.00004x,
60,000 =4x, x=15,000. Since the second derivative is negative, the unique critical number =15,000
yields the maximum profit $2000.

Maximize the volume of a box, open at the top, which has a square base and which is composed of 600 square
inches of material.

I Let s be the side of the base and & be the height. Then V=s°h. We are told that 600 = s’ + 4hs.
Hence, h=(600—s%)/4s. So V=s[(600—s)/4s]=(s/4)(600—s*) = 150s — }s>. Then D,V=150~ 3s’,
D?>V=—3s. Solving D,V=0, we find 200=s> 10V2=s. Since the second derivative is negative, this
unique critical number yields an absolute maximum. When s=10V2, h=5V2.

A rectangular garden is to be completely fenced in, with one side of the garden adjoining a neighbor’s yard. The
neighbor has agreed to pay for half of the section of the fence that separates the plots. If the garden is to contain
432 ft?, find the dimensions that minimize the cost of the fence to the garden’s owner.

I Let y be the length of the side adjoining the neighbor, and let x be the other dimension. Then
432=xy, 0=xD,y+y, D,y=-y/x. Thecost C=2x+y+3iy=2x+3y. Then, D,.C=2+3(D,y)=
2+ 3(-y/x) and DIC=-3(xD,y—y)/x*=—-3(-y—-y)/x*=3y/x> Setting D ,C=0, We obtain 2=
3y/2x, 4x=3y, y=+4x, 432=2x(4x/3), 324=x" x=18, y =24. Since the second derivative is posi-
tive, the unique critical number x =18 yields the absolute minimum cost.

A rectangular box with open top is to be formed from a rectangular piece of cardboard which is 3 inches X
8 inches. What size square should be cut from each corner to form the box with maximum volume? (The
cardboard is folded along the dotted lines to form the box.)

x X
X x X x

X T | x

| | 3

x ! ! x
X x T T X X

x x

- 8 Fig. 16-11

I Let x be the side of the square that is cut out. The length will be 8—2x, the width 3—2x, and
the height x. Hence, the volume V=1x(3-2x)(8—-2x); so D,V=(1)(3-2x)(8 —2x) + x(~2)(8 - 2x) +
x(3-2x)(-2)=4(3x ~2)(x—3), and D2V=24x—44. Setting D V=0, wefind x=3} or x=3.
Since the width 3 of the cardboard is greater than 2x, we must have x<3. Hence, the value x=3 is
impossible. Thus, we have a unique critical number x = 2, and, for that value, the second derivative turns
out to be negative. Hence, that critical number determines an absolute maximum for the volume.

Refer to Fig. 16-12. At 9 a.m., ship B was 65 miles due east of another ship, A. Ship B was then sailing due
west at 10 miles per hour, and A was sailing due south at 15 miles per hour. If they continue their respective
courses, when will they be nearest one another?
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I Let the time ¢ be measured in hours from 9 a.m. Choose a coordinate system with B moving along the x-axis
and A moving along the y-axis. Then the x-coordinate of Bis 65— 10¢, and the y-coordinate of B is —15:.
Let u be the distance between the ships. Then u’=(15¢)"+ (65— 10¢)> It suffices to minimize wu’
D,(u*) = 2(15¢)(15) + 2(65 — 10)(—10) = 6507 — 1300, and D?(u*)=650. Setting D,((u’)=0, we obtain
t=2, Since the second derivative is positive, the unique critical number yields an absolute minimum. Hence,
the ships will be closest at 11 a.m.
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16.38 A woman in a rowboat at P, 5 miles from the nearest point A on a straight shore, wishes to reach a point B, 6 miles

from A along the shore (Fig. 16-13). If she wishes to reach B in the shortest time, where should she land if she
can row 2mi/h and walk 4 mi/h?

I Let x be the distance between A and the landing point. Then the distance rowed is V%S +x* and the
distance walked is 6 — x. Hence the total time ¢=(V25+ x*)/2+ (6 —x)/4. Then D= > —r -

2 : 4
D= 1 Vas+x -xV2s+x* 1 25 Settine D10 b Z\S/Ex—“z_
=72 25 + x2 2 25+ eting =0, we obtain x=YV X, 4Axt=

25+x°, 3x*=25, x=5V3/3=2.89. Since the second derivative is positive, the unique critical number yields
the absolute minimum time.

16.39 A wall 8 feet high is 3.375 feet from a house. Find the shortest ladder that will reach from the ground to the
house when leaning over the wall.

I Let x be the distance from the foot of the ladder to the wall. Let y be the height above the ground of the point
where the ladder touches the house. Let L be the length of the ladder. Then LZ=(x+3. 375)2+ y2.
It suffices to minimize L> By similar triangles, y/8= (x+3. 375)/x Then D_y=-27/x> Now,
D(L*)= 2(x +3.375) +2yD,y = 2(x + 3.375) + 2(8/x)(x + 3.375)(=27/x*) = 2(x + 3.375)(1 — 216/x%).  Solv-
ing D_(L? ) 0, we find the umque positive critical number x=6. Calculation of D2(L?) yields 2+

2 /x )[(27) + yx] >0. Hence, the unique positive critical number yields the minimum length When x =6,
y=3%, L=1Z=15625ft.

x 3375 Fig. 16-14

16.40 A company offers the following schedule of charges: $30 per thousand for orders of 50,000 or less, with the
charge per thousand decreased by 37.5 cents for each thousand above 50,000. Find the order that will maximize
the company’s income.

I Let x be the number of orders in thousands. Then the price per thousand is 30 for x=50 and

- %(x—SO) for x>50. Hence, for x=50, the income [=30x, and, for x>50, [I=x[30-
3(x —50)] = 3¥x — x> So, for x =50, the maximum income is 1500 thousand. For x> 50, D.I=
2% and D 1——%. Solving D _I=0, x=65. Since the second derivative is negative, x =65
yields the maximum income for x>50. That maximum is 3084.375 thousand. Hence, the maximum income
is achieved when 65,000 orders are received.
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A rectangle is inscribed in the ellipse x%400 + y%/225=1 with its sides parallel to the axes of the ellipse (Fig.
16-15). Find the dimensions of the rectangle of maximum perimeter which can be so inscribed.

I x/200+ (2y/225)D .y =0, D,y=-—(9x/16y). The perimeter P=4x+4y, so D,P=4+4D.y=
4(1-9x/16y) = 4(16y —9x)/16y and D2P=—$[y — x(~9x/16y)]/y* = — 3(16y* + 9x*)/16y* <0. Solving
D.P=0, 16y=9x and, then, substituting in the equation of the ellipse, we find x*=256, x=16, y=9.
Since the second derivative is negative, this unique critical number yields the maximum perimeter.

15
(x, y)

[ .

20

Fig. 16-15 Fig. 16-16

Find the dimensions of the right circular cone of minimum volume which can be circumscribed about a sphere of
radius b.

I See Fig. 16-16. Let r be the radius of the base of the cone, andlet y+ b be the height of the cone. From

2 2 2
the similar triangles ABC and AED, I=- ——,’v—z-tb_z Then r’= b (2y i I;) LACAL) . The volume of
5 2 b 2 Y- b 2 y b y- b
My + b (y+b + -
the cone V= (mr )(3y b) = 773((yy_ b)) . Hence, D V= = O.’i(,vb—)(b};2 3) The only critical num-

ber >bis y=3b, and, by the first derivative test, this yields a relative minimum, which, by the uniqueness of
the critical number, must be an absolute minimum.

Find the dimensions of the right circular cylinder of maximum volume that can be inscribed in a right circular cone
of radius R and height H (Fig. 16-17).

I Let r and & be the radius and height of the cylinder. By similar triangles, r/(H—h)=R/H, r=
(R/H)(H — h). The volume of the cylinder V= ar’h=7(RYH*)(H — hY*h. Then D,V=(wR*H*)(H -
h)(H —3h), so the only critical number for h<H is h= H/3. By the first-derivative test, this yields a
relative maximum, which, by the uniqueness of the critical number, is an absolute maximum. The radius r=
iR.

P - R Fig. 16-17

A rectangular yard must be enclosed by a fence and then divided into two yards by a fence parallel to one of the
sides. If the area A is given, find the ratio of the sides that will minimize the total length of the fencing.

I Let y be the length of the side with the parallel inside fence, and let x be the length of the other side. Then
A=1xy. The length of fencing is F=3y+2x=3(A/x)+2x. So, D, F=-3A/x*+2, and DIF=
6A/x. Solving D _F=0, we obtain x*=3A4, x =V/2A. Since the second derivative is positive, this
unique critical number yields the absolute minimum for . When x= Via, y= VIA, and yix=3.



128

16.45

16.46

16.47

16.48

[ CHAPTER 16

Two vertices of a rectangle are on the positive x-axis. The other two vertices are on the lines y=4x and
y=-5x+6 (Fig. 16-18). What is the maximum possible area of the rectangle?

A
\ o
7

B

u \ g Fig. 16-18

I Let u be the x-coordinate of the leftmost vertex B of the rectangle on the x-axis. Then the y-coordinate of the
other two vertices is 4u. The x-coordinate of the vertex C opposite B is obtained by solving the equation
y=—5x+6 for x when y=4u. Thisyields x=(6—-4u)/5. Hence, this is the x-coordinate of the other
vertex D on the x-axis. Thus, the base of the rectangle is equal to (6 —4u)/5 -~ u=(6—-9u)/5. Therefore,
the area of the rectangle A =4u(6—9u)/5=2%u—¥u>. Then DA=%-%2u and DiA=-2.
Solving D,A =0, we find that the only positive critical number is u = 4. Since the second derivative is

negative, this yields the maximum area. When u= i A=4%

A window formed by a rectangle surmounted by a semicircle is to have a fixed perimeter P.  Find the dimensions
that will admit the most light.

I Let 2y be the length of the side on which the semicircle rests, and let x be the length of the other side. Then
P=2x+2y+my. Hence, 0=2Dx+2+ %, Dx=—(2+w)/2. To admit the most light, we must max-
imize the area A =2xy + wy%2. D, A=2(x+Dx y)+wy=2x-2y, and D}A=2Dx~-2=-7—-4<0.
Solving D,A=0, we obtain x=y, P=(4+m)x, x=P/(4+ ). Since the second derivative is nega-
tive, this unique critical number yields the maximum area, so the side on which the semicircle rests is twice the
other side.

Find the y-coordinate of the point on the parabola x> =2py that is closest to the point (0, b) on the axis of the
parabola (Fig. 16-19).

0.0)& gy

(x. y)

\J

Fig. 16-19

d It suffices to find the point (x, y) that minimizes the square of the distance between (x, y) and (0, b).
U=x*+(y—-b), and DU=2x+2(y-b)-D,y. But 2x=2pDy, Dy=x/lp. So DU=
(2x/p)(p+y—b). Also, D:U= Q2/p)(x*/p+p+y—b). Setting D U=0, weobtain x=0 or y=
b—p. Casel. b=p. Then b-p=0, and, therefore, the only possible critical number is x=0. By
the first-derivative test, we see that x=0, y=0 vyields the absolute minimum for U. Case 2. b>p.
When x=0, U=b> When y=b-p, U=p(Rb-p)<b’ When y>b-—p, DU>0 (for
positive x) and, therefore, the value of U is greater than its value when y =b — p. Thus, the minimum value
occurs when y=b—p.

A wire of length L is cut into two pieces, one is formed into a square and the other into a circle. How should the
wire be divided to maximize or minimize the sum of the areas of the pieces?
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§ Let the part used to form the circle be of length x. Then the radius of the circle is x/2# and its area is
mw(x/2mw)? = x*/4m. The part used to form the square is L —x, the side of the square is (L —x)/4, andits
area is [(L —x)/4)>. So the total area A =x%4m +[(L—-x)/4]> Then D,A=x/2m~ §(L—x). Solv-
ing D _A=0, we obtain the critical value x=mwL/(4+ m). Notice that =x=L. So, to obtain the
minimum and maximum values for A, we need only calculate the values of A at the critical number and at the
endpoints 0 and L. Clearly, L%4(4+ w)<L*16<L*4w. Hence, the maximum area is attained when
x= L, thatis, when all the wire is used for the circle. The minimum area is obtained when x = wL/(4+ 7).

x | 0 wLi(4+7) L
A | LY16  L¥4@4+m)  LY4w

Find the positive number x that exceeds its square by the largest amount.

I We must maximize f(x)=x—x’ for positive x. Then f'(x)=1-2x and f"(x)=-2. Hence, the
only critical number is x =}. Since the second derivative is negative, this unique critical number yields an
absolute maximum.

An east-west and a north-south road intersect at a point O. A diagonal road is to be constructed from a point E
east of O to a point N north of O passing through a town C that is a miles east and b miles north of 0. Find the
distances of E and N from O if the area of ANOE is to be as small as possible.

J Let x be the x-coordinate of E. Let y be the y-coordinate of N. By similar triangles, y/b=x/(x — a),
y=bx/(x — a). Hence, the area A of ANOE is given by A= jixbx/(x—a)= (b/2)x%(x — a). Using the
quotient rule, D _A=(b/2)(x>—2ax)/(x —a)’, and D>A=a’h/(x —a)’. Solving D,A=0, we obtain
the critical number x =2a. The second derivative is positive, since x> a is obviously necessary. Hence,
x=2a yields the minimum area A. When x=2a y=2b.

A wire of length L is to be cut into two pieces, one to form a square and the other to form an equilateral triangle.
How should the wire be divided to maximize or to minimize the sum of the areas of the square and triangle?

I Let x be the part used for the triangle. Then the side of the triangle is x/3 and its height is xV3/6. Hence,
the area of the triangle is  3(x/3)(xV3/6) = V3x%/36. The side of the square is (L —x)/4, and its area is
[(L — x)/4)> Hence, the total area A =V3x*/36+[(L —x)/4)> Then D,A=xV3/18—(L—x)/8. Set
ting D _A=0, we obtain the critical number x=9L/(9+4V3). Since 0=x=L, to find the maximum
and minimum values of A we need only compute the values of A at the critical number and the endpoints. It is
clear that, since 16<12V3<16+12V3, the maximum area corresponds to x =0, where everything goes
into the square, and the minimum value corresponds to the critical number.

x |0 OL/(9+4V3) L
A | L6  L¥a6+12v3)  LY12V3

Two towns A and B are, respectively, a miles and b miles from a railroad line (Fig. 16-20). The points C and D
on the line nearest to A and B, respectively, are at a distance of ¢ miles from each other. A station S is to be
located on the line so that the sum of the distances from A and B to S is minimal. Find the position of S.

Fig. 16-20
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Let x be the distance of S from C. Then the sum of the distances from A and B to S is given by the function
fx)=Va> +x*+ Vb’ +(c—x)>. Hence, f'(¥)=x/Va*+x—(c-x)\b>+(c—x)>. Setting f'(x)=0,
we eventually obtain the equation (*) a/x=b/(c—x), x=ac/(a+b). To see that this yields the absolute
minimum, computation of f"(x) yields (after extensive simplifications) a”(a®+x*)*'* + b*/[b* + (c — x)*}*"?,
which is positive. [Notice that the equation (¥) also tells us that the angles a and 8 are equal. If we reinterpret
this problem in terms of a light ray from A being reflected off a mirror to B, we have found that the angle of
incidence « is equal to the angle of reflection B.]

A telephone company has to run a line from a point A on one side of a river to another point B that is on the other
side, 5 miles down from the point opposite A (Fig. 16-21). The river is uniformly 12 miles wide. The
company can run the line along the shoreline to a point C and then run the line under the river to B. The cost of
laying the line along the shore is $1000 per mile, and the cost of laying it under water is twice as great. Where
should the point C be located to minimize the cost?

B
|
|
1
i
I
| 12
|
|
i
|
|
X 4
A C
e——5— Fig. 16-21

I Let x be the distance from A to C. Then the cost of running the lineis  f(x) = 1000x + 2000\/144 + (5 — x)°.
2000(5 - x) 144 + 2(5 — x)* . .
'(x) =1000 — —=—=——===, and ["(x)=2000 —————S55 >0. Settin (x)=0 and solvin
fx) 144+ (- f(x) [144+(5_x)2]3/2 g f'(x) g
for x, 48=(x—S5)’, x=5%4V3. Since x cannot be negative or greater than 5, neither critical number is

feasible. So, the minimum occurs at an endpoint. Since f(0)=26,000 and f(5)=29,000, the minimum
occurs at x =0.

Let m and n be given positive integers. If x and y are positive numbers such that x +y isaconstant S, find the
m_hn

values of x and y that maximize P =x"y".

I P=x"(S-x). DP=mx""(S—x)"—nx"(S—x)""". Setting D ,P=0, weobtain x=mS/(m+n).
The first-derivative test shows that this yields a relative maximum, and, therefore, by the uniqueness of the critical
number, an absolute maximum. When x=mS/(m+n), y=nS/(m+ n).

Show that of all triangles with given base and given area, the one with the least perimeter is isosceles. (Compare
with Problem 16.20.)

I Let the base of length 2c lie on the x-axis with the origin as its midpoint, and let the other vertex (x, y) lie in
the upper half-plane (Fig. 16-22). By symmetry we may assume x =0. To minimize the perimeter, we must
minimize AC + BC, which is given by the function f(x)=\(c+x)>+h>+\(c~x)>+ k>, where h is
+ — o
the altitude. Then f'(x)= < ’f = = < t =.
Vie+x) +h* V(c—x)+h

#(c ~x). The minus sign leads to the contradiction ¢=0. Therefore, c+x=c—x, x=0. Thus, the
third vertex lies on the y-axis and the triangle is isosceles. That the unique critical number x=0 vyields an
absolute minimum follows from a computation of the second derivative, which turns out to be positive.

Setting f'(x)=0, we obtain c+x=

A
C(x,y)

[ X

1
i
I
h
1
.l
ICX

> 1

B Fig. 16-22
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Let two corridors of widths a and b intersect at a right angle. Find the minimum length of all segments DE that
touch the outer walls of the corridors and are tangent to the corner C.

I Let 6 be the angle between DE and the vertical (see Fig. 16-23). Then 0<6 < #/2. Let L be the length of
DE. L=bsecO+acschd, and D,L=bsecftanf ~acsc@cotd  Setting D,L=0, bsecftang=
acsc@cot, bsin@/cos’@=acosB/sin®8, bsin>@=acos’d, tan’@=al/b, tan@= Valb =vaib.
Consider the hypotenuse u of a right triangle with legs va and Vb. Then u’=a*>+
b2, u=(a2’3+ bz/a)uz. SeC0=(a2/3+bz/s)l/z/b]B, CSCO=(a2/3+b2/3)”2/a”3. So, L=(a2'3+
b)Y 2(p?? + a*'*) = (a®'* + b*'?)*'%  Observe that D,L = (b cos 8/sin’ 8) (tan® @ — a/b). Hence, the first-
derivative test yields the case {—, +}, which, by virtue of the uniqueness of the critical number, shows
that L =(a*’+b**)** is the absolute minimum. Notice that this value of L is the minimal length of all
poles that cannot turn the corner from one corridor into the other.

D

gl

p—

le——a—>  Fig. 16-23

A rectangular yard is to be laid out and fenced in, and then divided into 10 enclosures by fences parallel to one side
of the yard. If a fixed length K of fencing is available, what dimensions will maximize the area?

f Let x be the length of the sides of the enclosure fences, and let y be the other side. Then K =1lx+2y.
The area A=xy=x(K~11x)/2=(K/2)x - 4x2 Hence, D,A=K/2—1lx, and D2A=-11. Setting
D A =0, we obtain the critical number x = K/22. Since the second derivative is negative, we have a relative
maximum, and, since the critical number is unique, the relative maximum is an absolute maximum. When
x=K/22, y=K/4.

Two runners A and B start at the origin and run along the positive x-axis, with B running 3 times as fastas 4. An
observer, standing one unit above the origin, keeps A and B in view. What is the maximum angle of sight ¢
between the observer’s view of A and B? (See Fig. 16-24.)

N

.

A B

Fig. 16-24

I Let x be the distance of A from the origin. Then B is 3x units from the origin. Let 6, be the angle between
the y-axis and the line of sight of A, and let , be the corresponding angle for B. Then 6 =86, —6,. Note that

tan 6, — tan 6 3x — . .
tang, =x and tand,=3x. So tand= anf—tanb _ dx-x _ 5. Since 6 is between 0
1+tan6, tanf, 1+ x(3x) 1+3x° L+ 3x2)(2) — 2x(6
and 7/2, maximizing 8 is equivalent to maximizing tan 6. Now, D (tan@)= ( x)(2) 3 2x( LI
201 +3x% - 6x%) _ 2(1 - 3x%) . ' (1+3x7)
Tr ) = 13307 Setting D (tan8)=0, weobtain 1=3x> x=1/V3. The first deriva-

tive test shows that we have a relative maximum, which, by uniqueness, must be the absolute maximum. When
tan9=1/V3, 6=30.
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A painting of height 3 feet hangs on the wall of a museum, with the bottom of the painting 6 feet above the floor.
If the eyes of an observer are 5 feet above the floor, how far from the base of the wall should the observer stand to
maximize his angle of vision 8?7 See Fig. 16-25.

Fig. 16-25

I Let x be the distance from the observer to the base of the wall, and let 6, be the angle between the line of sight
of the bottom of the painting and the horizontal. Then tan(6+ 6,)=4/x and tang,=1/x. Hence,
tan(6+6,)~tan§, 4/x—1/x _ 3x
1+tan( + 6))tan 6, 1+ 4/x> _x2+4’2 ) .
LG +4 —x(2x)]_ 3(4-x9)

suffices to do the latter. Now, D (tan®) 3[ 1) A
critical numberis x=2. The first-derivative test shows this to be a relative maximum, and, by the uniqueness
of the positive critical number, this is an absolute maximum.

tan 6 = Since maximizing € is equivalent to maximizing tan 6. it

Hence, the unique positive

A large window consists of a rectangle with an equilateral triangle resting on its top (Fig. 16-26). If the perimeter
P of the window is fixed at 33 feet, find the dimensions of the rectangie that will maximize the area of the window.

I Let s be the side of the rectangle on which the triangle rests, and let y be the other side. Then 33 =2y + 3s.
The height of the triangle is (V3/2)s. So the area A =sy + 3s(V3/2)s =5(33 —3s5)/2+ (V3/4)s’ = 5+
[(V3-6)/4)s> D.A=%+[(V3-6)/2)s. Setting D,A=0, we find the critical number s=33/(6—
V3) =6+ V3. The first-derivative test shows that this yields a relative maximum, which, by virtue of the
uniqueness of the critical number, must be an absolute maximum. When s=6+V3, y=3(5-V3).

Vx,y)

(-r.0) (r,0)

—_—— o o

Fig. 16-26 [ Fig. 16-27

Consider triangles with one side on a diameter of a circle of radius  and with the third vertex V on the circle (Fig.
16-27). What location of V maximizes the perimeter of the triangle?

I Let the origin be the center of the circle, with the diameter along the x-axis, and let (x, y), the third vertex, lie
in the upper half-plane. Then the perimeter P=2r+\(x+r)’+y’ +V(x=r’+y’ with —r<x<r.

+r)+ -1 +yD, s s
D.P= x+r) f) D"{ + (x— 1) Zy "f . But, from the equation of the circle x°+y*>=r’, we find by
Ve+r'+y Vix-ni+y by —x iy
implicit differentiation that D _y=—x/y. Hence, D,P becomes — + — =
; Va+nT+y Va-n'+y

2 2 2 2

r( Wx— Nty \Kx 0ty ) Then weset D_P =0, and solving for x, find that the critical number is
() +y V- +y? :

x=0. The corresponding value of Pis 2r(1+V2). Attheendpoints x=-r and x=r, thevalueofP

isdr. Since 4r<2r(1+V2), the maximum perimeter is attained when x=0 and y=r, thatis,Vison

the diameter perpendicular to the base of the triangle.
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CHAPTER 17
Rectilinear Motion

The equation of free fall of an object (under the influence of gravity alone)is s =5, + v, — 16¢°, where s, is the
initial position and v, is the initial velocity at time ¢=0. (We assume that the s-axis is directed upward away
from the earth, along the vertical line on which the object moves, with s=0 at the earth’s surface. s is
measured in feet and ¢ in seconds.) Show that, if an object is released from rest at any given height, it will have
dropped 16¢” feet after ¢ seconds.

I To say that the object is released from rest means that the initial velocity v, =0, so its position after ¢
seconds is s, — 16> The difference between that position and its initial position s, is 16¢°.

How many seconds does it take the object released from rest to fall 64 feet?

I By Problem 17.1, 64=16¢> Hence, t*=4, and, since tis positive, =2,

A rock is dropped down a well that is 256 feet deep. When will it hit the bottom of the well?
I If t is the time until it hits the bottom, 256=161> so =16, t=4.

Assuming that one story of a building is 10 feet, with what speed, in miles per hour, does an object dropped from
the top of a 40-story building hit the ground?

§ Let ¢ be the time until the object hits the ground. Since the building is 400 feet tall, 400 =16¢, £ =25,
t=5. The velocity v=Ds. Since s=s,—16>5 v=-32r. When =5, v=-160. Thus, the speed
|v] is 160 ft/s. To change to mi/h, we calculate as follows:

3600x

x ft/s = 60x ft/min = 3600x ft/h = 53280 mi/h
15x . .
=% mi/h=0.68x mi/h

In particular, when x =1601t/s, the speed is about 108.8 mi/h.

A rocket is shot straight up into the air with an initial velocity of 128 ft/s. How far has it traveled in 1 second?

I The height s=s,+v,t—16£. Since s,=0 and v,=128, s=128t—16" When r=1, s=1121t.

In Problem 17.5, when does the rocket reach its maximum height?

I Atthe maximum value ofs, v=D;s=0, but v=128-32¢. Setting v=0, weobtain =4 seconds.

In Problem 17.5, when does the rocket strike the ground again and what is its velocity when it hits the ground?

I Setting s=0, 128:—16:°=0, 1648—1)=0, t=0 or t=8. So the rocket strikes the ground again
after 8 seconds. When (=38, the velocity v =128-32¢=128-256= —128ft/s. The velocity is negative
(because the rocket is moving downward) and of the same magnitude as the initial velocity (see Problem 17.28).

A rock is thrown straight down from a height of 480 feet with an initial velocity of 16 ft/s. How long does it take
to hit the ground and with what speed does it hit the ground?

I The height s=s,+v,t—16¢% In this case, s,=480 and v,=-16. Thus, s=480—16¢—16¢°=
16(30—t—£*) =16(6+ £)(5— ). Setting s=0, we obtain t=-6 or t=5. Hence, the rock hits the
ground after 5 seconds. The velocity v= Ds=-16—-32t. When ¢t=5, v=-16—160=—176, so the
rock hits the ground with a speed of 176 ft/s. (The minus sign in the velocity indicates that the rock is moving
downward.)

Under the same conditions as in Froblem 17.8, how long does it take before the rock is moving at a speed of
112 ft/s?

133
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I From Problem 17.8, we know that v = D,s=—16—32t. Since the rock is moving downward, a speed of
112 ft/s corresponds to a velocity v of —112. Setting —112=-16—32¢, 32¢t=96, =23 seconds.

Under the same conditions as in Problem 17.8, when has the rock traveled a distance of 60 feet?

§ Since the rock starts at a height of 480 feet, it has traveled 60 feet when it reaches a height of 420 feet.
Since s=480—167— 161> we set 420 =480 — 16t — 16¢°, obtaining 4:*+4t—15=0, (2t+5)(2t—3)=0,
t=-25 or t=1.5. Hence, the rock traveled 1.5 seconds.

An automobile moves along a straight highway, with its position s given by s=12¢£—18£+9t—-1.5 (s in
feet, ¢ in seconds). When is the car moving to the right, when to the left, and where and when does it change
direction?

I Since s increases as we move right, the car moves right when v=D,s>0, and moves left when
v=Ds<0. v=36¢>—36t+9=9(4—4t+1)=9(2t—1)°> Since v>0 (exceptat ¢=0.5, where
v=0), the car always moves to the right and never changes direction. (It slows down to an instantaneous
velocity of 0 at ¢=0.5 second, but then immediately speeds up again.)

Refer to Problem 17.11. What distance has the car traveled in the one second from =0 to (=1?

f From the solution to Problem 17.11, we know that the car is always moving right. Hence, the distance
traveledfrom ¢=0 to =1 isobtained by taking the difference between its position attime ¢=1 andits
position at time ¢=0: s(1)-s(0)=1.5—(—1.5)=3ft.

The position of 2 moving object on a line is given by the formula s = (¢ —1)’(t —5). When is the object moving
to the right, when is it moving left, when does it change direction, and when is it at rest? What is the farthest to
the left of the origin that it moves?

I v=Ds=(0-1V+3(t-1)’(¢-5)=0—-1)°[t—1+3(t~5)]=4(t—1)’(t—4). Thus, v>0 when ¢>
4, and v<0 when <4 (except at ¢t=1, when v=0). Hence, the object is moving left when
t<4, anditis moving right when ¢>4. Thus, it changes direction when ¢=4. Itisneveratrest. (Tobe
at rest means that s is constant for an interval of time, or, equivalently, that v =0 for an entire interval of
time.) The object reaches its farthest position to the left when it changes direction at t=4. When (=4,
s=—27.

A particle moves on a straight line so that its position s (in miles) at time ¢ (in hours) is given by
s=(4t—1)(t—1)>. When is the particle moving to the right, when to the left, and when does it change
direction? When the particle is moving to the left, what is the maximum speed that it achieves?

I v=Ds=40-1+2(t—1)(4t—1)=2(t - 1)[2(t — 1) + 4t — 1] =2(¢t — 1)(6t —3) =6(t —1)(2t — 1). Thus,
the key values are r=1 and ¢=0.5. When ¢>1, v>0; when 0.5<t<1, v<0; when <0.5,
v>0. Thus, the particle is moving right when ¢<0.5 and when ¢>1. It is moving left when
0.5<t<1. Soitchangesdirection when ¢=0.5 andwhen t=1. To find out what the particle’s maximum
speed is when it is moving left, note that the speed is [v]. Hence, when v is negative, as it is when the particle is
moving left, the maximum speed is attained when the velocity reaches its absolute minimum. Now, D,y =
6[2(t—1)+2t—1]=6(4¢t—3), and D?>v=24>0. Hence, by the second derivative test, v reaches an
absolute minimum when ¢=0.75hour. When ¢=0.75, v=-0.75mi/h. So the desired maximum speed
is 0.75mi/h.

Under the assumptions of Problem 17.14, what is the total distance traveled by the particle from ¢=0 to
t=17

I The problem cannot be solved by simply finding the difference between the particle’s positionsat ¢t=1 and
t=0, because it is moving in different directions during that period. We must add the distance d, traveled while
it is moving right (from ¢=0 to ¢=0.5) to the distance d, traveled while it is moving left (from =0.5
to t=1). Now, d,=s5(0.5)—5(0)=025-(-1)=1.25. Similarly, d,=s(0.5)- s(1)=0.25-0=0.25.
Thus, the total distance is 1.5 miles.

A particle moves along the x-axis according to the equation x = 10t —2¢>.  What is the total distance covered by
the particle between ¢=0 and ¢=3?
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I The velocity v=Dx=10—4t. Thus, v>0 when <25, and v<0 when ¢>2.5. Hence, the
particle is moving right for ¢<2.5 anditis moving left for ¢>2.5. The distance d, that it covers while it is
moving right from =0 to ¢=25 is x(2.5)—~x(0)=12.5-0=12.5. The distance d, that it covers while
it is moving left from ¢=2.5 to ¢t=3 is x(2.5)—x(3)=12.5-12=0.5. Hence, the total distance is
d +d,=125+05=13.

A rocket was shot straight up from the ground. What must its initial velocity have been if it returned to earth in
20 seconds?

I 1Its height s=s,+v,t—167° In this case, s, =0 and v, is unknown, so s=uv,t—16¢> We are told
that s=0 when ¢=20. Hence, 0=10,(20)—16(20)°, v,=320ft/s.

Two particles move along the x-axis. Their positions f(t) and g(¢) are given by f(1)=6t—1t* and g(1)=
> —4t. (a) When do they have the same position? (b) When do they have the same velocity? (c¢) When they
have the same position, are they moving in the same direction?

I (o) Set 6t—*=¢"—4t. Then —5t=0, H(t—5)=0, t=0 or t=5. (b) The velocities are
f[()=6-2t and g'(t)=2t—4. Setting 6-—-2t=2t—4, we have t=2.5. (c¢) When they meet at
t=0, f'(t)=f'(0)=6 and g'(r)=g'(0)=—4. Since f'(0) and g'(0) have opposite signs, they are moving
in opposite directions when ¢=0. When they meet at =5, f'(f)=f'(5)=-4 and g'(t)=g'(5)=6.
Hence, when ¢=35, they are moving in opposite directions.

A particle moves along the x-axis according to the equation x = }¢* — 1 cos 2t +3.5. Find the distance traveled
between (=0 and ¢= /2.

1 The velocity v = £ +sin2t. For 0<t<sw/2, sin2t>0, and, therefore, v>0. Hence, the particle
moves right between t=0 and ¢=m/2. So the distance traveled is x(7/2)— x(0)=(m*24+4)-3=
w24+ 1.

A ball is thrown vertically into the air so that its height s after ¢ seconds is given by s=—%¢*+4V?. Find its
maximum height.

I Ds=-2%t+2/Vi, D’s=-%—-1/(Vi)’. Setting Ds=0, weobtain t/27=1//1, =27, t=9.
Since the second derivative is negative, we must have a relative maximum at ¢=9, and, since that is the unique
critical number, it must be an absolute maximum. At (=9, s§s=09,

A particle moving along a straight line is accelerating at the constant rate of 3m/s>. Find the initial velocity v, if
the displacement during the first two seconds is 10 m.

I The acceleration a=Dy=3. Hence, v=3t+C. When t=0, v=v,. So C=uv, Thus, v=
3t+v,, but v=Ds. So s=3+vt+K When t=0, s=s,, the initial position, so K =s,.
Thus, s=3f+uv,t+s, The displacement during the first two secondsis s(2) — 5(0) = (6 + 20, + 5,) — 5, =
6+2v,. Hence, 6+2v,=10, v,=2m/s.

A particle moving on a line is at position s= £ —6°+9t—4 at time ¢t. At which time(s) ¢, if any, does it
change direction?

I v=Ds=3%-12t+9=3("—4t+3)=3(t—1)(t—3). Since the velocity changes sign at t=1 and
t=3, the particle changes direction at those times.

A ball is thrown vertically upward. Its height s (in feet) after ¢ seconds is given by s=40¢t—16¢" Find
(a) when the ball hits the ground, (b) the instantaneous velocity at ¢=1, (c) the maximum height.

I v=Ds=40-32t, D?s=-32. (a)To find out when the ball hits the ground, we set s =40t — 16> =0.
Then =0 or t=2.5. So the ball hits the ground .after 2.5 seconds. (b) When t=1, v=_8ft/s. (c)
Set v=40—-32t=0. Then t=1.25. Since the second derivative is negative, this unique critical number
yields an absolute maximum. When ¢=1.25, s=25ft.

A diver jumps off a springboard 10 feet above water with an initial upward velocity of 12 ft/s. Find (a) her
maximum height, (b) when she will hit the water, (¢) her velocity when she hits the water.
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I Since she is moving only under the influence of gravity, her height s = s, + v, — 16¢°. Inthiscase, s,=10
and v,=12. So s=10+12t—-16/>5 v=D,s=12—-32t, D’ =-32. (a) Setting v=0, we obtain
t=0.375. Since the second derivative is negative, this unique critical number yields an absolute maximum.
When ¢=0.375, s=16.75ft. (b) To find when-she hits the water, set s=10+12t—166=0. So (5-—
4N(1+2t)=0, and, therefore, she hits the water at ¢=1.25seconds. (¢) At t=1.25, o= —28ft/s.

A ball is thrown vertically upward. Its height s (in feet) after ¢ seconds is given by s =48t — 161> For which
values of 7 will the height exceed 32 feet?

I We must have 48t—167>32, 3t—£>2, £ -3t+2<0, (¢—2)t—1)<0. The latter inequality
holds precisely when 1<t<2.

The distance a locomotive is from a fixed point on a straight track at time ¢ is given by s =3¢ — 441> + 1447°.
When was it in reverse?

I v=Ds=12¢—132¢° + 288t = 12¢(+* — 11¢ + 24) = 12¢(t — 3)(t —8). The locomotive goes backwards
when v<0. Clearly, v>0 when t>8; v<0 when 3<t<8; v>0 when 0<r<3; v<0 when
t<0. Thus, it was in reverse when 3<t¢<8 (and, if we allow negative time, when ¢<0).

An object is thrown straight up from the ground with an initial velocity v, ft/s. Show that the time taken on the
upward flight is equal to the time taken on the way down.

I s=s,+uv,—16 Inthiscase, s,=0. So s=vt—165, v=Ds=v,-32, a=Dy=D>s=-32
So the unique critical number is ¢t=wv,/32, and, since the second derivative is negative, this yields the
maximum height. Thus, the time of the upward flight is v,/32. The object hits the ground again when
§=vyt— 16/ =0, v, =16t, t=uv,/16. Hence, the total time of the flight was v,/16, and half of that time,
v,/32, was used up in the upward flight. Hence, the time taken on the way down was also v,/32.

Under the conditions of Problem 17.27, show that the object hits the ground with the same speed at which it was
initially thrown.

I By Problem 17.27, the object hits the ground after v,/16 seconds. At that time, v=v,—32t=0v,—
32(vy/16) = —v,. Thus, the velocity when it hits the ground is the negative of the initial velocity, and, therefore,
the speeds are the same.

With what velocity must an object be thrown straight up from the ground in order for it to hit the ground ¢, seconds
later?

I From Problem 17.27, we know that the object hits the ground v,/16 seconds after it was thrown. Hence,
t, =0,/16, v, =16¢,.

With what velocity must an object be thrown straight up from the ground in order to reach a maximum height of 4
feet?

I From Problem 17.27, we know that the object reaches its maximum height after v,/32 seconds. When
t=v,/32, s=uv,t—16t>=v./64. Hence, h=vl/64, v,=8Vh.

A woman standing on a bridge throws a stone straight up. Exactly 5 seconds later the stone passes the woman on
the way down, and 1 second after that it hits the water below. Find the initial velocity of the stone and the height
of the bridge above the water.

I The height of the stone s = s, + vyt — 16£>, where s, is the height of the bridge above the water. When
t=5, s=s5, SO s,=s5,+0,(5)~16(57 Sv,=400, v,=80ft/s. Hence, s=s,+80t—16> When
t=6, s=0. So 0=s,+80(6)— 16(6)°, s,=96ft.

A stone is dropped from the roof of a building 256 ft high. Two seconds later a second stone is thrown downward
from the roof of the same building with an initial velocity of v, ft/s. If both stones hit the ground at the same
time, what is v,?

I For the first stone, s=256— 16/~ It hits the ground when 0=s5=256— 1662, *=16, t=4 seconds.
Since the second stone was thrown 2 seconds later than the first and hit the ground at the same time as the first, the
second stone’s flight took 2 seconds.  So, for the second stone, 0=256 + v,(2) — 16(2)%, v, = —192ft/s.
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An object is dropped from a height 25 ft above the ground. At the same time another object is thrown straight
down from a height 50 ft above the ground. Both objects hit the ground at the same time. Find the initial
velocity of the second object.

I For the first object, s=25-16 When s5=0, r=3. For the second object, s=50+ vyt~ 1642
Since the second object also hits the ground after § seconds, 0=50+ v,(3)—16(3)% v, =20ft/s.

If the position s of an object moving on a straight line is given by s =Vt+2, show that its velocity is positive,
and its acceleration is negative and proportional to the cube of the velocity.

I The velocity v=D;s=1/2Vt+2)>0, and the acceleration a=Dy=-1/(4Vt+ 2)’) = —2v><0.

An object moves along the x-axis so that its x-coordinate obeys the law x =3¢> + 8¢+ 1. Find the time(s) when
its velocity and acceleration are equal.
I v=Dx=9"+8. a=Duy=18t. Setting v=a, 9°+8=18;, 97 - 18:+8=0, (3t—2)(3t—4)=0,

t=2% or t=4%.
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State the approximation principle for a differentiable function f(x).

I Let x be a number in the domain of f, let Ax be a small change in the value of x, and let Ay=
flx + Ax) — f(x) be the corresponding change in the value of the function. Then the approximation principle
asserts that Ay=f'(x)-Ax, thatis, Ay is very close to f'(x)-Ax for small values of Ax.

In Problems 18.2 to 18.8, estimate the value of the given quantity.

V51,
I Let f(x)=vVvx, let x=49, anld let Ax=2. Then x+Ax=351, Ay=f(x+Ax)—f(x)=V3I-
V49 =+V51—-7. Note that f'(x)= 3 =35 1a The approximation principle tells us that Ay=

fix)-ax, V51-7T=+¢-2, V5l=T7+ % =7.14. (Checking a table of square roots shows that this is actually
correct to two decimal places.)

&

’ Let f(x)=vX¥, x=81, Ax=-3. Then x+Ax=78, Ay=V78-VBI=V78-9, f'(x)=
1

1
2\/} =755 =7g S0 by the approximation principle, VI8—9= 4 -(-3)=—%. Hence, Vi8=9-
§=9-0.17=28.83. (Comparison with a square root table shows that this is correct to two decimal places.)
V123.
I Let f(x)=V% x=125, Ax=-2. Then x+Ax=123, Ay=VI23-VI25=VI23-5. f'(x)=
1 1

1 o L ;
3—(\37}F = -3—652— = So, by the approximation principle, V123 ~5= & - (-2)=-%.

5-0.03=4.97. (This is actually correct to two decimal places.)

(8.35)*",

I Let f(x)=x7, x=8, Ax=0.35. Then x+Ax=8.35 Ay=(8.35)""~8""=(8.35)""—-4. Also,
f'(x) = -27): = 3—22— = -;— So, by the approximation principle, (8.35)*'% — 4= 1 -(0.35), (8.35)** =4+ 0.35/3 =
4+0.117=4.117. (The actual answer is 4.116 to three decimal places.)

33y

I Let fix)=x7"%, x=32, Ax=1. Then x+Ax=33, Ay=(33)""*-(32)"*=(33)"" -1/ V32 =
(33)""° - 41=(33)""""-0.5. Also, f'(x)=- K—}f_—)« = - ‘ST;—)-— = 5%6 So, by the approximation

principle, (33)7'*-0.5=—3k%, (33)7"°=0.5- 5% =0.5-0.003 =0.497. (This is correct to three decimal
places.)

Vi
8t -

N ’ —_

I Let f(x)=V%, x=1%, Ax=4. Then x+Ax=4§, Ay=VH-VE=Vi -3 Abo, f(x)=
1 1 27 L o 5 2 .

=— = So, by the approximation principle, VE-1=2. L= Vi=i+&=8=

4WE® 43y 32
0.677. (This is correct to three decimal places.)
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V/0.065.
I Let f(x)=V% x=0064, Ax=0001. Then x+Ax=0.065, Ay=V0.065 —V0.064 =V0.065 —
1

o1 111
04 Also, f1(x)= 3% 3(V0.064)°  3(0.4)°  3(0.16)  0.48°

1
V0.065 - 0.4~ 048 (0.001) = 2‘% ~0.002. Hence, V0.065~0.4+0.002 = 0.402. (This is correct to three

So, by the approximation principle,

decimal places.)

Measurement of the side of a cubical container yields the resuit 8.14 cm, with a possible error of at most 0.005 cm.
Give an estimate of the possible error in the value V=(8.14)°=539.35314cm’ for the volume of the
container.

I Letxbe8.14andlet x+Ax be the actual length of the side, with |Ax| <0.005. Let f(x)=x>. Then
|Ay|=(x+Ax)’ —x’ is the error in the measurement of the volume. Now, f'(x)=23x>=3(8.14)]°=~
3(66.26) = 198.78. By the approximation principle, |Ay|~ 198.78|Ax| =< 198.78 - 0.005 =~ 0.994 cm”.

It is desired to give a spherical tank of diameter 20 feet (240 inches) a coat of point 0.1 inch thick. Estimate how
many gallons of paint will be required, if 1 gallon is about 231 cubic inches.

I Theradius r=120in. and Ar=0.1. V=4%gr" So D,V=4mxr’=47(120)" So, by the approxima-
tion principle, the extra volume AV= D V- Ar =47(120)*(0.01) = 4%(12)"* = 5767r. So the number of gallons
required is 3% 7 =7.83.

A solid steel cylinder has a radius of 2.5 cm and a height of 10cm. A tight-fitting sleeve is to be made that will
extend the radius to 2.6 cm.  Find the amount of steel needed for the sleeve.

I The volume V=7r’h=10mwr> Let r=25 and Ar=0.1. AV=10m(2.6)>-62.57. D V=20mr=
207(2.5) =507. So, by the approximation principle. AV=507(0.1)=57. (An exact calculation yields
AV=51mw)

If the side of a cube is measured with an error of at most 3 percent, estimate the percentage error in the volume of
the cube.

I v=5' By the approximation principle, |[AV|=3s>-|As|. So =3(0.03) =0.09.

3

|AV] 3s7jas|  3lAs]
vV s

So, 9 percent is an approximate bound on the percentage error in the volume.
Assume, contrary to fact, that the earth is a perfect sphere, with a radius of 4000 miles. The volume of ice at the
north and south poles is estimated to be about 8,000,000 cubic miles. If this ice were melted and if the resulting

water were distributed uniformly over the globe, approximately what would be the depth of the added water at
any point on the earth?

I v=inr’, DV=4xnr’ By the approximation rule, AV=~4wr’-Ar. Since AV=8000,000 and r=
4000, we have 8,000,000 ~4m(4000) - Ar, Ar=~1/(8)~0.0398 mile ~ 210 feet.

Let y=x% When x=4 and dx=2, find the value of dy.

I dy=D,y dx=(3x"?)(2)=(3V4)(2)=6. [Here we appeal to the definition of dy; there is no approxima-

tion involved.)

Let y=2xV1+x> When x=0 and dx=3, finddy.

1 x-2x 2(1+2x%) 2(1+2x7)
I » =2< 1+x*+ 2 )= . Then, dy=D,y - dx= —F—=>-dx=2-3=6.
= 2Vi+x)  Vi+d? it Vit

Establish the very useful approximation formula (1 + u) =1+ ru, where ris any rationai exponent and |u] is
small compared to 1.

I Let fx)=x", x=1, and Ax=u. f'(x)=rx’"". Notethat Ay=f(1+ wy-f()=(1+u)-1.
By the approximation principle, (1+u) —1=(rx""")-u=ru. Thus, (1+u) =1+ ru.
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Approximate V63.

I Let f(x)=V% x=64, Ax=—-1. Then f'(x)=3—(;,—/1—_-)—2— and Ay=V63-V64=V63~—4. By the
X

L 1 1 1 3
approximation principle, V63 -4~ ——— (1) =~ (=1) = ——. So V63=4— L =398
(This is correct to two decimal places.)
Approximate V80.
I Let f(x)=x"% x=8l, Ax=-1. Then f'(x)= 4(\/_)3 , and Ay=V80-V8=V80-3.
L L 4 1 1 4
By the approximation principle, V80 —3=~ @ (D)=~ 155 S0 V80 =3 — 5 =3 —0.0093 = 2.9907.
(This is correct to four decimal places.)
Estimate V7.8.
1 y
I Let f(x)=V% «x=8, Ax=-02. Then f'(x)= 5(?)—” and Ay=V78-V8=V78-2. By

1 1 3 1
the approximation principle, —2= ~02)= —=-(-02)=—— So 7.8=2 — — =2 -
PP principle, V7 3G (-02)=35-(-02)=-=. v &

0.0167 = 1.9833. (The correct answer to four decimals places is 1.9832.)

Estimate V25.4.

I Let f(x)=vx, x=25, Ax=04. Then f'(x)=1/2vx and Ay=V25.4-V25=V254-5. By
the approximation principle, V25.4—5=(1/2vx)(0.4) = %(0.4)=0.04. So V25.4=5.04. (This is
correct to two decimal places.)

Approximate V/26.46.

I Let f(x)=Vx, x=27, Ax=-054. Then f'(x)= 3—3\1—_—)— and Ay =V26.46 -V27 =V26.46 —
1 )

By the approximation principle, V26.46 — 3=~ oo (054 =55 (-0.54) = =0.02. So V726.46~3~

(Vi)

0.02=2.98. (This is correct to two decimal places.)

Estimate (26.5)%">.

I Let fx)=x*° x=27, x=-05. Then f'(x)=2/3% and Ay=(26.5)*"°—(27)*" = (26.5)*> -9
By the approximation principle, (26.5)% —9=(2/3vx)(=0.5)= 2-(-0.5)= -} =~ —-0.1111. So (26.5)**=

9—-0.1111 = 8.8889. (The correct answer to four decimal places is 8.8883.)
Estimate sin 60° 1".

I 1" = % of adegree = &(#/180) radians = w/10,800 radians. Let f(x)=sinx, x= /3, Ax=7/10,800.
Then f'(x)=cosx, and Ay=sin60°1’' —sin60°=sin60°1' —V3/2. By the approximation principle,
sin 60° 1' — V3/2=cos x - (7/10,800) = } - (#/10,800) = 0.00015. So sin 60° 1’ = V3/2 + 0.00015 = 0.86603 +
0.00015 = 0.86618. (The correct answer to five decimal places is 0.86617.)

Find the approximate change in the area of a square of side s caused by increasing the side by 1 percent.

I A=5" Then As=0.0ls. D,A=2s. By the approximation principle, AA=2s-(0.0ls)=0.02s>

Approximate cos 59°.

I Let f(x)=cosx, x=u/3, Ax=-—=/180. Then f'(x)=-sinx and Ay=cos59°—cos60°. By
the approximation principle, ¢c0s59°— } = —sin x - (—#/180) = (V3/2)- (7/180) =0.0151. So cos59° =
0.5151. (The actual answer is 0.5150 to four decimal places.)

Estimate tan 44°.
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I Let f(x)=tanx, x=45°, Ax=-1°. Then f'(x)=sec’x, and Ay=tan44°—tan45°=tan44°—1.
By the approximation principle, tan44°—1=~sec’x-(—n/180)=2-(—7/180)= —m/90=—0.0349. So,
tan 44°=~1-0.0349=0.9651. (The correct answer to four decimal places is 0.9657.)

A coat of paint of thickness 0.01 inch is applied to the faces of a cube whose edge is 10 inches, thereby producing a
slightly larger cube. Estimate the number of cubic inches of paint used.

I Thevolume V=35, wheresistheside. s=10 and As=0.02. Then D,V=3s" By the approxima-
tion principle, AV =3s-(0.02)=300-(0.02) =6in>,

Estimate cos® (w/4 +0.01).

I Let f(x)=cos®x, x=m/4, Ax=0.01. Then f'(x)=6(cos’ x)(—sinx), and Ay =cos’(m/4+0.01)—
cos® (w/4) = cos® (w/4+0.01) — &. By the approximation principle, cos® (m/4+0.01) - L =
6(cos” x)(—sin x)- (0.01) = —3(0.01) = —0.0075. So cos®(w/4+0.01) =} —0.0075 = 0.1175.

Estimate (730)"' + (730)*"* - 8.

I Let f(x)=x"?+x¥"-8 We must find f(730). Note that f(729) = V729 + (V729)’ —8 =27 + 81 —
| 2 1 2 5 _ 3 e
8=100. Ax=1 f()=35=+ Pl + 375 =550 Ay =f(730) - f(729) = f(730) ~ 100. By the

X
approximation principle, f(730) —100= & - 1=0.09. So f(730) = 100.09.

Estimate tan 2°.

I Let f(x)=tanx, x=0, Ax=2°=m/90radians. Then f'(x)=sec’x=sec’0=1, Ay=tan2°—
tan 0° = tan 2°. By the approximation theorem, tan2°=1-(7/90)=0.0349.

For f(x)=x’ compare Ay with its approximation by means of the approximation principle.

I Ay=f(x+Ax)~f(x) = (x + Ax)’ — x> =2x Ax + (Ax)>. By the approximation principle. Ay = f’(x)-
Ax =2x Ax. Thus, the error is (Ax)z, which. for small values of Ax, will be very small.

Estimate sin 28°.
I Let f(x)=sinx, x=30°, Ax=-2°=—m/90radians. Then f'(x)=cosx=V3/2~0.8660, and

Ay =sin28° —sin 30° =sin 28° — ;. By the approximation principle, sin 28° ~ 1 = 0.8660(~ 7/90) = —0.0302.
So sin28°= § —0.0302 =0.4698. (The correct figure is 0.4695 to four decimal places.)

Estimate 1/V 15,

I Let f(x)=1/vVx, x=16, Ax=-1. Then f'(x)=-1/2(vx)’=-1/128, and Ay=1/VI5-1/V16=
1/V15~1/4. By the approximation principle, 1/V15—1/4=(-1/128)(-1)=1/128. So 1/V15=}+ i =
0.2578. (The correct answer to four decimal places is 0.2582.)

A cubical box is to be built so that it holds 125 cm®. How precisely should the edge be made so that the volume
will be correct to within 3 cm?>?

I v=5" Let s=5 DV=3s>=75 By the approximation principle, AV=75-As. We desire |AV|=<3,
thatis, 75-|As|=3, |As|= % =0.04.

Show that the relative error in the nth power of a number is about n times the relative error in the number.

I Let f(x)=x". Then f'(x)=nx""" By the approximation principle, Ay=~nx""'Ax. Hence, ‘é-)—'l ~
nx" "' Ax Ax Y

n
X X




CHAPTER 19
Antiderivatives (Indefinite Integrals)

19.1 Evaluate [ (g(x))g'(x) dx.

1
r+1

I Bythechainrule, D ((g(x))"')=(r+1)(g(x)) 'g'(x). Hence, [ (g(x))g'(x)dx=
where C is an arbitrary constant.

(glx))™" +C,

19.2  Evaluate [x"dx for r#-—1.

I [xdx= X'+ C, since D (x"*')=(r+1)x".

r+1
19.3  Find [(2x°—5x"+3x+1)dx.
X

4 3 2
1 f(2x3—5x2+3x+1)dx=2(f4—)—5(3>+3(%)+x+c=% -+ I+ x+ C

. 1
19.4 Find J’(S - W) dx.
1 I(S——\%)dx=_[(5—x_”2)dx=5x—2x”2+C=5x-2\/i+C.

19.5  Find [2VZdx.
I [2Vvxde=2fx"*dx=2-4"*+C= 4%’ + C.

19.6 Evaluate ISW dx.
I [5VlPdx=5[x"dx=5-2-x+C=3"+C.

19.7  Find f 3 .
x
3 -4 1) _3 1
I | Sdx=3fx"dx=3l—)x’+C=-x"+C=-5+C.
X -3 X

19.8  Find [ (x*—1)VXdx.
I [(P-Dvade=f("-Dxdx=J(?—x"Hdx=2x""-%x*?+C=3(va) - }(vI)’ + C
=2(vx)'(3x* - 1)+ C.

19.9 Find I(% - ls) dx.
X x

1 1 _ - . _
I f(;‘;)dx=f(x Pex ) dx=-3xT (it + C=- +—1—+C=%(1—2x2)+C.
X

1

2x*  4x?
. 3x°—2x+1

19.10 Find f———\/—x—-— dx.

2
—2x +
I f————3x ] = (3 -2 T Y

23(%)x5/2_2(%)x3/2+2x1/2+C= gxs/Z_ §x3/2+2x1/2+c

=$(vx)’ - (VX)) +2vx + C = ZVE(9x® — 10x +15) + C.
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19.12

19.13

19.14

19.15

19.16

19.17

19.18

19.19

19.20

19.21

19.22

19.23

Evaluate [ (3sinx + 5 cos x) dx.
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I [(3sinx+5cosx)dx=3(—cosx)+5sinx+ C=-3cosx+5sinx+ C.

Find [ (7sec’ x —secx tan x) dx.

I [(7sec®x—secxtanx)dx=7Ttanx —secx + C.

Evaluate { (csc” x + 3x7) dx.

I f(sc®x+3x*)de=—cotx+x*+C.

Find [ xV3xdx.

I [xV3xde={x(V3vx

Find f ! dx.
sec x

f 1 dx = [cosxdx =sinx + C.

s€C x

Find ftan® x dx.

2V3

)dx=\/§fx3/2dx=\/§(_%)x5’2+C=Tx5’2+C.

I ftan*xdx=f(sec’x—1)dx=tanx—x+ C.

Evaluate { V7x +4 dx.

Let u=7x+4. Then
D+ C=&(x+4)*+C=4(VIx+ 4 + C.

I Use substitution.

. 1
Find jmdx.

du=7dx, and [Vix+ddx=[Vuddu=}Ju'"du=

I Let u=x-1. Then du=dx, and j%__ldx=f——\}—adu=fu‘”2du=2u”2+c=2\/u+C:

2vx—-1+C.
Find [(3x—5)"7dx.

I Let u=3x-5,
3x-5"+C.

du=3dx.

Evaluate [ sin(3x —1) dx.

I Let u=3x-1,
~3cos(3x—-1)+ C.
Find [ sec’ (x/2) dx.

I Let wu=x/2,
2tan (x/2) + C.

. cos VX
Find j v dx.

du =3 dx.

du =} dx.

Then

Then

Then

[Bx~5)"%de=fu*(})du=4L[udu=)H)u +C=

fsin(Bx—1)dx=[sinu(3du)=1%[sinudu=4%(—cosu)+C=

fsec® (x/2) dx = [sec® u-2du=2fsec’udu=2tanu+ C =

cos VX

I Let u=vx du=15i(1/vX)dr. Then f—\/)-c—dx=Icosu-2du=2fcosudu=25inu+C=

2sin (V) + C.

Evaluate [ (4-2£)tdr.

I Let u=4-27
-5@-2%+C.

du = —4t dt.

Then

f@-2tdt=f (- du=-} [ du=-(})u*+C=
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19.24  Solve Problem 19.23 by using Problem 19.1.

I Notice that D,(4—2)=—4t. Then [(4—20)tdt=~-1[(4-28)(—4n)dr=-4(H)(@ -2+ C=
1 2.8
-5(4-27)Y + C.

19.25 Find [x*Vx® +5 dx.

I Let wu=x"+5  du=3x"dx. Then [xX*Vi+5de=[Vu -tdu=1[u"du=1(3)u**+C=
1 +5) +c=1(VE+5)¢ +C.

x
. t = .
19.26  Evaluate f Y i dx
u-—1

I Let u=x+1, du=dx. Then X dx= du=[W"?—u"ydu=32"""-2u"*+C=
Vx +1 Viu
vy = 2Vii+ C = H(Vx+ 1P —2Vx+1+C = Wx+1i(x-2)+ C.

19.27 Find [Vx® —2x+1dx.

I Note that x> —2x+1=(x~1) So, let u=x—1, du=dx. Then Vi —2x +1dx = [Vi du=
fuPdu=3+ C=3wa) ' +C=Vx -1 +C.

19.28 Find [ (x'+1)"’x dx.
I Let u=x"+1, du=4x>dx. Notethat x" dx=x* x*dv=(u~—1)-%du. Hence, [(x*+1)"x" dx=

_[u“s(u—l)~%du — Z[J‘(u4/3_ul/3)du = %(%uﬂ:ﬁ_ %u4/3)+c — %1‘4/3(%14_ %) = %(x4+1)4/3[%(x4+1)—
H+C= "+ 1) 4x* -3)+ C.

X
19.29  Evaluate j~———-——— dx.
V1 +5x°

d Let wu=1+5x> du=10xdx. Then f

Wi+sx+C.

T—\/j‘_;dx=fﬁ.%du=°flﬁJ‘u‘llzduz_ll_é,zullz_*_C:

19.30  Find [xVax+bdx, when a#0.
I Let u=ax+b, du=adx. Notethat x=(u—b)/a. Then

fx\/ax-*- bd)(:fy——*'lz\/l—l‘ 1 du = -13 f(u:’/:—bu”:) du = —15 (g usm—gZ 113'3)+ C
a a a a* \5 3
LT P PV [y
=gFuwsu-3 +C—?( ax + b) 5((u+b)—§ +C
=%(Vax+b)"<gx—£b>+C=~—2—2(Vax+b)3(3ax—2b)+C
a 5 15 15a
cos 3x
19.31  Evaluate f —3
sin” 3x

I Let u=sin3x. By the chainrule, du=3cos3xdx. So,

CEP LS G (P P e
fsin23xdx—jul 3du-3 u du—3( u )+ C=

1 1 1
5—;+C-—m+C-—§c3c3x+C.

19.32 Find [V1—xxdx.

I Let u=1-x, du=-dx. Notethat x=1-u. Then [VIi-xx’dx=[vu(l-u)-(=1)du=
—I\/E(l—2u+u2)du - _I(u1/2_2u3/z+u5/2)du - —[§u3/2—2(§)u5/2+ %u7/2]+c _ ~2u312(§ —2u+
LY+ C==2(VI=xP[{ -1 -x)+ (1 - x)°]+ C = - & (VI-x)’8+ 12x + 15x°) + C.
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Find an equation of the curve passing through the point (0, 1) and having slope  12x + 1 at any point (x, y).

1 D,y=12x+1. Hence, y=6x’+x+ C. Since (0,1)liesonthecurve, 1=C. Thus, y=6x"+x+1
is the equation of the curve.

A particle moves along the x-axis with acceleration a=2t—3ft/s’. At time =0 it is at the origin and
moving with a speed of 4 ft/s in the positive direction. Find formulas for its velocity v and position s, and
determine where it changes direction and where it is moving to the left.

I Dv=a=2t-3. So, v=[(2t-3)dt=¢"—-3t+C. Since v=4 when =0, C=4. Thus, v=
£ -3t+4. Since v=Dys, s=[(F—3t+4)dt=13" -3 +4+C,. Since s=0 when t=0, C,=0.
Thus, s=1r -3/ +4¢. Changes of direction occur where s reaches a relative maximum or minimum. To
look for critical numbers for s, we set v =0. The quadratic formula shows that v =0 has no real roots.
[Alternatively, note that > —3t+4=(t—3)*+ 3>0.] Hence, the particle never changes direction. Since it
is moving to the right at =0, it always moves to the right.

Rework Problem 19.34 when the acceleration a = > — 2 ft/s”

I v=[(-dt=1F~-3t+C. Since v=4 when =0, C=4. Thus, v=3r"—~ 2r+4.  Then
s=fvdt=1-1' -2 - 12 +4+C = 5t'- B~ +4t+ C,. Since s=0 when t=0, C,=0. Thus, 5=
' — B¢ + 4. To find critical numbers for s, we set v =0, obtaining > —13t+12=0. Clearly, t=1 isa
root. Dividing £ —13t+12 by t—1, weobtain £ +¢—12=(+4)(t—3). Thus, t=3 and 1=-4
also are critical numbers. When =1, D’s=a=-%<0. Hence, s has a relative maximum at t=1.
Similarly, a=% >0 when (=3, and, therefore, s has a relative minimum at r=3; a=3%>0 when
t=—4, and, therefore, s has a relative minimum at r= —4. Hence, the particle changes direction at = —4,
t=1, and r=3. It moves left for < —4, where it reaches a minimum; it moves right from ¢= -4 to
t=1, where it reaches a maximum; it moves left from =1 to ¢=3, where it reaches a minimum; then it

moves right for > 3.

A motorist applies the brakes on a car moving at 45 miles per hour on a straight road, and the brakes cause a
constant deceleration of 22 ft/s>. In how many seconds will the car stop, and how many feet will the car have
traveled after the time the brakes were applied?

I Let =0 be the time the brakes were applied, let the positive s direction be the direction that the car was
traveling, and let the origin s=0 be the point at which the brakes were applied. Then the acgelg:izébion

a=-22. So, v=Jadt=-22t+C. Thevelocityat ¢=0 was45mi/h, which is the same as 3600

66 ft/s: Hence, C=66. Thus, v=—22t+66. Then s=[vdr=-117"+66t+ C,. Since s=0 when
t=0, C,;=0 and s= ~11£2 + 66t. The car stops when v =0, thatis, when ¢=3. At (=3, s=
99. So, the car stops in 3 seconds and travels 99 feet during that time.

A particle moving on a straight line has acceleration a =35 —3r, and its velocity is 7 at time t=2. Ifs(f) is
the distance from the origin, find s(2) — s(1).

I v=(adt=5:-3+C. Since the velocity is 7 when t=2, 7=10-6+C, C=3. So, v=>5t—-
3f+3. Then s=3~1r+3t+C,. Hence, s(2)=12+C,, s()=5+C,, and s(2)-s(1)=7.

Find an equation of the curve passing through the point (3, 2) and having slope 2x*—5 at any point (x, y).

I D y=2x*-5. Hence, y=32%x"~5x+C. Since(3,2)isonthecurve, 2=32(3)-53)+C, C=-1.
Thus, y= 2x*-5x~-1 isan equation of the curve.

A particle is moving along a line with acceleration a=sin2¢+ £ ft/s”. Attime (=0, its velocity is 3 {t/s.
What is the distance between the particle’s location at time =0 and its location at time ¢= 7/2, and what
is the particle’s speed at time = 7/2?

I v=[adi=-L1cos2t+ i+ C. Since v=3 when t=0, C=3. Thus, v=-}cos2t+ % +3.
Hence, at time t=m/2, v=-Lcosaw+ I(w/2)*+3=1+mY24. Its position s=[vdt=—-1sin2t+
1o +3t+Ci=—%sin2t+ &t +3t+C,. Then s(0)=C, and s(m/2)=—isin7+ &(w/2)"+
3(w/2)+ C,. Hence, s(w/2)—s(0)=(w*+288m)/192.
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19.40

19.41

19.42

19.43

19.44

19.45

19.46

19.47

19.48

19.49

19.50

19.51

Find [ sin* x cos x dx.

I Let u=sinx, du=cosxdx. Then [sin*xcosxdx=[u'du=1%1u’+C=1sin’x+C.

Suppose that a particle moves along the x-axis and its velocity at time tis givenby v=£ ~t~-2 for 1=r=4,
Find the total distance traveled in the period from t=1 to =4,

I v=(-2)(t+1). Hence, v=0 when t=2 or t=-1. Since a=Dv=2t—1 is equal to 3
when (=2, the position s of the particle is a relative minimuma when ¢=2. So, the particle moves to the left
from r=1 to t=2, and to theright from r=2 to t=4. Now, s=[vdt=1ir-17-2t+C. By
direct computation, s(1)=-2+C, s(2)=-2+C, and s(4)=% + C. Hence, the distance traveled
from =1 to t=2 is |s(1)—s(2){=7 and the distance traveled from (=2 to t=4 is |[s(2)—
s(4)]=%. Thus, the total distance traveled is 2.

3._
Evaluate f X 3 L dx.
x
x' -1 ) 1
] f —dx=f(1-xNde=x—(-1)x+C=x+-—=+C
x 2x
Find { csc® x cot x dx.
I Let wu=cscx. Then du=-cscxcotxdr. Hence, [esc®xcotxdx=—[u'du=-tu+C=
~Lese®x+ C.

A particle moving along a straight line is accelerating at the rate of 3 ft/s>.  Find the initial velocity if the distance
traveled during the first 2 seconds is 10 feet.

I v={3dt=3t+C. C is the inital velocity v, when ¢t=0. Thus, v=3t+uy, The position s=
Juvdt=13r + vt + C,. Hence, s(2)=3}-4+2v,+ C, =6+2v,+ C,. Ontheotherhand, s(0)=C,. So,
10=15(2) - s(0) =6+ 2vu,, v,=2f1t/s.

Evaluate [ sin 3x cos 3x dx.

I Let u=sin3x, du=3cos3xdx. Then [sin3xcos3xdx=1%fudu=1% -3u’+C="Lsin’3x+C.
Find [(x*—4x’) (x> —3x%) dx.

I Note that, if we let g(x)=x'—4x’, then g'(x)=4x>—12x*=4(x"-3x?). Thus, our integral has

the form [ (g(x))’-ig'(x)dx =1 [ (g(x))’g'(x) dx =1 -1 -(g(x))' + C= & (x* —4x*)* + C. using the result of
Problem 19.1.

Evaluate [ sec” 4x tan 4x dx.
I Let wu=tan4x. Then du=sec’4x-4dx. So, [sec’dxtandxdx=1% fudu="1 -1+ C=}tan’ 4x + C.

Evaluate { (cos x sin x)V1 + sin” x dx.

I Let wu=1+sinx. Then du=2sinxcosxdx. So, [(cosxsinx)V1+sinxde=3[Vudu=1-
37+ C=4(1+sin’ x)*? + C.

2 2
Find f(" ”) dx.
X

Z+ 2 4+2 2+1
1 x*l dx = x————f——dx=_|'(x2+2+x’2)dx=%x3+2x—x"+C=%x3+2x—l+C.
X pd X

Find [+ 1)(—1)dr
I [¢+1)e-Ddt=[(-1)di=4F -1+ C.

Find [(VvX+1)*dx.
I ((Vx+1) dx=[(x+2vEi+1)dx=[(x+2x"2+ 1) dx =34+ 23 +x+ C= X"+ $x**+x + C.
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Evaluate f ( t+

)a

f —1— dt=f(t”’+ Ty de= 3"+ 307+ C

<|l
[
-~

Evaluate [ (sec’ x)Vtan® x dx.
I Let u=tanx, du=sec’xdx. Then [ (sec’x)Vtan' xdx=[u"?du=2%’?+C=3}Vtan'x)+C.

R}
X
Find f—,-————dx
Vx~ +25
x u-—25
I Let wu=x>+25, du=2xdx. Note that x*=u—-25 Then j—\/}—z—+——gdx=f T L du=
' =250y du= (3’7 =501y + C= L' H(u~75) + C= W x> +25(x* = 50) + C.

Find [tan’ @sec’ 6 df.

I Let u=tan6, du=sec’0df. Note that sec’6=1+u’. Then [tan’@sec'0df=[u’(1+u’)du=
J@+uydu=3u’+4u’+ C=4tan’ 6+ L tan 9 + C.

Find [ cos’ 5x sin® 5x dx.

I Let u=sin5x, du=5cos5xdx. Note that cos’5x=1-u’. So, [cos’Sxsin’Sxdx=[(1-u’)u’-
ldu=1 @ —u*ydu= (i1’ - 1’)+ C= & sin® 5x — % sin® 5x + C.

A particle moves on a straight line with velocity v =(4—2¢)’ at time r. Find the distance traveled from
t=0 to r=3.

I The position f vdt= j (4 20%dr.  Let wu=4-2t, du=-2d. Then s=[(@4-20Ydt=
[w(-Hdu=-1 _[ wWdu=—-%-tut+C=-}4-2)"+ C Notice that v=0 when ¢=2; at that
time, the particle changes dlrectxon Now s(0)=-32+C, s(2)=C, s(3)=-2+ C. Hence, the distance
traveled is  [s(2) — s(0)] + {s(3) - s(2)| =32+ 2 =34.

Find [ (2x° + x)(x* + x* + 1) dx.

I Let u=x“+x2_+1, du = (4x> + 2x) dx =2(2x° + x) dx. Then [P+ +x°+ 1) dx =
Ju-Ydu=(3)(H)wW+C=(x*+x*+ 1)+ C.

A space ship is moving in a straight line at 36,000 miles per second. Suddenly it accelerates at a = 18¢ mi/s’.
Assume that the speed of light is 180,000 mi/s and that relativistic effects do not influence the velocity of the space
ship. How long does it take the ship to reach the speed of light and how far does it travel during that time?

I v=[adi=[18tdt=9+C. Let t=0 be the time at which the ship begins to accelerate. Then
v=36,000 when =0, and, therefore, C=36,000. Setting 9:°+ 36,000 = 180,000, we find that *=
16,000, t=40V10. The position s= [ uvdr=3r+36,000t+s, where s, is the position at time ¢=0.
The position at time ¢ =40V10 is 3:(r* + 12,000) + 5, = 120V10(28,000) + s,. Hence, the distance traveled
is 3,360,000 V10 miles = 10,625,253 miles.

Evaluate [ sec’ x tan x dx.

I Let u=secx, du=secxtanxdx. Then [sec’xtanxdx=[u*du=1u’+C="1sec’x+C.

Find | (3x> +2)'"“x dx.

I Let u=3x"+2, du=6xdx. Then [(3x*+2)"“xdx=%fu""du= ()" +C=20Bx*+2)"*+C

Find {(2—x*)’xdx.
I [Q-xYxde={(4-4x +x)xdx=[(dx—ax* +x")dx =22 — ¢x* + Lx* + C.
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Find [ (2—x*)x dx.
I Let u=2-x> du=-3x"dx. Then [QR-xX)x’dx=-1[vdu=-}-2w+C=-52—-x*)+C.

Evaluate ardi
4t
I iet u=r"+3, du=2tdr. Then 2‘1’3 =2fu P du =2+ C=3(F +3)"° + C.
Vi

Find f (L—z)%fl dx.

x=-2)(x+3 ¥+x—6 , .
1 J‘( \)/(jx )dx= = dx=f(x3’2+x”2—6x 12) de=2x5+ 262~ 12412+ C

= &x'"*(3x* + 5x —90) + C.

Find the equation of the curve passing through (1, 5) and whose tangent line at (x, y) has slope 4x.
I y' =4x. Hence, y=[4xdx=2x"+ C. Substituting (1,5) for (x, y), we have 5=2(1>+C, C=3.
Hence, y=2x"+3.

Find the equation of the curve passing through (9, 18) and whose tangent line at (x, y) has slope VXx.

I y=vx So, y=[vxde=2x"?+ (. Substituting (9,18) for (x,y), we obtain 18=2(V9)’+ C,
y

C=0. Hence, y=3x"""

[

Find the equation of the curve passing through (4, 2) and whose tangent line at (x, y) has slope x/y.

I dyide=xiy. [ydy=[xdx, 1y’=ix"+C, y>=x>+C,. Substituting (4,2) for (x,y), we have
4=16+C,, C,=-12, y’=x"-12, or x’—y’>=12 (a hyperbola).

Find the equation of the curve passing through (3,2) and whose tangent line at (x, y) has slope x*/y>.

I dyldx=x%y°’. [y dy=[x"dx, 1y*=1ix’+ C. Substituting (3,2) for (x,y), we obtain 4=9+ C,
C=-5 1y'=1x’-5 y*=4x>-20

Find the equation of a curve such that y” is always 2 and, at the point (2, 6), the slope of the tangent line is 10.

I y=[ydc=[2dx=2x+C. When x=2, y'=10; so, 10=4+C, C=6, y' =2x+6. Hence,
y=[ydi=x"+6x+C,. When x=2, y=6; thus, 6=16+C,, C,=-10, y=x>+6x—10.

Find the equation of a curve such that y"=6x—8 and, at the point (1,0), y' =4.

I y=[yde=[(6x—8)dx=3x>-8x+C. When x=1, y'=4; so, 4=-5+C, C=9. Thus,
y' =3x"-8x+9. Then y=[y di=x"—-4x’+9x+C,. When x=1, y=0. Hence, 0=6+C,,
C,=—6. So, y=x"—4x+9x —6.

A car is slowing down at the rate of 0.8 ft/s”. How far will the car move before it stops if its speed was initiatly
15 mi/h?

I a=-08 Hence, v=_adt=-08+C. When =0, v=22ft/s [15mi/h=(15-5280)/3600 ft/s =
22ft/s.] So, v=-0.8t+22. The car stops when v =0, that is, when ¢=27.5. The position s=
fudt=—0.4:" +22t+s,, where s, is the initial position. Hence, the distance traveled in 27.5 seconds is
—0.4(27.5)% + 22(27.5) = 302.5 ft.

A block of ice slides down a 60-meter chute with an acceleration of 4m/s>.  What was the initial velocity of the
block if it reaches the bottom in 5 s?

I v={adi=[4di=41+v, whereuv,isthe initial velocity. Then the position s= [ vdf=2t"+v,t. [We
let s=0 atthe top of the chute.] Then 60=2(25)+ 5v,, v,=2m/s.
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If a particle starts from rest, what constant acceleration is required to move the particle 50 mm in 5s along a
straight line?

I v=(adi=at+ Uy. Since the particle starts from rest, v,=0, v=at. Then s= fuvdt=1a’. [We
set s=0 at r=0.] So, S0=1a(25), a=4m/s>

What constant deceleration is needed to slow a particle from a velocity of 45 ft/s to a dead stop in 15 ft?

I v=f{adi=ar+v, Since v, =45, v=at+45. When the particle stops, v= 0, that i 1s, = —45/a.
Now, s=fvdt=14ar*+45:. [We let s=0 at ¢=0.] Then 15= % a(-—%) 45( ) (4;5(1)

45y (45)°
a  2a -

Hence, a= -1 =—-§7.5ft/s>

A ball is rolled in a straight line over a level lawn, with an initial velocity of 10 ft/s. If, because of friction, the
velocity decreases at the rate of 4 ft/s?, how far will the ball roll?

I The deccleration a=-4. v=[adt=—-4t+v,. When t=0, v=10; hence, v,=10, v=—-4r+
10. Then the position s=fvdt=-2f +10t [We assume s=0 when ¢=0.] The ball stops when
v=0, thatis, when t=2.5. Hence, the distance rolled is —2(2.5)” + 10(2.5) = 12.5 ft.

Find the equation of the family of curves whose tangent linc at any point (x, y) has slope equal to ~3x%

I y =-3x y=[y dx=-x"+C. Thus, the family is a family of cubic curves y=—x+ C.

Find f( sec x )
1+tanx

I let u=1+tanx, du=sec’xdx. Then

2
secx _ -2 _ - 1
J<1+tanx> dx-—ju du w +C 1+tanx+C

Evaluate [ x*csc® x* dx.
I Let u=cotx® du=(-csc®x*)(3x*dx). Then [x’csc’x’dx=-1%[1ldu=-%u+C=-}cotx’+C.
Find | (tan 8 + cot 8)” dé.

I [(tan6+cot9)*do=f(tan> 0 +2+cot’ 8) do = [ (sec’ @ —1+2+csc” 6 — 1) do = [ (sec’ 8 + csc’ ) do
=tan § —cot§ + C.

d
Evaluate I———-——
1+cosx
I 1 1 1-cosx 1l—cosx 1—cosx 5 .
=— =¢$¢” X —~ Ccot x ¢sC x
T+cosx 14cosx 1-cosx 1-cos x sin” x
Hence, j————=](csczx—cotxcscx) dx=—cotx+cscx+ C
1+cosx
Evaluate f——
1+sinx
1 1 1-sinx 1-sinx 1-sinx sec? . ec u J'
= X —tan x sec x. ence, —=
l+smx 1+smx 1-sinx 1-sin’x  cos’x 1+sinx

[ (sec’ x —tan x sec x) dx =tan x —secx + C [Or: substitute x=m/2—v and use Problem 19.81.]

Find the family of curves for which the slope of the tangent line at (x, y) is (1 +x)/(1—y).

I dyidx=(1+x)/(1—y). Then [(1-y)dy=f(1+x)dx, y—iy’=x+ix’+C, x> +y" +2x-2y+
C=0, (x+1)’+(y—1)y’=C,. With C, >0, thisisa family of circles with center at (-1, 1).
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Find the family of curves for which the slope of the tangent line at (x, y) is (1+ x)/(1+ y).

I dy/dx=(1+x)/(1+y). Then [(1+y)dy=[(1+x)dx, y+3y’=x+1ix*+C, x*—y* +2x—2y+
C=0, (x+1)>—-(y+1)>+C,=0. This consists of two families of hyperbolas with center at (—1, —1).

Find the family of curves for which the slope of the tangent line at (x, y) is x\/y.

I dyidx=xvy. Then [y '*dy=[xdx, 2y'*=1x+C, y"*=1z*+C,.

If y"=24/x> at all points of a curve, and, at the point (1,0), the tangent line is 12x + y =12, find the
equation of the curve.

I y'=24x" y'=[y"dc=-12x"?+C. Since the slope of 12x+y=12 is —12, when x=1, y'=
-12. Thus, C=0, y'=-12x"2 Then y= [y dx=12x"'+ C,. Since the curve passes through (1,0),

C,=-12. So, the equation of the curve is y= 12(% - 1), or xy=12(1-x).

A rocket is shot from the top of a tower at an angle of 45° above the horizontal (Fig. 19-1). It hits the ground in 5
seconds at a horizontal distance from the foot of the tower equal to three times the height of the tower. Find the
height of the tower.

Fig. 19-1

I Let £ be the height, in feet, of the tower. The height of the rocket s=h + vyt —16¢°, where v, is the
vertical component of the initial velocity. When =5, s=0. So, 0=h+5v,—400, v,=(400—h)/5.
Since the angle of projection is 45°, the horizontal component of the velocity has the initial value v,, and this value
is maintained. Hence, the horizontal distance covered in 5 seconds is 5v,. Thus, 5[(400— h)/5]=3h,
h =100 ft.

In Problems 19.88-19.94, find the general solution of the indicated differential equation.

dy > _
dx—6x +4x —5.

I y=[(6x*+4x-5)dx=2x"+2x"-5x+C.
dy

ay _ 3
ax Bx+1).

I y={(3x+1)dx. Let u=3x+1, du=3dx. Then y=3%[u’du=3%-;-u'+C=40x+1)'+C.

D gy 2_
e =24x"+18x" —8x + 3.
1

y = [(24x> + 18x* — 8x + 3) dx = 6x" + 6x°> — 4x* + 3x + C.

Y _2v3.

dx
1 f—f/——);_=f2dx, fy V?dy=2x+C, 2y'*=2x+C, x=vy+C,.



19.92

19.93

19.94

19.95

19.96

19.97

19.98

19.99

19.100

ANTIDERIVATIVES (INDEFINITE INTEGRALS) [ 151

dy x+vVx

dx—y—\/Y'
I [(y-vy)dy=[(x+VvDdx, $y’-3y’?=4+3x>2+C, or 3y’ -2°)-4(y*"*+x**)=cC,.

dy y 1/3
2

' J‘y-l/3 dyzj‘x—US dx, %y2/3= %xlﬂ + C, y2/3_x2/3= Cl-

dy 1
HoEtE

1
! yzﬂ?+")dx=f(x_2+x)dx=~x"+%x2+c=%x2‘§+c.

Find the escape velocity for an object shot vertically upward from the surface of a sphere of radius R and mass M.
[Assume the inverse square law for gravitational attraction F=—G(m,m,/s*), where G is a positive constant
(dependent on the units used for force, mass, and distance), and m, and m, are two masses at a distance s.
Assume also Newton’s law  F = ma.]

I Let m be the mass of the object. ma = —G(mM ész), dwhere s is the distance of the object from the center
v v

of the sphere. Hence, a= ~GM/s>. Now, a= ZT s % = % v. Thus, v %} = -GM/s% fvdv=
—~ [(GMIs*yds, iv*=GM/s+C. When s=R, v=v, theinitial velocity. Hence, C=3ivl—
GM/R. Thus, iv’=GM/s+ iv2— GM/R. In order for the object never to return to the surface of the
sphere, v must never be 0. Since GM/s approaches 0 as s-— +o, we must have %vﬁ -~ GM/R=0, or

v, =V2GM/R. Thus, V2GM/R is the escape velocity.

Find the escape velocity for an object shot vertically upward from the surface of the Earth. (Let —g be the
acceleration due to the Earth’s gravity at the surface of the Earth; g=~32ft/s”)

I By Problem 1995, —g=a=-GM/R?> g=GM/R>} GM=gR> Hence, 2GM/R=2gR. There-
fore, the escape velocity is \V2gR. Now, g=232ft/s®>= 3% mi/s’. If we approximate the radius of the
Earth by 4000 miles, then the escape velocity is about V2 - 535 - 4000 =~ 7 mi/s.

The equation xy =c represents the family of all equilateral hyperbolas with center at the origin. Find the
equation of the family of curves that intersect the curves of the given family at right angles.

I For the given equation, xy’+y=0, y'=—y/x. Hence, for the orthogonal family, dy/dx=x/y,
fydy=[xdx, 3y’=1x*+C, y*—-x*>=C,. Thisisafamily of hyperbolas with axes of symmetry on the x-
or y-axis.

Compare the values of [2cosxsinxdx obtained by the substitutions (@) u=sinx and (b) u=coszx,
and reconcile the results.

I (0) Let u=sinx, du=cosxdx. Then [2sinxcosxdx=2fudu=2-1u*+C=sin®x+C. (b)
Let u=cosx, du=—sinxdx. Then [2sinxcosxdx=-2fudu=-2-3u’>+C=-cos’x+ C. There
is no contradiction between the results of (a) and (b). sin’x and —cos” x differ by a constant, since
sin” x + cos’ x =1.  So, it is not surprising that they have the same derivative.

Compute | cos” x dx.

I Remember the trigonometric identity cos® x = (1 + cos2x)/2. Hence, [cos’xdx=1} [(1+cos2x)dx=
j(x+ 32sin2x)+ C=3(x +sinx-cosx)+ C. For the last equation, we used the trigonometric identity
sin 2x = 2 sin x cos x.

Compute | sin’ x dx.

I {sin® xdx=[(1-cos®x)dx=x— 4(x +sin x cos x) + C [by Problem 19.99] = 1(x — sin x cos x) + C.
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Evaluate [; 4 dx by the direct (Riemann) definition of the integral.
I Let 2=x,<x,<---<x,  <x,=5 be any partition of [2,5], and let Ax=x,—x,_,. Then an

approximating sum for 5 4dx is

2D Ax=2 48X =4 2 Ax=4[(x, —x) + (x, —x,) + -+ (x, —x, )

=4(x, —x,)=4(5-2)=4-3=12.

Hence, the integral, which is approximated arbitrarily closely by the approximating sums, must be 12.

Calculate [, 5x* dx by the direct definition of the integral.

I Divide [0, 1] into n equal subintervals, each of length A,x =1/n. In the ith subinterval, choose x* to be the
right endpoint i/n. Then the approximating sum is

S N iV 5 & L S an+ D@2+ 1) 5(n+1)(2n+1> 5( 1)( 1)
YAy = 222 1o 2 =2 =z “H2+ =
gl USHES gls(n) n' g,l 3 6 6\ n n 6 1‘*_n 2 n

n n

As we make the subdivision finer by letting n-»> +%, the approximating sum approaches £-:1:2=13%, which
is the value of the integral.

+
Mjl—)észl—) that was used in the solution of Problem 20.2.

Prove the formula Z i’=
i=1
I Use induction with respect to n. For n =1, the sum consists of one term (1)>=1. The right side

is (1-2-3)/6=1. Now assume that the formuia holds for a given positive integer n. We must prove it
S n(n +1)2n+1)

for n+1. Adding (n+1)’ to both sides of the formula , i*= 6 , we have
i=1
n+1 . + + +
2 nln 1)6(2,1 1) (1Y =(n+ 1)[n(2n6 D\ n+ 1)] Cn+ 1)[.*1(2'1 +1)6+6(n + 1)]
i=1
ta+6n+ *+7n+ +
:(n+1)(2" 0+ 6n 6>=(n+1)(2n n 6>=(n+1)[(n+2)(2n 3)]
6 6 6
_{(n+ D(n+2)2n +3)
h 6
which is the case of the formula for n + 1.
+1
Prove the formula 1+2+---+npn= E(Lz————l

I Let S=142+---+(n—1)+n. Then we also can write S=n+{(n-1)+---+2+1. If we add
these two equations column by column, we see that 25 is equal to the number n+1 added to itself n times.
Thus, 28S=n(n+1), S=nn+1)/2.
bZ

Show that [f xdx = 5 by the direct definition of the integral.

I Divide the interval [0, b] into n equal subintervals of length b/n, by the points 0= x,<b/n<2b/n<---<
nb/n = x,=b. In the ith subinterval choose x? to be the right-hand endpoint ib/n. Then an approximating

f Sibb_b g, bl b
sum is i ;=|l p 5 5

1
(1 + ;)' As n— +o, the approximating sum approaches
b2, whi’c_hl is, therefore, the value of the integral.
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Evaluate (3i—-1).

i=1

S (3 SETIR o +
' 2(31—1)=i=213l_i:211=3--=l[—n=32£n_2_1)_nzg[3(n+1)_2]=n(3n2+1)'
Evaluate 2(3i2+4)_
i=1
1 S 3 +4)=337+ D 4=3.3 7 SRRV I
i=1 i=1 i=1 i=1

=S+ 1)@n+1)+8]= 5

For the function f graphed in Fig. 20-1, express [, f(x) dx in terms of the areas A, A,, and A,.

A
0 A| 5 X
A;

I The integral is equal to the sum of the areas above the x-axis and under the graph, minus the sum of the areas
under the x-axis and above the graph. Hence, [ f(x)dx=A,— A, - A,.

Fig. 20-1

In Problems 20.9-20.14, use the fundamental theorem of calculus to compute the given definite integral.

2, (3x* =2x + 1) dx.
I [(3x*—-2x+1)dx=x"—x"+x. (We omit the arbitrary constant in all such cases.) So 2,03 -2x+
Ddx = -2 +x0)], =3 -3+3) - [(-1)’ - (1)’ + (-1} =21~ (-3) =24,

74 cos x dx.

™
. . 14 . .
I [cosxdx=sinx. Hence, fJ"cosxdx=sinx]]*=sin— —sin0=

VZ_,.V2
4 2 o2

7' sec® x dx.

I [sec’ xdx=tanx. Hence, fg'/aseczxdx=tanx]g/3=tan;—T—tan0=\/§—0=\/§‘

3/2
116 %% ax.

’ "'x3/2 dx — %XS/Z' Hence, 116 x3/2 dx — %x5/2 :6 — %[(16)5/2 _ (1)5/2] — %[(m)s — (\/T)S ] — %(1024 —_
1) = 3(1023) = 2,

(e
1 I(% —x) dx=f(2x"V*—x)dx=4x"?-1x.  Hence, f (% —x) dx=(4x'"* = 3x) 1 =[4V5 -
151 -[4VA-3(4)1=(4V5-F)-(8-8)=4V5-%.
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20.14
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JoVx? —6x +9dx.

I Vi’ -6x+9=V(x-3)=|x—3/=3-x when Os=x=1. So, the integral is [, (3—x)dx=(3x -
) =6-H-(0-0)=3.

In Problems 20.15-20.20, calculate the area A under the graph of the function f(x), above the x-axis, and
between the two indicated values g and b. In each case, one must check that f(x)=0 for asx=b.

fx)=sinx, a=m/6, b=mx/3.

I A=[7sinxdx=(—cosx)]l.= (—cos%)—(—cos%)=(—%>—<— \/§> \/§-—1.
fxy=x*+4x, a=0, b=3.
I A=[J(P+ax)de=(3x" +2x) 5 =[3(3)’ +2(3)’] =9+ 18 =27.

fX)=1~/%, a=1, b=8.

lAf

fx)=Vax+1, a=0, b=2.

I A=[Vax+T1dce. To find [Vax+1dx, let u=4x+1, du=ddx. [Vix+1de=1[u'?du=
P37 =3(VAX+1). So, A= {(Vax+1)' g = E(VO) (\/_)]—6(27—1)—‘3

N}w

2”]?=%(82/3 2/3)23(4_1)__

f(x)=x*-3x, a=3, b=5.
I A= -30)de=0x" -3 =15 -36)1- 33’ - 313)y]1=8+3=7%.
f(x)=sin2xcosx, a=0, b=m/2.

= [7'%sin” x cos x dx = } sin® x |;'% = {[sin’ (#/2) ~sin* 0] = }

In Problems 20.21-20.31, compute the definite integrals.

7% cos x sin x dx.

I (77 cosxsinxdx=1sin’x]]"? = i[sin’ (w/2) —sin’ 0] =  (using Problem 19.1 to find the antiderivative).

[T tan x sec’ x dx.

I [[“tanxsec® xdx=1tan’x]]"* = i[tan’ (7w/4) ~ tan’ 0] = 1 (1 - 0) = }.

L V3xT=2x+3 (3x—1) dx.
1

I To find [V3x'=2x+33x=1)dx, let wu=3x"-2x+3, du=(6x—2)dx=23x—-1)dx. So,
JV3x’-2x+3 Bx—1)dx=14[Viidu=1- % Vr=13x-2x+3)"" Hence, [} V3x*-2x+3(3x—
Ddx =3@x*-2x+3)?]', =4[3~-2+3)*? -(3+2+3)3’2]—3(8—16\/§)=§(1—2\/§).

T2 V/sin x + 1 cos x dx.

I [Vsinx+1cosxdr=[(sinx+1)"?cosxdx=23%(sinx+1)"* [byProblem 19.1]. Hence,
T2 V/sinx + 1cos x dx = 3(sinx + 1)*? 177 = ¥{[sin(#/2) + 1]*"* — sin 0 + 1)**} = 3(2V2 - 1).

2, Vx+2x% dx.

I Let u=x+2, x=u—-2, du=dx. When x=-1, u=1, and, when x=2, u=4. Then, by
change of variables, [2, Vx+2x’dx = [} va(u-2Ydu = [{vu@’ -4u+4)du = [} (u“ 44 +
4u'ydu = [3u77 -4+ 4] = 2P - tut )] = 2B(F - R+ D -(G -+ )] =

127 124 28 . 562
2(% - s +?)— 105 -
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VR dx.
I let u=x"-4, *=u+4, du=3x*dx. When x= 2, u=4, and, when x=5, u=121. Then
J‘;‘\/x.‘_4x5dx =1 l21 \/1—1(3'4224) du __1 IZI (u3/2+4 1/7) du = 1(2 5/2 8 ‘4/2)]121 =4_2_ 1/2(3u+20)ll2l
= AL(11(383) - 8() = =3
Y -9 1% dx.
I Let u=x"-9, x*=u+9, du=2xdx. Then [FVi—9x dr=14 20" (u+9)du=14 [ "+
1/1) du=13CGu 7349, 3 4/3)]216_ 56“4/3(4 +63)]2|6_ q6{(6) [4(216) + 63] - 0) = 3497522
! X
—2r 4
L e+ &
1
I Let u=2x+1, du=4xdx. Then fo&—X—Z{T)}dx=%ffu‘sdu=—~,%u'2]f=—;‘;(%-—1)=%.

s x
fo Grp” &
8 9
_1 _ ~
I Let u=x+1, x=u-1, du=dx. Then L(—~4—_—'x—l)—7,7dx=4[yu—3,—2—du=ff(u Y2y du=
Q'+ 207N =20B+ ) -1 +1)) =4 ’
I2, e =1 dx.

I (2 x=1de = [ e —tlde+ [T lx -1 de = L, (1-0)de+ [T (x =) dx = (x = 1) )L, + (3 - 9) ]
=[(1-H-C1-)]+[2-2)-(G-D]=2+3=3.

J' -2 +1 —2x+1
dx.
2
2x+1 _ _ s _ _
I, x_4x—” =[2Gt =20 ) de = O 2 = ) P (B L= ) - (b 42 1)
SHCRIR )

Find the average value of f(x)=vX on [0, 1].

. . . . 1
I By definition, the average value of a function f(x) on an interval [a, b] is b —a f? f(x) dx. Hence, we must

compute [{Vxdx=flx" dx=3x"?] =3(1-0)=3.

Compute the average value of f(x) =sec’x on [0, 7/4].

w4

4 4
I The average value is sec’ x dx = — tanx 1o = (1 —0)=—.

/4
State the Mean-Value Theorem for integrals.

. . . . . . 1
I If a function f is continuous on [a, b], it assumes its average value in [a, b]; that is, g 12 f(x) dx = f(c)
for some ¢ in [a, b).

Verify the Mean-Value Theorem for integrals, for the function f(x)=x+2 on|[1,2].

I ———j" fde=[l(x+2)dx=(3+2x)’=Q2+4)-(3+2)=3. But, }=x+2 when x=3,
and 1<2<2.

Verify the Mean-Value Theorem for integrals, for the function f(x)=x> on [0, 1].

I ———ja f)de=fx*dr=1x*]l=3(1-0)=1. But i=x when x=1/4, and 0<1A/E<1.
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Verify the Mean-Value Theorem for integrals, for the function f(x) = x*+5 on(0,3].

I biaf,f’f(x)dx=§f§(xz+5)dx=§(§x3+5x)]3=§(9+15)=8, But, 8=x+5 when x=V3,
and 0<V3<3,

Evaluate [, VZx +1x°dx.
I Let u=2x+1, x=(u=-1)/2, du=2dx. Then

: ) 17 (u—1\ 1’ 17 . )
Lz“z””'dx:iLW( 3 ) d“-—"gLW(u2—2u+1)du=gL(u‘/2—2u3/'+u”2)du

7

7
=§[%u7/2—2(§)u5’2+ %u3/2] ]2= %u3/2(%u2_ §u+ %)]2

MIVI(T = % + 1) - 2V2(3 - £ + D)) = 2 (1666VT — 11V2).

h

2 .5
Evaluate [;'?sin® x cos x dx.

I Let u=sinx, du=cosxdrx. Then fJ*sin®xcosxdx=[, v’ du=2%u’]y=2L(1-0)=1}.

Using only geometric reasoning, calculate the average value of f(x)=V2x—x> on[0,2].
I To find §[2V2x—-x*dx, let y=V2x—x’°, y'=—-("-2x)=-[(x-1Y7-1)]=—-(x-1 +1.

Thus, y>’=~(x—1)>+1, (x—1)>+y>*=1. Thisis the equation of the circle with center at (1, 0) and radius
1. Hence, the graph of y=f(x) between x=0 and x=2 is the upper half of that circle. So, the
integral [ V2x—x"dx is the area 7/2 of that semicircle, and. therefore, the average value is 7/4.

If, in a period of time T, an object moves along the x-axis from x, to x,, find a formula for its average velocity.

I Let the initial and final time be ¢, and ¢t,, with T=1t, —,. The average velocity is

[Tvd=gx | = Tt - x)1 = 00— x)

n

L=t
Thus, as usual, the average velocity is the distance (more precisely, the displacement) divided by the time.
Prove that, if f is continuous on [a, b}, D, [f} f(r) di] = f(x).
I Let gx)=[7f(t)d:. Then g(x+Ax)—g(x)=[1""" f(t)dt—[I f(t)dt=[1">" f(t)dr. By the Mean-

a

Value Theorem for integrals, the last integral is Ax-f(x*) for some x* between x and x + Ax. Hence,

Butas Ax—0, x*—x, and, by the continuity of f, _\hﬂn f(x*) = f(x).

Find D[ :’ f() dt].

I D,[f} f(t) dr)= D[~ [; ft) dr) = =D [f; f(t) dr] = —f(x) [by Problem 20.42].
Find D, [f2%) f(r) di).

&(x)

I D[ £ty dr)= D [[3 f0) dt + [3,, f(e) di} = D,{§; f(t) di) + D,[f%, f(t) di]

g(x)

= fh(x))- h'(x) — f(g(x))- g'(x), by Problems 20.42 and 20.43 and the Chain Rule.
Calculate D (§3 V5+7¢ dr).
I By Problem 20.42, the derivative is VS + 7x°.

Calculate D () sin® ¢ dr).

I By Problem 20.43, the derivative is —sin® x.
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Calculate D (f*, V' +1dr).
I By Problem 20.44, the derivative is Vx*+1-V(=x)" +1-(-1)=2Vx" + 1.

If f is an odd function, show that [, f(x) dx =0.

I Let u=-x, du=—dx. Then [°, f(x)dx=~[° f(~u)du=[° f(u)du=— J& fG) du=— §¢ f(x) dx.
Hence, [7, f(x)dx=—[5 f(x) dx + fg f(x) dx =0.

Evaluate 2, x”sin x dx.
I x’sin x is an odd function, since sin (—x) = —sin x. So, by Problem 20.48, the integral is 0.

If f is an even function, show that [, f(x) dx =2 [J f(x) dx.

I Let wu=-x, du=—dx. Then J2. f) de =~ [0 f(—u) du=— [2 fu) du= [ f(u)du= [& f(x) dx.
Hence, [, f(x)dx =[5 f(x)dx+ [5 f(x)dx =2 [; f(x) dx.

Find D (> V& +1a4).
I By Problem 20.44, the derivative is  \/(3x%)" +1- D_(3x) = V243x" + 1- (6x) = 6xV243x™° + 1.

Solve [} x""'dx=2/n forb.

2 1 b 1 n n n
1 =~x"| =~(b"-1). Hence, 2=b"-1, b"=3, b =473

If [} f(x—k)dx=1, compute [J7¢ f(x) dx.
I Let x=u-k, dx=du. Then [;7ff(x)dx=[]fu—k)du=][} f(x—k)dx=1.

{smx for x<0
for x=0

If flx) =
find [!_,, f(x)dx.

1§, @) ds = [ sinxdst [J36 dx = —cosx]®,, +x')) = [ ~cos( ) - (~eos0)] +(1-0) =
(~0+1)+1=2.

Given that 2x> —8= [ f(¢) dt, find a formula for f(x) and evaluate a.

I First,set x=a toobtain 2a°—8=0, a’=4, a==2. Then, differentiating, we find 4x = f(x).

Given H(x)= j —1——2 dt, find H(1) and H'(1), and show that H(4) — H(2)< z.

1
I HY)= L e s dt=0. H’ (x)" 135 so, H'(1)=1%. By the Mean-Value Theorem, H(4)- H(2)=

1 1 5
(4-2)-H'(c) forsome cin (2,4). Now H(c)—1+cz<l—;—23*§. Hence, H(4)- H(2)<3.

If the average value of f(x)=x+bx~—2 on [0,2]is 4, find b.

! 4=§-—1—6f§(x3+bx—2) =4(x*+ 4bx* —2x) ;= 4[(4+ 26~ 4) — 0} =b. Thus, b=4.

dx
Find lim (’11 [V +2dt).

h—(

I Let g(x)=[;VF+2dt. Then
U s g - 821 )~ 8(2)
'EJ; t°+2dt= h

Therefore, the desired limit is

lim M gR)= V22 +2=v%

h—e)
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20.59

20.60

20.61

20.62

20.63

20.64

20.65

If g is continuous, which of the following integrals are equal?
b b+1 b-a
@ [swar © [ se-nax © [ sxrad

I Let u=x-1, du=dx. Then [’/ gx—1)dx=[gw)du=[’g(x)dx. Let v=x+a, dv=dx.
Then [¢™“ g(x+a)dx={’ g(v)dv= [ g(x)dx. Thus, all three integrals are equal to each other.

The region above the x-axis and under the curve y =sinx, between x=0 and x=m, isdividedintotwo
parts by the line x=c. If the area of the left part is one-third the area of the right part, find c.

I (isinxdce=1["sinxdx, —cosx};=3(—cosx)]], —(cosc—cos0)=—3(cos7—cosc), cosc—1=
I(-1-cosc), 3cosc~3=—-1-cosc, 4cosc=2, cosc=3, c=m/3

A

3 ¢

0 c

Fig. 20-2

Find the value(s) of k for which {2 x* dx = [ (2 — x)* dx.

I Let u=2-x, du=—dx. Hence, [Z(2-x)‘dx=—f)u*du=[;u"du=}x"dx. Thus, the equa-
tion holds for all k.

The velocity v of an object moving on the x-axis is cos 3¢, and the object is at the origin at f=0. Find the
average value of the position x over the interval 0=t= /3.

I x=fvdi=[cos3tdt=1sin3t+C. But x=0 when ¢=0. Hence, C=0 and x=}sin3¢t The
average value of x on [0, /3] is

w/3

1 1 2
——3—Tr(c057r—cosO)——5;(—1—1)——

1 w3 1
- 1 = (=1
W/3J:) 3 sin 3¢ dt - 3cos3t)] P

0
. 1/, = . 27 . nw
Evaluate lim —{sin — +sin — + -+ - +sin — J.
n—+o n n n

I Partition the interval [0, ] into n equal parts. Then the corresponding partial sum for {7 sinxdx, in
which we choose the right endpoint in each subinterval, is

n . n -
Y CAYE T L j7r _wm({. w . 27 . nw
2(sm]—)(—)=—Zsm]—=—<sm-+sm——+---+sm-—)
= n/\n n ;5 n n n n n

This approximating sum approaches [y sinxdx=—cosx]yj=—(cos 7 —cos0)=—-(-1—1)=2. Thus, =
times the desired limit is 2. Hence, the required limit is 2 /.

An object moves on a straight line with velocity v =3t—1, where v is measured in meters per second. How

far does the object move in the period 0= =2 seconds?

I The distance traveled is vl dt, inthiscase, [5|3t—1|{dr. Since 3r-1<0 for r<3}, we divide

the integral into two parts: [o'* |3t —1|dt+ [7, 3t —1|de= [ (1 -30)dt+ [}, Be—Vdt=(—- 3] +
-0, =( - DH6-2- (k- DI=%.

n(n+1) ]2

Prove the formula 1°+2°+-..4+n’= [ 3

I For n=1, bothsides are 1. Assume the formula true for a given n, and add (n +1)> to both sides:

13+23+---+n3+(n+1)3=[%]2+(n+1)3=(n+1)2[2;+(n+l)]=£n—£—l)—2(n2+4n+4)
SR A (SR8

which is the case of the formula for n+1. Hence, the formula has been proved by induction.
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State the trapezoidal rule for approximation of integrals.

I Let f(x)=0 be integrable on [a, b]. Divide [a, b] into n equal parts of length Ax =(b~a)/n, by
means of points x,,x,,...,x,_,. Then

n-1

[ 1w+ mer+2S 10

Use the trapezoidal rule with 7 =10 to approximate [, x° dx.

I Ll"sd" 20(03“*22(10)3]'2%( ,511000)

i=1

5500 502
=% 1+500 znl = 1+500 > [by Problem 20.65]

= &(1+ &) =0.05(5.05) = 0.2525

The actual value is $x*]; =4, by the fundamental theorem of calculus.

State Simpson’s rule for approximation of integrals.

I Let f(x) be integrable and nonnegative on [a, b]. Divide [a, b] into n =2k equal subintervals of length
Ax=(b—a)/n. Then [’ f(x)dx= —éf [f(a) +4f(a + Ax) + 2f(a + 2Ax) + 4f(a + 3Ax) + 2f(a + 4Ax) + - - - +
2f(a + (2k — 2) Ax) + Af(a + (2k — 1) Ax) + f(b)].

Apply Simpson’s rule with n =4 to approximate [, x* dx.

I We obtain, with Ax=1, 12[0“+4( P20 43 + 1Y) = H(& + + B +1)= 4 =0.2005, which
is close to the exact value [y x*dx=1ix"];=4§=0.2.

Use the trapezoidal rule with n =10 to approximate [ x” dx.

1 i )= x (1+ 537
! fo 200“”21100 20 1+50,21’
1
2

( 1 0 9-10- 19)

{by Problem 20.66]

5(%)=0.335

which is close to the exact value §.

Use geometric reasoning to calculate [°, Va* —x° dx.

I The graph of y=Va’—x* is the upper half of the circle x*+y®=a’ with center at the origin and
radius a. [°, Va’ —x® s, therefore, the area of the semicircle, that is, ma”/2.

Find the area inside the ellipse x%a’ + y/b* =1.

I The area is twice the area above the x-axis and under the ellipse, which is given by

f ydx= f Va* - x* dx——f Va* —x* dx = gﬁT [by Problem 20.71]

mab

2

Hence, the total area inside the ellipse is 7ab.

Find DI(f}yss cos 2t dt).

I D (fy cos2tdt)=cos2x. Hence, D3(f}ss5 €08 2t dt) = D (cos 2x) = (—sin 2x)(2) = —2 sin 2x.
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1789

Compute D,f(f‘1 " dt).
1789 1 1 1789 1 ,
1 D,.-<f3 7 dt) == -3x* = -3/x=-3x"". Hence, D)f(f_3 po dt) =3x"?=3/x%

Draw a region whose area is given by [;(2x + 1) dx, and find the area by geometric reasoning.

I See Fig. 20-3. The region is the area under the line y=2x+1 between x=1 and x=3, above the
x-axis. The region consistsofa 2 X3 rectangle, of area 6, and a right triangle of base 2 and height 4, with area
}:2-4=4. Hence, the total area is 10, which is equal to [} (2x + 1) dx.

4 "

(4.2)

34 f-- L

Fig. 20-3 i 2 4 Fig. 20-4

w

Draw a region whose area is given by [ |x —2| dx, and find the area by geometric reasoning.

I See Fig. 20-4. The region consists of two triangles with bases on the x-axis, one under the line segment from
(1,1) to (2,0), and the other under the line segment from (2, 0) to (4,2). The first triangle has base and height
equal to 1, and therefore, area 5. The second triangle has base and height equal to 2, and, therefore, area 2.
Thus, the total area is 3, which is [ |x — 2| dx.

Find a region whose area is given by  fZ,{V9 — (x + 1)* + 2] dx, and compute the area by geometric reasoning.

I Ifwelet y=V9-(x+1°+2, then (x+1)*+(y=-2)*=9, which is a circle with center (—1,2) and
radius 3. A suitable region is that above the x-axis and under the quarter arc of the above circle running from
(—1,5) to (2,2)—see Fig. 20-5. 'The region consists of a 3 x2 rectangle of area 6, surmounted by a quarter
circle of area }(97). Hence, the total area is 6+ 9x/4.

A

(—1,5) e~

(-1,2) 2,2)

Fig. 20-5

Find the distance traveled by an object moving along a line with velocity v =(2—1¢)/Vt from =4 to

t=9,

’9 The distance is s=J|v]dr. Between t=4 and (=9, v=(2—1)/Vi is negative. Hence, s=
t—2

[ SR a= g @ 2t = G - = 18- 12) - (% - 8) = &,

Find the distance traveled by an object moving along a line with velocity v=sin#t from (=1 to =2

I The distance is s=[7,|v|de. Observe that sin mt is positive for } <t<1 and negative for 1<r<
2. Hence,

1 2 1 i 2
s=f sin1rtdt+f (~sin17t)dt=——c051rt] +lcos1rt]
1/2 1 T 1/2 m 1
1 1 1 2 3
——7—‘_(-‘1—0)4‘;[1"(—1)1—;4‘7—r—7—r
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Find a function f such that [¥ f(¢) dt =sin x — x°.

I Differentiating both sides of the given equation, we see that f(x)=cosx—2x. In fact, [;(cost—
2t) dt = (sin t — £*) ] = (sin x — x*) — (0— 0) =sin x —~ x°.

Find a function f such that [J f(¢) dt = cos x — x°.

I Differentiating both sides of the given equation, we obtain f(x)= —sinx —2x. Checking back,
J3(—sint—2f) dt=(cos t — 1*)}; = (cos x — x*) — (1~ 0) #cos x — x*. Thus, there is no solution. In order for
there to be a solution of f; f(¢) dt = g(x), we must have g(0)=0.

dx
T
Y
1 = =sinx=i(1~- 2 H "M__dx — 1 (w4 "
7ol aiy Sn x = 3(1~-cos2x). ence, ) 1+cot2x—§'r" (1—-cos2x)dx= 3(x —

lsin2x) 7" = % (% - l) = g(7 —2).

Evaluate [7"*? cos5x - cos x dx.

I By the addition formula,
cos (n — 1)x = cos (nx — x) = cos nx cos x + sin nx sin x
cos (n + 1)x = cos (nx + x) = cos nx cos x — sin nx sin x

whence cos(n—1)x+cos(n+1)x=2cosnxcosx. In particular, cos5x-cosx = }(cos 6x + cos 4x).
Hence, [;''? cosS5x-cosxdx=1 [ (cos6x +cos4x) dx =}(Lsin6x + Lsindx) |72 =1(L +1-V3/2)=

£(4+3V3).

If an object moves along a line with velocity v=sint—cost from time ¢t=0 to t=sx/2, find the
distance traveled. .

I The distance is s=[7'>|v|dt. Now, for 0<t<m/2, sint—cost=0 when and only when sint=

cos?, that is, if and only if tan¢=1, which is equivalent to w/4=t<=/2. Hence, s=[7"*(cost—

[(7+3P)-wv0]s[eo-

sint)dt+ [7/Z(sint—cost)dt = (sint+cost)];*+(—cost—sine) |72 =

- (-4 - )]z

Let y=f(x) be a function whose graph consists of straight lines connecting the points P, (0, 3), P,(3, —3),
P,(4,3), and P,(5,3). Sketch the graph and find s f(x) dx by geometry.

I Sece Fig. 20-6. The point B where P, P, intersects the x-axis is (3,0). [ f(x)dx=A, - A, + A,. The
area A, of AOBP,is 3-3-3=9%. Thearea A,of ABP,Cis 3-2-3=3. [Notethat C=(},0).] The
area A, of trapezoid CP,P,Dis 1-3-(3+1)=1%. Hence, [, f(x)dx=%-3+ % =3,

—3¢ Fig. 20-6
4

Find by geometric reasoning [, | f(x)| dx, where f is the function of Problem 20.85.

I The graph of |f(x)| is obtained from that of f(x) by reflecting BP,C in the x-axis. Hence,
o lf®)de=A, +A,+ A, =2 +3+ 8=
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20.87 If g(x)=JJ f(t)dt, where fis the function of Problem 20.85, find g'(4).
I g'(x)=D.(J; f(t)d)=f(x). Hence, g'(4)=f(4)=3.
Problems 20.88-20.90 refer to the function #(x) whose graph is shown in Fig. 20-7.
A

(2,2

2

A
(0,0) (3,0

(-2,-2) (4,-2) Fig. 20.7

2088  Find [; f(x) dx.
I [ f(x)dx isthecarea A,=1-3-2=3.
20.89 Find [°, f(x) dx.
I % fydx=-4,=-}-2-2=-2.
2090  Find [%, f(x) dx.
I [', fx)dx=—A,+A,—- A,. Notethat A,=1-1-2=1. So, —A,+A,~A,=-2+3-1=0.

20.91  Verify that the average value of a linear function f(x) = ax + b over an interval [x,, x,] is equal to the value of
the function at the midpoint of the interval.

I By definition, the indicated average value

sl ey e ]
f_x2~x1 2, (ax+b)a!x—xz_x1 a2+bx .
2 2
- %2 et )
xz_xl(a2+bx2 a bx,
a
- [§ e )+ b - )

- u) - (x2+x1)
a( 3 +bhb=f 5

20.92  Find the volume of the solid generated when the region between the semicircle y =1-V1—x" and the line
y=1 is rotated around the x-axis (see Fig. 20-8).

4

-1 1 Fig. 20-8

I By the disk formula, Vo L [1P-(1~-V1-*)dx=n [, 1-(1-2V1-x"+1-x")]dx=
7l @V1I-+x - dr =27 [}, Vi-dx+a(ix* -0, =223+ a[3 -D-(-3+1D)]=7"~
¢7. (Theintegral [' V1-—x*dx=1m by Problem 20.71.)
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CHAPTER 21
Area and Arc Length

Sketch and find the area of the region to the left of the parabola x =2y to the right of the y-axis, and between
y=1 and y=3.

!(2 7Se_e1})7i_g_. 21-1. The base of the region is the y-axis. The area is given by the integral | J2ytdy=3%y’]i=
3( =%

16

v

] J

-2
Fig. 21-1 / Fig. 21-2

Sketch and find the area of the region above the line y =3x—2, in the first quadrant, and below the line
y=4

I Sece Fig. 21-2. The region has a base on the y-axis. We must solve y=3x—2 forx: x=3(y+2).
Then the areais [y 3(y+2)dy=3(1y*+2y)]s=1(8+8)=%¥.

Sketch and find the area of the region between the curve y=x’ and thelines y=-x and y=1.

I See Fig. 21-3. The lower boundary of the regionis y = —x and the upper boundaryis y=x>. Hence,
the area is given by the integral [J [y'° ~ (=) dy=(3Zy*>+ 1y s=3+4i=3%.

In Problems 21.4-21.16, sketch the indicated region and find its area.

1¢ (1,1)

Fig. 21-3 Fig. 21-4

The bounded region between the curves y=x> and y=x>

2

I SeceFig. 21-4. The curves intersect at (0,0) and (1,1). Between x=0 and x=1, y=x" liesabove

y=x". The area of the region between them is f; (x> —x’)dx=(ix’— x")i=1-1=%.

163
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21.5

21.6

21.7

21.8

21.9

21.10

The bounded region between the parabola y =4x* and the line y =6x —2.

I See Fig. 21-5. First we find the points of intersection: 4x*=6x -2, 2x>-3x+1=0, Cx-1)x-1)=

0, x=5% or x=1. So, the points of intersection are (1, 1) and (1,4). Hence, the area is £1,.1(6x —2) ~
4 de=(GBx"~-2x - 4x°)]},,=06-2-H-(3-1-H= 5.

1,4

1 .

\
\
—

. 4
Fig. 21-5 Fig. 21-6

The region bounded by the curves y=+vx, y=1, and x=4.

I See Fig. 21-6. The region is bounded above by y = \/— and below by y=1. Hence, the area is given
by F(VE-Dde=G2-nli=(¥-49-G-D=%-3=1.

The region under the curve Vvx ++/y=1 and in the first quadrant.

§ See Fig. 21-7. The region has its base on the x-axis. The area is given by [l -V de=
[RA-20"" +x)dr=(x— 42+ x) =14+ 1= L.

I»-A

IS

—

 /

FNY

Fig. 21-7 l Fig. 21-8

The region bounded by the curves y=sinx, y=cosx, x=0, and x=m/4,

I Sce Fig. 21-8. The upper boundary is y=cosx, the lower boundary is y =sinx, and the left side is

the y-axis. The area is given by f"“(cosx—smx)dx—(smx+cosx)]”’4—(£+i) O+1)=Vi-1t,

2

The bounded region between the parabola x= —y° and theline y=x+6.

I See Fig. 219. First we find the points of intersection: y=-y*+6, y*+y—-6=0, (y—-2)(y+3)=0,
y=2 or y=-3. Thus, the points of intersection are (—4,2) and (-9, —3). It is more convenient to
integrate with respect to y, with the parabola as the upper boundary and the line as the lower boundary. The
area is given by the integral (% [~y*—(y~6)]dy=(—1iy’— 1y’ +6y) )2, =(-§-2+12)-(9- 5 -18) =
19+ % =12,

The bounded region between the parabola y=x>—x—6 and the line y=-4.

I Sece Fig. 21-10. First we find the points of intersection: —4=x"—-x-6, x’—x—-2=0, (x—2)(x+
1)=0, x=2 or x=-1. Thus, the intersection points are (2, —4) and (—1, ~4). The upper boundary of
the region is y = —4, and the lower boundary is the parabola. The area is given by [2,[-4-(P-x-
6)dx=[*Q2-x*+x)dx=Q2x -3+ x)]?, =(4-§+2)~(-2+5+1%
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(=9.-3)

Fig. 21-9 Fig. 21-10

The bounded region between the curve y=+vx and y=x"

I Sce Fig. 21-11. First we find the points of intersection: vx=x> x=1x° x(x>—1)=0, x=0 or
x=1. Thus, the points of intersection are (0,0) and (1,1). The uppercurveis y=+Vvx and the lower curve
is y=x> Hence, theareais [, (V¥—x’)de=(3""-xY)]o=%-4=

7]

v

(1.1

Fig. 21-11 Fig. 21-12

The bounded region in the first quadrant between the curves 4y +3x=7 and y=x"

I See Fig. 21-12. First we find the points of intersection: —45 +3x=7, 4437 =7x 3x'-7 +4=0.
x=1 is an obvious root. Dividing 3x’~7x’+4 by x —xl, we obtain 3x” —4x —4=(3x +2)(x - 2).
Hence, the other roots are x=2 and x=-3. So, the intersection points in the first quadrant are
(1,1) and (2, ). The upper boundary is the line and the lower boundary is y =x"" The area is given by
ST =30 —xlde=(G(Tx - 3x) +x ) =14 -6) + 3] - 17 - H+1]= .

The region bounded by the parabolas y=x*> and y=—x"+6x.

I See Fig. 21-13. First let us find the intersection points: x*>=-x>+6x, x*=3x, x*-3x=0, x(x—
3)=0, x=0 or x=3. Hence, the points of intersection are (0,0) and (3,9). The second parabola
y=—-x+6x=—(*-6x)=~[(x -3 ~-9]=—(x—3)>+9 has its vertex at (3,9), x=3 is its axis of
symmetry, and it opens downward. That parabola is the upper boundary of our region, and y=x> is the
lower boundary. The area is given by  f2 [(—x® + 6x) — x*] dx = [J (6x —2x*) dx = (3x* — 3x°)]; =27 - 18=
9.

The region bounded by the parabola x=y>+2 and the line y=x-8.

I SeeFig. 21-14. Letus find the points of intersection: y+8=y>+2, y*—y—-6=0, (y- 3)y+2)=0,
y=3 or y=-2. So, the points of intersection are (11, 3) and (6, ~2). It is more convenient to integrate
with respect toy. Theareais [, [(y+8)—(y*+2)]dy=[,(y+6—-y)dy=(y*+6y— iy, =+
18-9)—-(2-12+ §)=12,
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21.15

21.16

21.17

—

Fig. 21-13 Fig. 21-14

2

The region bounded by the parabolas y=x*—x and y=x-x

I SeeFig. 21-15. Let us find the points of intersection: x> —x=x-x> 2x*-2x=0, x(x—-1)=0, x=0
or x=1. Thus, the intersection points are (0,0) and (1,0). The parabola y=x>—x=(x—4)>—1 has
its vertex at (5, —%) and opens upward, while y=x—x* hasits vertex at (3, 1) and opens downward. The
latter parabola is the upper boundary, and the first parabola is the lower boundary. Hence, the area is

3 [ = ") = (& = W] dr =2 [3r ~ ") de =232 — 1) )i =23 - ) = §.

1¢ (1,1)

Fig. 21-15 Fig. 21-16

The region in the first quadrant bounded by the curves y=x" and y=x"

I See Fig. 21-16. Let us find the points of intersection: x*=x% x*'-x*=0, x*x*-1)=0, x=0 or
x==1. So, the intersection points in the first quadrant are (0,0) and (1,1). y=x> is the upper curve.

Hence, the areais [o (¢* —x)dx=(ix’-1*);=34-4=4%.

In Problems 21.17-21.21, find the arc length of the given curve.

4

x
st
I Recall that the arc length formulais L = [\/1+(y')* dx. In this case,

,_1, 11 1(x6—1) ( ,)2__(x6—1)2_x12—2x5+1
-2t x’* Y 4x° 4x®

from x=1 to x=2.

AxP+x?-2x+1 x"+2x+1 (x6+1)2
+ N2 = = =
Hence, 1+ (y") o o P
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y=3x~2 from x=0 to x=1.

I y =3 So, L=J;V1+(3)°dx=V10[;1dx=V10x],=V10(1-0)=VIO.

y=x? from x=1 to x=8.

I oy =327  (y)y=4$x"%> Hence, 1+(y')V=1+ (4/9x°?)=(9x*> +4)/9x*”>.  Thus, L=
8 '\/ 2/3
+
_:I;L 9’;——,,3——4 dv. Let wu=9x**+4, du=6x""*dx. Then, L=13[%vE-ldu=14 3u®?|%=
L[(40)*"% — (13)*%] = % (80V10 — 13V13).

2/3

2/3

P +y"?=4 from x=1 to x=8.

I By implicit differentiation, 2x™'?+2y™'"%y =0, y'=—(""Yy ) =~(y"Ix'"?). 50,8 (y') =
2

y*%x*>  Hence, 1+(y')V=1+y”"x*?=x*"+y*)/x**>=4/x*> Therefore, L =I — dx =
2 x dx =2 3 P =3(4- 1) =9,

5
X

1
y=E+4—x~3 from x=1 to x=2.
I oy =1x"—3x7*=1x"—3/4x* = (4x* - 9)/12x" So,
_16x-T72x" + 81

144x®

144x® +16x" —72x° + 81 _ 16x'® + 72x® + 81 _ (4x8 + 9)2

e
and 1+(y')" = Ta4.° 144x° 12x*

(')

wib
-

-3)] =4 (% +

N

1 24x8+9 1 (2 4 -4 1,4.5 -3y12 — 1 [(128 3
cnce, === - a3 =12 N = 12\3 - 1- 12 5
H L=g5 )~ dx=f [ (47 + 97 dx =55 (5x" = 3x YhE =518 -35)—(

-5

Let & consist of all points in the plane that are above the x-axis and below the curve whose equation is
y=—x>+2x+8. Find the area of &.

I y=-(x*-2x-8)=—[(x—1)>—-9]=—(x—1)°+9. The parabola’s vertex is (1, 9) and it opens downward
(see Fig. 21-17). To find where it cuts the x-axis, let ~x*+2x+8=0, x*-2x—-8=0, (x—4)(x+2)=0,
x=4 or x=-2. Hence, the area of R is J*, (~x*+2x+8)dx=(-3’+x"+80) ] ,=(-F +16+
32)— (& +4—16) = 36.

Fig. 21-17

Fig. 21-18

Find the area bounded by the curves y =2x*-2 and y=.7+x.

I See Fig. 21-18. y=2x-2 is a parabola with vertex at (0, —2). On the other hand, y=x*+x=
(x+1)>—1 is a parabola with vertex (—%, —1). To find the points of intersection, set 2x* —2=x°+x,
x*=x-2=0, (x—2)(x+1)=0, x=2 or x=-1. Thus, the points are (2,6) and (—1,0). Hence,
the area is [2,[(*+x)—(2x*=2))dx=f Q+x—x)dx=Qx+ - 1)]2, =(4+2-H - (-2+
bry)=-%
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21.4

21.25

21.26

21.27

Find the area of the region between the x-axis and y=(x—1) from x=0 to x=2.

§ As shown in Fig. 21-19, the region consists of two pieces, one below the x-axis from x=0 to x=1,
and the other above the x-axis from x=1 to x=2. Hence, the total area is f; —(x —1)>dx+
Ba-1)dc=—i@x-1)" |+ i -} =[-50-D]+[:(1-0)]=1}.

$s

N
]
4
Y

\

/ )
Fig. 21-19

Find the area bounded by the curves y=3x>-2x and y=1-—4x.

Fig. 21-20

I SeeFig.21-20. y=3x"—2x=3(x"~3x)=3[(x— )’ - 3]=3(x~ })*— 1. Thus, that curve is a parabola
with vertex (4, —1). To find the intersection, let 3x*> —2x=1-4x, 3x°+2x—1=0, GBx-1(x+1)=0,
x=3% or x=-1. Hence, the intersection points are (3, —1) and (—1,5). Thus, the area is 1’13 [(A-
4a)-3x" -2x)]dx=[?(1-2x-3)dx=(x - -]} =} -t -F)-(-1-1+1)=%.

Find the area of the region bounded by the curves y=x"—4x and x+y=0,

I SeeFig. 21-21. Theparabola y=x*—4x=(x—2)"—4 hasvertex (2, —4). Let us find the intersection

of the curves: x*—4x=-x, ¥*—3x=0, x(x—3)=0, x=0 or x=3. So, the points of intersection

are (0,0) and (3, —3). Hence, the area is [J[—x— (x*—4x)]dx=[0Bx—-x)dx=(3x- =% -
=2

3.

Fig. 21-21 Fig. 21-22

Find the area of the bounded region between the curve y =x>—6x”>+8x and the x-axis.
I y=x"—6x"+8x=x(x"—6x+8)=ux(x—2)(x —4). So, the curve cuts the x-axisat x=0, x=2, and
x=4. Since lim f(x)=+o and lim f(x)=-c, the graph can be roughly sketched as in Fig. 21-22.

Hence the required areais A, + A, = [Z(x* ~6x" +8x)dx+ [} —(x* —6x* + 8x) dx = (3x* ~22° + 4x*) |2 -
(ix* =2 +4x%) ;= (4 - 16+ 16) — [(64 — 128 + 64) — (4 — 16 + 16)] = 4 — (—4) =8.
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Find the area enclosed by the curve y*=x*—x*

I sSince y>=x’(1-x)(1+x), the curve intersects the x-axis at x=0, x=1, and x=-1. Since the
graph is symmetric with respect to the coordinate axes, it is as indicated in Fig 21-23. 'The total area is four times

the area in the first quadrant, which is [y xV1—-x*dx=-1f0 1-x)'"’D,(1-x>)dx=-1-3(1~-
x*)P?i=-3(0-1)=1. Hence, the total area is %.

Fig. 21-23 Fig. 21-24

Find the area of the loop of the curve y>=x*(4+x) between x=-4 and x=0. (See Fig. 21-24.)

I By symmetry with respect to the x-axis, the required area is 2 [°, ydx=2[°, x’Vd+xdx. Let u=
V&+x, w=4+1zx, x—u —4, dx=2udu. Hence, we have 2[Z(u’—4)Vu-2udu=4/[2@w®—-8u*+
16”)du 4(5u’ - Su +3u3)]0 4018 - B+ 1) =45,

3/2

Find the length of the arc of the curve x=3y"’" -1 from y=0 to y=4.

I The arc length L= [\1+(dx/dy)’ dy, dx/dy=3%y'? 1+ (dx/dy)’=1+8ly/d= (4+81y)/4 So,
L=1[\V4a+8lydy. Let u=4+8ly, du=8l1 dy Then L=3[u"? &du=14Gu) )=
25(328° 2V - 8) = 4 (82VE2 — 1),

Find the length of the arc of 24xy=x*+48 from x=2 to x=4.

I y=(x*+48)/24x = % (x> +48x7"). Then y' = %(3x* —48/x%) = (3x* — 48)/24x*> = (x* — 16)/8x>. Hence,

8__ 4 4 8 _ 4 8 4 ‘ ,
1+(y,)2=1+x 32x +256=64x tx —32x"+256 x°+32x +256=(x +16>

64x* 64x* B 64x* 8x°
So, L=3f;(+16x")dr=3(3x"—16x"")];=3[($ ~4) - (3 -8)] =

Find the length of the arc of y*=8x> from x=1 to x=8.
I y=277 y =% (y)Y=16/9x> So, 1+(y')=(9x"7+16)/9x*>. Hence, L=
8 -\/ 2/3
+
% fl Vox _+16 e 16 = %[5 (9x%° +16)""? D (9x*% +16) dx = & - 3(9x*"> + 16)*? ]} = #(104V13 - 125).
Find the length of the arc of 6xy=x*+3 from x=1 to x=2.

I y=(*+3)/6x=34(*+3x7"). Then y'=1Li(3x"-3x7?)=4x"-(1/x})]=(x"-1)/2x> So,

8 4 4 8 4 8 4 4 2
N2 X —2x"+1 e AT+ -2 +1 X +2x+1 (x +1>
[ — + = = =
(y) a5 and 1+(y") ax’ ax” 2%
x +1 - -
Then L—zf LR +x ) de= 300 - Y= - D -G - D)= 5

Find the length of the arc of 27y> =4(x —2)’ from (2,0) to (11, 6V3).

1 y= 3z y'=i(x~2)”2, (y) =3(x-2), 1+(y’)2=(x+1)/3. So,

\/—(x 2)

=ﬁj2 (x+1)"?dx (x+1)3’2]2 = \/_(123’2 3¥%y=2(8-1)=14.

|
ﬁl“
(98
ulN
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21.35

21.36

21.37

21.38

21.39

21.40
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2

Find the area bounded by the curve y=1-x"" and the lines y=1, x=1, and x=4. (See Fig.

21-25.)

I The upper boundary is the line y=1. So, the area is [f[1-(1—-x"?)]dx=ffx?dx=-x""]=
-Gi-1=3.

L

1 4

Fig. 21-25

Find the area in the first quadrant lying under the arc from the y-axis to the first point where the curve
x+y+y* =2 cuts the positive x-axis.

I The curve hits the y-axis when x =0, that is, yi+y—-2=0, (y+2)(y-1)=0, y=-2 or y=1.

It hits the x-axiswhen y =0, thatis, when x=2. Hence, the arc extends in the first quadrant from (0, 1) to
7

(2,0), and the required areais f, (2—y—y)dy=(Qy -3y’ - iy)]i=2-1-1=1

Find the area under the arch of y=sinx between x=0 and x=7.

I Theareais [Isinxdx=-cosx]]=-(-1-1)=2.

Find the area of the bounded region between y=x’> and y=2x (see Fig. 21-26).

I Setting x*=2x, we find x=0 or x=2. Hence, the curves intersect at (0,0) and (2,4). For

=2, and, therefore, y=2x is the upper curve. The area is [J(2x —x*)dx=(x*~
8 __
§ =

2
O=sx=2, x

)] =4

11

\J

Fig. 21-26 Fig. 21-27

Find the area of the region bounded by the parabolas y=x*> and x=y>

I See Fig. 21-27. Solving simuitaneously, x=y>=x° x=0 or x=1. Hence, the curves intersect at
(0,0) and (1,1). Since vVx=x® for 0=x=1, x=y" is the upper curve. The area is [. (x> —
) de= (G - ) =14 =4

Find the area of the bounded region between the curves y=2 and y=4x>+3x°+2.

I For y=4x+3x"+2, y'=12x+6x=6x(2x+1), and y"=24x+6. Hence, the critical number

x =0 yields a relative minimum, and the critical number — } yields a relative maximum. To find intersection

points, 4x*+3x°=0, x=0 or x=-2. Thus, the region is as indicated in Fig. 21-28, and the area is

Igsu [(4x3 +3x° + 2)-2]dx= f23/4 (4)‘3 + 3x2) dx = (x4 + xs) ](13/4 =—(%-8)=%.
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Fig. 21-28 Fig. 21-29

Find the area of the region bounded by y=x’-3x and y=x.

I For y=x-3x, y'=3x"-3=3(x~-1)(x+1), and y"=6x. Hence, the critical number x=1
yields a relative minimum, and the critical number x = —1 yields a relative maximum. Setting x’—3x =x,
x’=4x, x=0 or x==2. Hence, the intersection points are (0, 0), (2, 2), and (=2, ~2). Thus, the region
consists of two equal pieces, as shown in Fig. 21-29. The piece between x=-2 and x=0 has area
[0 =3x)—x)] dx = [°, (&’ —4x) dx = (5x* —2x%)]°, = —(4—8) =4. So the total area is 8.

The area bounded by y=x and y=4 (two even functions) is divided into two equal parts by a line
y=c. Determine c.

312
- C

F See Fig.21-30. The upper partis, by symmetry, 2 [/ y'?dy=2-3y*?]2=14(8 ). The lower part is
20y dy=2-3y"2 |S=4c*% Hence, 8-c?=c"% 8=2c"7 4= c=4*7=V16.

A

\
\_ 4/

Fig. 21-30

Let p>1. What happens to the area above the x-axis bounded by y=x"%, x=1, and x=b, as

b— +x?
1 The area is
1

x—p+1 ]b=_1—~ (b_p+1_1)=_____ (_1_ _1)
1 1-p 1-p \p7!

b
> g
_"1 x Pdx i—p

As b— 4+, thelimitis 1/(p—1).
Find the arc length of y=4vx(3—x) for O0=x=3.

1/ 1 1/1~-x
_ L 2 1 32 v o1,-v2 vz _ 1 " 1
I - . Yy EaX ¥ 2<v2 ﬁ) 2(@)' So,

1-2x+x° 4x+1—2x+x2_x2+2x+1_<x+1>2

l2_l "n2 __
=3 and — 1+(y)= ax x  \2vA
1

1 [(Px+
Hence, L= 5.[ e dx =1+ ) dx = 1G4+ 2 ) = x(x + D =2V3
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21.45

21.46

21.47

Find the arc length of y=3(1+x")** for 0=x=3.

I y=(+x)"-2x, and (y')Y=4(1+x°). So, 1+(y)’=1+4x"+4x"=(1+2x")" Hence,
L=[lA+2x)dc=(x+3x*)];=3+18=21.

Find the area bounded by y=x’ and its tangent line at x=1 (Fig. 21-31).

I At x=1, y' =3x"=3. Hence, the tangent lineis (y—1)/(x—1)=3, or y=3x-2. To find out
where this line intersects y=x", we solve x’=3x—2, or x’—3x+2=0. One rootis x=1 (the
point of tangency). Dividing x’—3x+2 by x=1, we obtain x’+x—2=(x+2)(x—1). Hence,
x = -2 is a root, and, therefore, the intersection points are (1, 1) and (=2, —8). Hence, the required area is
LI -GBx=2)]de=[1, (-3x+2)dx=(3x* -3 +2x0) L, = (4 -3 +2)-(4-6-4)=F.

11

Y

Fig. 21-31 Fig. 21-32

Find the area of the region above the curve y= x*—6, below y=ux, andabove y=-x (Fig. 21-32).

# We must find the area of region OPQ. To find P, solve y=-x and y= -6 x*—6=—x,
C+x—-6=0, (x+3)(x—2)=0, x=-3 or x=2. Hence, Pis(2,-2). Tofind Q,solve y=x and
y=x2—6: ¥-6=x, x*-x—-6=0, (x—3)(x+2)=0, x=3 or x=-2. Hence, Q is (3,3). The
area of the region is [2[x—(—x)]dx+ [2[x— (P —6)]dx=[o2xdx+ [ (x—x*+6)dx=x" Io+ (32" -
1 +6x) P=4+(2-9+18)—(2— §+12)= Z. Notice that the region had to be broken into two pieces
before we could integrate.
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CHAPTER 22
Volume

Derive the formula = %71’ for the volume of a sphere of radius r.

I Consider the upper semicircle y=Vr*—x* (Fig. 22-1). If we rotate it about the xr-axis, the
sphere of radius r results. By the disk formula, V== [’ y’dr== [ (r’—x*)dx=n(r’x - ix")] =
ml(r’ = i) — (= + 1)) = $7r

(h.r)

r

£\ o >
—r r U (0,0) h (h,0) U
Fig. 22-1 Fig. 22-2

Derive the formula V= {mr*h for the volume of a right circular cone of height 4 and radius of base r.

I Refer to Fig. 22-2. Consider the right triangle with vertices (0, 0), (h, 0), and (h, r). If this is rotated about
the x-axis, a right circular cone of height & and radius of base r results. Note that the hypotenuse of the triangle
lies on the line y = (r/h)x. Then, by the disk formula,

" "oyt w1 ot 1 1
_ 2 - ro o _mr o1 o; - o3t 2
| 4 wfoydx -n'J; hlx dx e 3x]0 e 3h 3'n'rh

In Problems 22.3-22.19, find the volume generated by revolving the given region about the given axis.

The region above the curve y=x", under the line y=1, and between x=0 and x=1; about the
X-axis.

I Sece Fig. 22-3. The upper curveis y=1, and the lower curve is y=x> We use the circular ring for-
mula: V=7 [{ [ - () ]dr=a(x~ix) ] =a(1~ 1) = ¢

S

o

v
Fig. 22-3
The region of Problem 22.3, about the y-axis.
I We integrate along the y-axis from 0 to 1. The upper curve is x=y'”* the lower curve is the y-axis, and

we use the disk formula: V=1 [j X*dy=n [} y* > dy=m -3y’ ]\ = tm.

The region below the line y=2x, above the x-axis, and between x=0 and x=1; about the x-axis.
(See Fig. 22-4))

I We use the disk formula: V= [y y' dx=n [} 4’ dx=m-3x*] = im.

173
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1,2

Fig. 224

22.6 The region of Problem 22.5, about the y-axis.

I We use the cylindrical shell formula: V=27 fd xydx =27 [} x - 2xdx =4w [; X dx =4mw- 5 ]; = §m

22.7 The region of Problem 21.39, about the x-axis.

I The curves intersect at (0,0) and (1,1). The upper curve is y=+V7%, and the lower curve is y= x>
We use the circular ring formula: V= [J(VZ)Y — (*)]dx =7 [; (x —x*) dx = w(3x* = ") [y = 7(} -
=57

22.8  The region inside the circle x*+y>*=r" with O<x=a<r; about the y-axis. (This gives the volume cut
from a sphere of radius r by a pipe of radius a whose axis is a diameter of the sphere.)

I We shall consider only the region above the x-axis (Fig. 22-5), and then, by symmetry, double the result. We
use the cylindrical shell fgrmula: V=2 [Sxydx=2m [ExVr = x> dx=2m - (—}) [o (r’ = x*)*(~2x) dx =
- 30— i=- ?ﬂ- (G Ml G i Tﬂ [r* = (** —a®)*'*]. We multiply by 2 to obtain the

answer T’” [r’ - -a**"?.

Fig. 22-5 Fig. 22-6

229 The region below the quarter-circle 2 +y*=r"(x=0,y=0) and above theline y=a, where 0<a<r;
about the y-axis. (This gives the volume of a polar cap of a sphere.)

I See Fig. 22-6. We use the disk formula along the y-axis: V= [; dy = w [l (P —y)dy = w(r’y -
1)L = wl(P - 3% - (FPa— §a®)] = w(3r' —ar® + 30°).

22.10  The region bounded by y=1+ x> and y=5; about the x-axis. (See Fig. 22-7.)

A

. |
7

(
Y

Fig. 22-7
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I We use the circular ring formula for the region in the first quadrant, and then double the result:
V=a J01(5) = (1+ x*))dx = 7 [3[25~ (1 + 207 + x*)] dx = [2 (24— 24 — x*) dx = 7(24x — 3x* — }x) |2
= 7(48~ ¥ — ¥) = 544w/15. Doubling this, we obtain 10887 /15.

Solve Problem 22.10 by means of the cylindrical shell formula.

I We compute the volume in the first quadrant and then double it. V=27 [ xydy=2= [ Vy—1 ydy.
Let u=y-1, y=u+1l, du=dy. Then V=27 [ Vu(u+1)du=2nm [}’ +u"*)du= 27(3u’? +
3?) J5 = 2m($ + ) =5447/15, which, doubled, yields the same answer as in Problem 22.10.

The region inside the circle x* +(y — b)® =4’ (0<a<b); about the x-axis. (This yields the volume of a
doughnut.)

I Refer to Fig. 22-8; we deal with the region in the first quadrant, and then double it. Use the cylindrical
shell formula: V=27 [, 2 xydy =2m [/’ \/a*~(y—b)’ ydy. Let u=y—b, y=u+b, du= dy. Then
V=2m [, Va’ —w’ (u+b)du=2m ([*, V&’ — 1’ udu+b [, Va* — u’ du). The first integral is 0, since the
integrand is an odd function (see Problem 20.48). The second integral is the area of a semicircle of radius a (see

Problem 20.71) and is therefore equal to {wa>. Hence, V=27b- imwa® = w’ha* which, doubled, yields the
answer 27 %ba’

A
b+a
A
b4
14 2.1
b-a . \ .
S b
Fig. 22-8 Fig. 22-9

The region bounded by x*=4y and y=1ix; about the y-axis.

I Sece Fig. 22-9. Thecurves x’=4y and y =1x intersect at (0,0) and (2,1). We use the circular ring
formula: V= f5 [4y — (2y)’] dy = = f; (4y —4y°) dy = w(2y* — $y’) Js = w(2~ %) =27/3.

Solve Problem 22.13 by means of the cylindrical shell formula.

2 2
I V=27TJ:, x(%x—%xz)dx=gL (2x2——x3)dx=g(§x3—%x“)]f,=g(l_?-4)=

The region of Problem 22.13; about the x-axis.

I Use the circular ring formula: V= [2[(3x)* = (4x*)*)dx = 7 [2 (45 — &x*) dy = 7(5x’ — &x) |2 =
m(3 - 3)=4n/15.

The region bounded by y=4/x and y=(x-3)% aboutthe x-axis. (See Fig. 22-10.)

I From y=4/x and y=(x-3) weget 4=x’—6x>+9x, x'—6x*+9x—4=0. x=1 isa root,
and, dividing x’—6x*+9x—4 by x—1, we obtain x’—S5x+4=(x—1)(x~4). with the additional
root x=4. Hence, the intersection points are (1,4) and (4,1). Because x =1 isa double root, the slopes
of the tangent lines at (1, 4) are equal, and, therefore, the curves are tangent at (1,4). The hyperbola’ xy =
4 is the upper curve. The circular ring formula yields V= [{ {(4/x)> = [(x =3)’)} dx == [} [16x72 -
(x=3))dx=m(—16x""' = $(x = 3)) Yi = w[(=4~ L) = (-16 + B)]| =27n/5.
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1,4)

4.1

1 3 4 Fig. 22-10

22.17  The region of Problem 22.16; about the y-axis.
4

4
I Use the difference of cylindrical shellss V=2 L x[; —(x— 3)2] dx =27} (4— x> +6x* ~9x) dx =
2m(dx — tx* +2x° — $x°) |} =27[(16 — 64 + 128 = 72) ~ (4 — § +2— 3)] =2m (%) = 277/2.

22.18 The region bounded by xy=1, x=1, x=3, y=0; about the x-axis.
I Sce Fig. 22-11. By the disk formula, V=7 Pyrax=mf}x?dx=a(-x"") B=-m(i-1)=27/3.

3

\J

Fig. 22-11
22.19  The region of Problem 22.18; about the y-axis.
I Use the cylindrical shell formula: V=27 [ xydx=2n [} 1dx=2nx ]} =273 -1)=4mn.

In Problems 22.20-22.23, use the cross-section formula to find the volume of the given solid.

22.20  The solid has a base which is a circle of radius r. Each cross section perpendicular to a fixed diameter of the circle
is an isosceles triangle with altitude equal to one-half of its base.

I Let the center of the circular base be the origin, and the fixed diameter the x-axis (Fig. 22-12). The circle has
the equation x*+ y* =7>. Then the base of the triangle is 2Vr’> —x°, the altitude is Vr* —x”, and the
area A of the triangle is 3(2Vr° —x*)(Vr’ —x*)=r>—x> Hence, by the cross-section formula, V=
{L,Ade= (0 (7 ~xYdx=(x— )], =0 - i) - (=~ + 1) =4,

X

Fig. 22-12 Fig. 2213
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The solid is a wedge, cut from a perfectly round tree of radius r by two planes, one perpendicular to the axis of the
tree and the other intersecting the first plane at an angle of 30° along a diameter. (See Fig. 22-13.)

I Let the x-axis be the intersection of the two planes, with the origin on the tree’s axis. Then a typical cross
section is a right triangle with base V> —x* andheight 4 =Vr’—x*tan30°= % Vr’ — x> So, thearea 4
is WVri-x- 1 Vit —x*= % (r* ~ x*). By symmetry, we can compute the volume for x=0 and
then double the re35ult. The cross-section formula yields the volume

1 2 ) 1 2 13 1 3 43 1
V=2-Lm(r —x)dJC:ﬁ(r —§x):|o———\/—§(r—§r)=\_/__§.

A square pyramid with a height of / units and a base of side r units.

s_2V3
9

r= r

W

I Locate the x-axis perpendicular to the base, with the origin at the center of the base (Fig. 22-14). By similar

- 2 _\2
right triangles, g = -h—}—l—f- and A—(fl = (% ) . So, Ax)= r2<h 7 x) ,  and, by the cross-section
r

formula,

h r2 h r2 h r2
v=[ Awar=1 [ -0 de= S H0- 07 | = Lm0 W)= 4

Fig. 22-14 Fig. 22-15

The tetrahedron formed by three mutually perpendicular edges of lengths a, b, c.

§ Let the origin be the intersection of the edges, and let the x-axis lic along the edge of length ¢ (Fig. 22-15). A
typical cross section is a right triangle with legs of lengths d and e, parallel respectively to the edges of lengths a

d - - 1 — ) M blc -
and b. By similar triangles, rie < - X and % =< Cx. So, the area A(x) = 3 [a(cc x)J[ (CC x)] =
% (c— x)>. By the cross-section formula
c
_ﬂJ’E Y _ﬂ(_l)_s]“__ﬂ s, abc
V= 22 o (c—x)dx= 22\ 73 (c—x) . P 0—-¢) o

Let @ be the region between y=x’, x=1, and y=0. Find the volume of the solid obtained by rotating
region & about y=-1.

I The same volume is obtained by rotating about the x-axis (y = 0) the region obtained by raising & one unit,
that is, the region bounded by y= ;rB +1, y=1, and x=1 (see Fig. 22-16). By the circular ring
formula, thisis V= [) [(x’ +1) -~ Pldx=m [y (° +2x7) dx = w(3x" + 1x) ]y = #(5 + 1) =97/14.
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22.25

22.26

22.27

22.28

22.29

[ CHAPTER 22

Fig. 22-16

Let & be the region in the first quadrant between the curves y =x’ and y=2x. Find the volume of the
solid obtained by rotating & about the x-axis.

I By simultancously solving y=x> and y=2x, we see that the curves intersect at (0,0) and (2,4). The
line y=2xis the upper curve. So, the circular ring formula yields V== [3[(2x)’ — (x*) ] dx = 7 [ (4x* —
xNdy=a(i - ) o= w(E - B)=647/15.

Same as Problem 22.25, but the rotation is around the y-axis.
I Here let us use the difference of cylindrical shells: V=27 [Jx(2x —x’)dx =27 [ (2x* = x’) dx =
27(3x° = i) [ =2m( Y —4) =8x/3.

Let R be the regionabove y=(x—1)° andbelow y=x+1 (seeFig. 22-17). Find the volume of the solid
obtained by rotating % about the x-axis.

Y

we

S 1

Fig. 22-17

I Bysetting x+1=(x—1)" and solving, we obtain the intersection points (0, 1) and (3.4). The circular
ring formula yields V= [J{(x+ 1)’ —{(x = 1)’} dx=m [J[(x + 1)’ = (x = )*] dx = 7($(x + 1)* = §(x -
M) lo=7l(% - %) -G+ )]=T2a/5.

Same as Problem 22.27, but the rotation is around the line =-1.

I Raise the region one unit and rotate around the x-axis. The bounding curves are now y=x+2
and y = (x —1)*+ 1. By the circular ring formula, V= [J {(x +2)’ - [(x 1)’ + 1P} dx == [ {(x +2)* -
(-1 2= 1) + 1]} dx = (3 +2) = §x -1’ =3 —- 1) -0} = al(F -F -8 -3)-(+i+
)] = 117x/5.

Find the volume of the solid generated when the region bounded by y’=4x and y=2x—4 is revolved
about the y-axis.
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I Solving y=2x-4 and y®=4x simultaneously, we obtain y>—2y—8=0, y=4 or y=-2.

Thus, the curves intersect at (4,4) and (1, —2), as shogvn2 in Fig. 22-18. We integrate along the y-axis, using
+

the circular ring formula: V=wf2[(y24> <};> ]dy—wf‘ (y+4° - Ly ldy=m(&(y +4)’° -

5y 1% = 7l(3 - %)~ (3 + )] = 144w/,

-

4,4

dy
\ 4 v

) (l ~2)

4

Fig. 22-18 / Fig. 22-19

3

Let & be the region bounded by y=x", x=1, x=2, and y=x-1. Find the volume of the solid
generated when 2 is revolved about the x-axis.

' y=x> liesabove y=x-1 for 1=x=2 (see Fig.22-19). So, we can use the circular ring formula:

= 7 &Y - (x-1D]dx = 7 [[{x* =~ (x = 1)) dx = 7Gx’ =3 -D)]] = #l(F -3 -G -0)]=
374'7/21

Same as Problem 22.30, but revolving about the y-axis.

I We use the difference of cylindrical shells V=2a [2x[x*—(x—-D]dx=2m [P (x' —x*+x)dx =
2a(ix =+ i) P =2a[(R -8 +2) - (4 - 1+ D] =1617/15.

Let & be the region bounded by the curves y=x>—4x+6 and y=x+2. Find the volume of the solid
generated when 2 is rotated about the x-axis.

1 Solving y=x—4x+6 and y=x+2, we obtain x¥*—5x+4=0, x=4 or x=1. So,the
curves meet at (4,6) and (1,3). Note that y=x"—4x+6=(x—2)°+2. Hence, the latter curve is a
parabola with vertex (2 2) (see Fxg 22-20). We use the circular rmg formula: V== [} {(x +2Y —{(x -2+
27 }dx =7 [} (x+2) —(x=2) -4 -2y -4dx =73 (x+2)° - L(x -2 - $(x =2y —4x) ]} = #[(72 -
2 -2 -16)-9+L+2-4)]=1627/5.

(4,6)
»

re

/1 @2

Fig. 22-20
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22.33

22.34

22.35

22.36

Same as Problem 22.32, but with the rotation around the y-axis.

I We use the difference of cylindrical shells: V=27 f x[(x +2) = (x> —4x + 6)] dx =27 [} x(5x — x> —
de=27 [} (58—’ ~4x)dx =27(3x> — Ix* = 2x%) [} = 2w ([5(64) — 64 — 32) — (3 = § — 2)] =457/2.

Let & be the region bounded by y=12~-x> and y=12—4x. Find the volume generated by revolving R
about the x-axis.

I Solving 12-x’=12—4x, weget x=0 and x==2. So, the curves intersect at (0,12), (2,4), and
(—2,20). The region consists of two pieces as shown in Fig. 22-21. By the circular ring formula, the piece in the
first quadrant generates volumeV= 7 [J[(12 - x) — (12 —4x)’] dx = 7 f {(144 — 24x° + x®) — (144 — %6x +
16x*)] dx = m [& (x° —24x> — 16x7 + 96x) dx = w(3x" — 6x* — x> + 48x*) |2 = w(18 - 96 — & + 192) = 15047
/21.  Similarly, the piece in the second quadrant generates volume 25287/21, for a total of 15047/21 +
25287/21 = 1927,

(~2.20)

12

Y

[y

Fig. 22-21
Same as Problem 22.34, but the region is revolved about the y-axis.

I By symmetry, we need only double the volume generated by the piece in the first quadrant. We
use the difference of cylindrical shells: V=227 [ x[(12~x*)— (12— 4x)] dx=4m7 [ x(4x — x") dx =
4 [o (47 = x*) dx = 4m(3x” = 1X°) S = 4m(¥ — ¥)=2567/15.

Let R be the region bounded by y=9—x*> and y=2x+6 (Fig. 22-22). Find, using the circular ring
formula, the volume generated when 2 is revolved about the x-axis.

I Solving 9-x*=2x+6, we get X’ +2x-3=0, (x+3)}x—1)=0, x=-3 or x=1. Thus. the
curves meetat (1,8)and (—3,0). Then V=71, [(9- ¥’ - Qx+6Y]dx=m[',(81 —18x + x* —4x* —
24x—36)dx = 7 ', (45-28x - 22x° +x')dx = 7(45x — 12" - 2P+ 4xX°) L, = w[(45-12-F + }) -
(—135— 108 + 198 — 3)} = 17927/15.

Fig. 22-22
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Solve Problem 22.36 by the cylindrical shell formuia.

§ We must integrate along the y-axis, and it is necessary to break the region into two pieces by the line y =8,

Then we obtain V= 27rf [— -(-V9 )] dy +2m [ yIVI =y~ (=V9-yldy=7[5 3y* -3y +
yW9—y)dy +2m [ 2y\V/9—ydy. We have to find [ y\/9 dy. Let u=9-y, y=9—u, du=
—dy. Then I 1 /9"‘_"“y dy = _J' (9 u)\/— du = I (us/z 9u1/2) du = _u5/2 _ 6u3/2 2 3/2(u _ 15) - _ _(9 _

y)**(y +6). Hence, V=2m{(3y’=3y’=309-y)""(y+6) - 209-»"(y +6)] }=2m{(% - 96—
BYy-4(0-14)} =2m(2 + 3 - 96+ ¥)=17927/15.

Let @ be the region boundedby y=x>+x, y=0, and x=1 (Fig.22-23). Find the volume of the solid
obtained by rotating R about the y-axis.

2 1,2)

Fig. 22-23

I We use the cylindrical shell formula: V=27 [, x(x* + x) dx =27 fo (x* + x*) dx =27(ix* + 3x*) |4 =
27w(t + Y =167/15.

Same as Problem 22.38, but rotating about the x-axis.

I We use the disk formula: V=7, (P+x) di=a[)(x*+2x*+x)dx=a(ix"+ 2+ x) ] =
m(h+2 4+ 1)=92m/105.

Same as Problem 22.38, but rotating about the line x= ~+2.

I The same volume can be obtained by moving the region two units to the right and rotating about the y-axis.
The new curve is y=(x—2)’+x—2, and the interval of mtegratxon is 2=x=3. By the cylmdncal
shell formula, V= 27r fz x[(x 2P +x=2]dx =27 [} x(x —6x* + 12x — 8+ x —2) dx =27 [> (x* — 6x> +
13x% — 10x) dx =27(3x° — 3x* + Bx° = 5%) D =27 (22 — 22 + 117 - 45) — (2 — 24 + 1&¥ — 20)| = 617/15.

Find the volume of the solid generated when one arch of the curve y=sinx, from x=0 to x=m, is
rotated about the x-axis.

I The disk formula yields V= [7sin®xdx=m [T} 1—cos2x)dx=%r( ~1sin2x) ]y = g[(w—O)—
(0-0)]=

Find the volume of the solid of rotation generated when the curve y=tanx, from x=0 to x=a/4, is
rotated about the x-axis.

I The disk formula gives V= [ “tan’xdx=m [J'* sec’ x ~ 1) dx=m(tanx — x)|J’* = [(1—%)—
iy

Find the volume of the solid generated by revolving about the x-axis the region bounded by y=secx, y=0,
x=0, and x=m/4.

I Sce Fig. 22-24. By the disk formula, V=7 {7'*sec’ xdx = w(tanx) 3" = w(1-0) = m.
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22.44

22.45

22.46

22.47

22.48

22.49

K
4

Fig. 22-24

Calculate the volume of the solid paraboloid generated when the region in the first quadrant under the parabola
x=yv>. between x=0 and x=b, is rotated about the x-axis.

I Use the disk formula: V= [ y’dx=m [l xdx = n(3x*) ]} = i=wb>
Same as Problem 22.44, but the rotation is about the y-axis.

I Use the cylindrical shell formula: V=7 [¢ xydx =27 [{ xVEdx =27 [¢ x*"* dx =27(3x*?) |} = i wb*"2

Find the volume of the solid generated when the region in the first quadrant under the hyperbola xy=1,
between x=1 and x=b>1, isrotated about the x-axis.

b 2 b 1
I The disk formula applies: V= wL (%) dx=7 [’ xdx= 7r(— %) ]1 = 77[— 5 (—1)] = w(l - %)
Note that this approaches mas b—> +w.

Same as Problem 22.46, but with the rotation around the y-axis.

I Use the cylindrical shell formula: V=2 [’ xydx =2 [> x(1/x)dx =27 [0 1dx =27 x|} =2m(b - 1).

™

X

Find the volume of the ellipsoid obtained when the ellipse — +

about the y-axis.

=1 s rotated (a) about the x-axis,‘(b)

[F]

Q
S [‘<”

I (a) We double the value obtained from the disk formula applied to the part of the region in the first quadrant
(see Fig. 22-25):

a a 2 a
_s. 2 4= 2125 g m2mp2lx - 1 )] - 2( _‘1)=f 2
V=2 ’TTJ; y~ dx 27TJ; b (1 az)dx 2nb (x 325 ) 1o 27wb\a 3 3mab
(b) Interchange a and b in (a): V= %mba”

a(h.rs)

(0, r,)9

—a

|
o
N~

i\,

Fig. 22-25 Fig. 22-26
Find the volume of the solid obtained by rotating about the x-axis the region in the first quadrant under the line
segment from (0, r,) to (h, r,), where 0<r <r, and O0<h. (SeeFig. 22-26. Note that this is the volume

of a frustum of a cone with height ~ and radii r, and r, of the bases.)

1
I The equation of the lineis y = 7 [(r,—r)x+rh]. By the disk formula,

h h h
V= 'rrL y dx = -’:lz J; ((ry=r)x+rh) dx= h—ﬂ; L [(r, = r,)’x* +2rh(r, — r)x + r?h* dx

m
TR

=qah[§(ry—r)Y +rry—r)+ril=tah(ri+rr,+ 1)

h
(%(r2 - r,)zx3 +rh(r,—r, )x* + rfhzx)]o = "%[%(rz - r,)zh3 +r(r,— rl)h3 + rfh3]
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A solid has a circular base of radius 7. Find the volume of the solid if every planar section perpendicular to a fixed
diameter is a semicircle.

I Let the x-axis be the fixed diameter, with the center of the circle as the origin. Then the radius of the
semicircle at abscissa x is Vr® —x* (see Fig. 22-27), and, therefore, its area A(x) is 37(+* — x*). The
cross-section formula yields V=[" A(x)dx=47 [’ (r*—x*)dx=4ta(rx— )], = sa[(r* - 7)) -
'+ i) =ix=r

Fig. 22-27

Same as Problem 22.50, but the planar cross section is a square.

I The area A(x) of the dashed square in Fig. 22-27 is 4(r* — x*). Hence the volume will be 8/ times that
found in Problem 22.50, or 16r%/3.

Same as Problem 22.50, except that the planar cross section is an isosceles right triangle with its hypotenuse on the
base.

I The area A(x) of the dashed triangle in Fig. 22-27 (which is inscribed in the semicircle) is
1Vr = x))(Vri = x*)=r"— x> Hence the volume will be one-fourth that of Problem 22.51, or 4r’/3.

Find the volume of a solid whose base is the region in the first quadrant bounded by the line 4x +5y =20 and
the coordinate axes, if every planar section perpendicular to the x-axis is a semicircle (Fig. 22-28).

§ The radius of the semicircle is 2(5—x), and its area A(x) is, therefore, s #(5—x)> By the cross-

s 4 4
section formula, V=s#x [0 (5—x) dx=5%n(-1)(S-x)’]i=- 7—’57 G-x*L=- % (0—125)=20%/3.
v

2x

8 X 16
Fig. 22-28 Fig. 22-29

The base of a solid is the circle x” + y* = 16x, and every planar section perpendicular to the x-axis is a rectangle
whose height is twice the distance of the plane of the section from the origin. Find the volume of the solid.

I Refer to Fig. 22-29. By completing the square, we see that the equation of the circle is (x—8)* +y* =64,
So, the center is (8,0) and the radius is 8. The height of each rectangle is 2x, and its base is 2y =
2V64 — (x —8)°. So, the area A(x) is 4x\/64 — (x —8)>. By the cross-section formula, V=4 [3°x[64—
(x—8)°"1"*dx. Let u=x-8, x=u+8, du=dx. Then V=4[% (u+8)(64— 1) du=4[*, u64-
u®)"*du+32 [, (64~ u’)""* du. The integral in the first summand is 0, since its integrand is an odd function.
The integrand in the second summand is the area, 32, of a semicircle of radius 8 (by Problem 20.71). Hence,
V=132(327) = 1024 7.

The section of a certain solid cut by any plane perpendicular to the x-axis is a square with the ends of a diagonal
lying on the parabolas y>=9x and x>=9y (see Fig. 22-30). Find its volume.

I The parabolas intersect at (0,0) and (9,9). The diagonal d of the square is 3x''? — x* = §(27x''2 = x?).
Then the area of the squareis  A(x) = 1d® = 75[(27)°x — 54x*'*> + x*], and the cross-section formula yields the
volume V=5 fJ[(27)°x — 54x>"* + x*] dx = 5 ((27)% - 1x* — X7 + 1x%) |0 = 1(81)>
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22.57

22.58

Fig. 22-30

Find the volume of the solid of revolution obtained by rotating about the x-axis the region in the first quadrant
bounded by the curve x*>+ y*'* =4?> and the coordinate axes.

I By the disk formula, V= [J y*dx=m [¢(a®> ~x**Y dx =7 [{ (a° ~3a"°%*"* +3a"°x** —x*) dx =

m(a’x —3a*? - 3x°? +34%° 37 - §x*) 1o = w(a’ — 24’ + 3a° — }a”) = 16ma’/105.

The base of a certain solid is an equilateral triangle of side b, with one vertex at the origin and an altitude along the
positive x-axis. Each plane perpendicular to the x-axis intersects the solid in a square with one side in the base of
the solid. Find the volume.

I See Fig. 22-31. The altitude h = bcos 30°= 1bV3. For eachx, y=xtan30°=(1/V3)x. Hence, the
side of the square is 2y =(2/V3)x anditsareais A= 3x" Hence, the cross-section formula yields

4 V3ibi2 . ‘ix3]ﬁb/z~\/§b3
9 =

V= § R x dx = 0 6
(3_ L) a.n
V2 V2.4
5 W (x.x7)
A s
P
//"r
3
Fig.- 22-31 Fig. 22-32

What volume is obtained when the area bounded by the line y =x and the parabola y =x” is rotated about
the bounding line?

I Refer to Fig. 22-32.  The required volume is given by the disk formulaas V= L;FZ r* ds; so our strategy
will be to find r* and s as functions of x, and then to change the integration variable from s to x. Now, by the
Pythagorean theorem,

resf=hR=x"+x (1)
and, by the distance formula,

2

2
2 _L) (2__3_)=2 442 2
r (x vz T\ X+t + 5T~ V2s(x + x7) 2)
Eliminating r* between (1) and (2), we obtain
1 2 ] 1 2
= —_——— “+ == e - =
0 s[s \/i(x x%) S0 s \/i(,\+x)

2

and then, from (1), =ix* - x* + 4x*. Carrying out the change of variable, we have ds = % (1+2x) dx,

with x ranging from 0 to 1. Hence
1 1
1 T
= 1?2 — 3 4 1%y — = 243 4 A_g,.4 5
|4 ’"’fo(ix X+2x)\/§(1+2x)dx 2\/§L(x 2x7 + x" +2x" —4x" + 2x7) dx

=575 =20+ b - 4) +2A D)= s
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CHAPTER 23
The Natural Logarithm

1

State the definition of In x, and show that D,(Inx)= o

* 1 1
I Inx =fl -} dt for x>0. Hence (Problem 20.42), D.(Inx)= D*’(fn 7 dt) =3

Show that f%dx=ln|xl+C for x#0.

I Casel. x>0. Then D/(In|x]+C)=D,(nx)=

Case 2. x<0. Then D (Injx|+C)=
1 1 1
D [in(-2)]= =5 D, (-0 == (-n=1.

1
X
- X

In Problems 23.3-23.9, find the derivative of the given function.

In (4x — 1).

. 1 4
I By the chain rule, D [In(4x —1)]= yra D (4x-1)= Y
(In x)*.

I By the chain rule, D [(Inx)’]=3(Inx)’- D (In x) = 3(In x)* - % = % (In x)*.

Vi,
1 1
I By the chain rule, D, (VInx)=D,[(lnx)""*]=}(Inx)""* D (Inx) = §(Inx)™""? - - = >
In (In x).
I By the chain rule, D_[In(Inx)]= — D (Inx)= —— -+ = —L_
y the chain rule, Jln{In x iy Dlnx)= - o=

x*ln x.

R 1
I By the product rule, D,(x*Inx)=x>-D (Inx)+Inx-D (x*)=x* FRALES QCx)=x+2xInx=x(1+
21n x).

(5
"\X¥1/
1 By the chain rule,
D[l (x—l)]_ 1 'D(x—l)_x+1‘(x+l)—(x—1)_ 12 2
APGFIN T =i+ P\x+ 1/ T x -1 (x+1)° Tx—1 x4+l (x—-D(@x+1)
In {5x —2|.
. 1 _ 5
I By the chain rule, and Problem 23.2, Dx(ln|5x—2|)-—5x_2-D,(Sx—Z)—Sx_z.

In Problems 23.10-23.19, find the indicated antiderivative.

185
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1
23.11 f 52 dx

1 1
I Let u=7x-2, du=7dx. Then f:I;-:*-dx——J' du=5lnjul+C=4mIn|7x-2|+C.

3

x
PR
23.12 x‘—ldx

du=4In|ul+ C=LInlx' -1+ C.

&

3
1
I let u=x*~1, du=4x"dx. Then fx4x_1dx=zf

23.13  [cotxdx.

Cos x
sin x

1
I let u=sinx, du=cosxdx. Then jcotxdx—f =J-;du=ln|u|+C=ln|sinx\+C.

23.14 J. ! dx.
xlnx

I Let u=Inx, du= % dx. Then j—l—dx=f % du=In|u]+ C=In(|lnx])+ C. {[Compare Prob-

xlnx
lem 23.6.]
cos 2x
23.15 1—sin2x
I Let u=1-sin2x, du=-2cos2xdx. Then
cos 2x __1[1 _ 1 -1 _
fl—siandx_ 2fudu— ilnjul+C YIn|1—sin2x|+ C
427 -3
23.16 f3—‘———*———dx.

J'3x +—\ dx—3fx dx+2j dx=3fxde=x"+2In|x|+ 3x7?+ C.

23.17 [ 5 X ax.
tan x

I Let u=tanx, du=sec’ xdx. Then

2
fsec xdx=jldu=lnlu]+C=ln|tanx|+C
tan x u

23.18 IV‘I(I——V_\) dx
I Let u=1-+v% du=-(1/2vx)dx. Then
1
e -2 ~du=- +C=~— - +
I\/)‘c(l—\/?)dx 2fudu 2Inju|l+ C=-2In[1-vx|+C
23.19 ln—xdx

‘_"_’_‘ dx = f(m x)(i) dx =} (Inx)’ + C.

g'(x)
23.20  Show that f dx =1 +C.
ox) & n|g(x)|

I Let u=g(x),du=g'(x)dx. Then

g'x)

20 dx —j du=In{ul+ C=In|gx)|+ C
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. X
23.21 Find j3 11 dx.

dx=31InP3x* +1|+C.

' Use Problem 23 20 f 3 + 1 6 f 3x

23.22 Find {tanxdx.

sin x j TSMX gy = —In fcosx|+ C. Since —In|cosx}=

I Use Problem 23.20: | tan x dx =j dx = —
cos x cos x

In (fcos x| ') =In (Jsec x|), the answer can be written as In |sec x| + C.
In Problems 23.23-23.26, use logarithmic differentiation to find y'.

2323 y=xV4-x’
I ny=Inx’+m(@4-x)">=3Inx+ 4In(4—x%). By implicit differentiation,
NSNS 3 x  12-3x"-x 12-4x 4(3-X°)
2 4-x x 4-x° x(4 - x*) x(4-x%)  x(4-x%)
BECRE SR L) 43 x)

x(4 x ) x(4—x2) V4-yx?

x3(4 _ x2)1/2 -

Hence,

_ - 2)4\/; x+5
23.24
Vx’+4

I ny=ln(x-2)'+In(x+5)'"~In(x*+4)"*=4In(x=2)+ t In(x +5) — L In (x* +4). By implicit dif-
ferentiation,

o4 1 1 1 L 4 1 o«
Y=y 3x+5) 2 (x*+4) x=2 3(x+5 x*+4

So '=[ 4 + L __ ]
’ Y ElXT2 T 3G+s) v ral?

Vx®—1-sinx
(2x+3)4 )

I ny=mn(x*-1)"?+InGinx)—In(2x+3)*=1In(x*~ 1)+ In(sinx) —41n (2x + 3). Hence,

2325 y=

1
y=% 3 -(2x)+—.L-cosx~ 4 2= =" — +cotx -

8
x -1 sin x 2x +3 xP=1 2x+3

23.26 y =1

={{In(x +2)—In(x —1)]. Hence,

r=3 (a0 Slamaemn e

+2)'7? 1
So, y == : : (x*2)

|

G- @G- k-7 @2

In Problems 23.27-23.34, express the given number in terms of In2 and In 5.

2327 In1o0.
I n10=In(2-5)=In2+InS.

2328 Ini.
I ni=m2'=-mIn2.
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2329 Inl.
I mi=m5"=-m5.

23.30  In25.
I n25=In5*=2Ins5.

2331 InV2.
I mv2=mn2"?*=1m2.

23.32 In V3.
I mnV3=In5"3=1m5s.

23.33 Ins.
I n}i=m(20)"'=-n20=-In(4-5)=—(In4+In5)=-(In2’> +1n5)= —(2In 2+ In 5).

23.34 In2%2
I mn2”=12mn2.

23.35 Find an equation of the tangent line to the curve y =Inx at the point (1, 0).

I The slope of the tangent line is y’=1/x=1. Hence, a point-slope equation of the tangent line is
y=x-1.

23.36  Find the area of the region bounded by the curves y=x° y=1/x, and x =} (see Fig. 23-1).

y=1/x

S TR

Fig. 23-1

1 \ The curves intersect at (1,1). The region is bounded above by y=1/x. Hence, the area is given by
1
[(E-¢)ar=(nx-1)1=n1-D~tni- &)= (-H~(In2~ &) =In2- 4.

12\ X

23.37  Find the average value of 1/x on [1, 4].
a4
I The average value = 4T11 L 31‘- dc=3ilnx){=1(nd4-In1)=42In2-0)=%1n2.

23.38  Find the volume of the solid obtained by revolving about the x-axis the region in the first quadrant under
y=x""? between x=1 and x=1.
1
1
I We use the disk formula: V=g[, y*dx= wf = wlnx]},,=n(lnl-lInt)=x(0+In4)=

m(21n2) =27 In2. Y

23.39  Sketch the graph of y=In(x +1).
I See Fig. 23-2. The graph is that of y=Inx, moved one unit to the left.



23.40

23.41

23.42

23.43

23.44

23.45

23.46
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[ N

x 0 l\ x
Fig. 23-2 Fig. 23-3

I See Fig. 23-3. Since In(1/x)=—Inx, the graphisthatof y=Inx, reflected in the x-axis.

Sketch the graph of y=1In(1/x).

Show that 1—:1—.<_1nxsx—-l.

. - 1
I Case 1. x=1. By looking at areas in Fig. 23-4, we see that 1-— 1= % (x—1)=Inx=x-1, Case?2.

0<x<1. Then 1/x>1. So, by Case 1, 1-x=In(l/x)<1/x—1. Thus, 1—-x= ~lnx=1l/x—1,
and multiplying by —1, we obtain x—1=Ilnx=1-1/x.

A

Fig. 23-4

Inx 2
Show that T < W .

I By Problem 23.41, Inx=x-1<x. Substituting v for x, Invx<v¥ Inx"’<vx lhx<vx
nx 2vx 2

X X VX’

Prove that lim lixﬁ = (),

K=

X

. 2 . Inx
) xl_l.Tx iT 0. Hence, by Problem 23.42, ,;ET» - = 0.

Prove that lim xIlnx=0.

x—0"

I Let y=1/x. As x—0%, y—+». By Problem 23.43, lim L“y—y =0. But, '—'3yl = “‘l(j x)
ytx x
x(~lnx)=-xInx. Hence, lim xinx=0.
x—0"
Prove that lim (x~Inx) =,
1 .
1 x —lnx=x(l - L‘iﬁ) By Problem 23.43, lim —';—x =(. Hence, hr{l (x —Inx)= +=.

Sketch the graph of y=x—Inx.

"

I See Fig. 23-5. y'=1-1/x. Setting y'=0, we find that x=1 is the only critical number. y"=
1/x>. Hence, by the second-derivative test, there is a relative minimum at (1,1). To the right of
(1, 1), the curve increases without bound, since lir{l’: (x ~Inx)= +o, by Problem 23.45. As x—07,
x—Inx—+o, since Inx— —x, -
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23.47

23.48

23.49

23.50

23.51

23.52

23.53

L Y

o
i

e W

Fig. 23-5 Fig. 23-6

Graph y =In(cos x).
I See Fig. 23-6. Since cos x has period 27, we need only consider [—, ]. The function is defined only when

ks . .
33) VT s (-sinx)= —tanx, and y"=-sec’x. Setting y' =0, we
see that the only critical number is x =0. By the second-derivative test, there is a relative maximum at (0, 0).
As x—x7w/2, cosx—0 and y—» —w,

cosx >0, that is, in

An object moves along the x-axis with acceleration a=1t—1+6/t. Find the maximum velocity v for
1=r=9, ifthevelocityat r=1 isl.5.

6 . L
1 »= [ade= j (t -1+ ?> dt=13—t+6Int+2, where the constant of integration is chosen to make
v(1)=1.5. Since the acceleration is positive over [1, 9], v(z) is increasing on that interval, with maximum value

v(9)=%8-9+6In9+2=%+12In3.

Find y’ when y*=In(x*+y?).

f By implicit differentiation, 2yy' = — i = 2x+2yy), ywE+y)=x+yy, yyE*+y*-1=x,
f x x
TR

Find y'if lnxy+2x—-y=1.
I By implicit differentiation,

o y(1+2x)

1
—(xy'+y)+2-y'=0 xy'+y+2xy—xyy' =0 xy'(1—-y)=-y-2x
By Y y Yyt 2xy —xyy y(A=y=-y-2y y'=75"7

If ln(x+y>)=y findy"

I By implicilt differentiation, . +1y2 (1+2yy')=3y%", L+2yy' =3y’y'x+3y'y, y'(Q2y— 3y’x = 3y*)y=~1,
y= y(3xy +3y*—2)’
. 1. 3+ h)
Evaluate ;l.l—T) (h In 3 /)
1. 3+h 1 +h
1 }—llnT=Z<lnx3 —ln%) for x=3

. 1 3+h .1 xth x x 1 1
Hence, Pﬂ(ﬂm 3 )=;1,T3)h'<ln 3 —In §)=Dx<ln §)=Dx(lnx—ln3)=Dx(lnx)=)—‘=§.
Derive the formula f cscx dx =In|csc x — cot x| + C.

cscx —cotx _ csc’ x — CsC x cot x
csc x — cot x cscx — cot x

I cscx- Let U =CsCx —cot x, du = (—csc x cot x + csc? x) dx.

Then J'cscxdx=f—ll;du=ln|u|+C=ln|cscx—cotx|+C.
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Find the length of the curve y=1ix*~1Inx between x=1 and x=8.

. 1 4x’ -1 2 16x' —8x" +1
I Y= T4 OV =T
1+ (y'y2= 16x* +16x* —8x* +1 _ 16x* +8x +1 __(4x2+1)2
Y 16x’ 16x* 4x

8 2+ 8
So, the arc length is L=Il 4x4x ld,\r=fl (x+%t)dx=(%x2+%lnx)]f=(32+%ln2)—(%+0)=%~‘+
3In2.
Graph y=x’—-18Inx.

I See Fig. 23-7. y'=2x—18/x, y"=2+18/x> Setting y'=0, we find that x*=9, x=3, y=9-
18In3=—10. Hence, by the second-derivative test, there is a minimum at x=3. As x—>+o y=

xz(l _ 181nx)

s—]—>+x. As x—0%, Inx—>-» and y-»+x,
x

4

Fig. 23-7

Show that the area under y=1/x from x=a to x=b isthe same as the area under that curve from
x=ka 0 x=kb forany k>0.

b kb
1
I f idx=lnx]ﬁ,’=lnb-—lna=ln (bla). On the other hand, L ;dx=1nx]if:=lnkb—lnka=
In (kb/ka) =1n (b/a).
2
Use the Trapezoidal Rule, with n =10, to approximate In2= f‘ % dx.
2
I Ax=%. For 1 %dx, The Trapezoidal Rule yields {1+ 3 +2(2+8+--+P]=3+(&+
%+ + 75)=0.0750 + (0.0909 + 0.0833 + - - - + 0.0526) = 0.0750 + 0.6187 = 0.6937. (The actual value, cor-
rect to four decimal places, is 0.6931.)
_x(1=x°)

o=y

find y'.

I Use logarithmic differentiation. In y=Inx+2In(1—-x*)—$1In(1+x%). Hence,

1 1 1 1 1 1 4x X
LY m e 42— ((=2x) —m m —— D m e —
yY Tk 1-x° =29)-3 1+x? =7 1-x> 1+x°
So,
,_ x(1=x")? (1 4 x )_ (1-x*)? 4x’(1-x%) X(a-x) _ ~557 = 4xH(1 - x%)
(1+x2)l/2 x 1_x2 1+x2 (1+x2)l/2 (1+x2)l/2 (1+x2)3/2 (1+x2)3/2

Find the volume of the solid generated when the region under y =1/x> above the x-axis, between x =1
and x =2, is rotated around the y-axis.

2 2

I By the cylindrical shell formula, V=2# [?xydx=2m fl % dx=2wInx ]1 =27(In2-0)=27In2.
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23.60

23.61

23.62

23.63

23.64

23.65

23.66

Prove that [Inb —Ina]<|b—a| for any distinct a, b in [1, +o).

Inb-1 1
I Casel. a<b. By the Mean-Value Theorem, EZ-_UE P for some c in (a, b). Since c>a=z=1,
%<1. Hence, lnbﬂl<l and, therefore, |[Inb—Ina|<|b—a|. Case2. b<a. By Casel,
lna-Inb|<|a—b|. But |lna—Inb|=|lnb—-Ina| and |a—b|=|b—al.
2
x-1
Evaluate L mdx

1 f x—1 dx‘lfz——g{—:z—dx=‘ln|x —2x+2|=4(n2-In1)=4In2
x “_2x+2 2N x2——2x+2 1 2 3 .

2
. X
kg |, 5 o

2 2
J —F = % fl 35‘—" de=1mP3x® -2 P =1(n10—-1n1)=%1n10.

1 352 -2 x’ =2
(™% cosx
Evaluate J —_—
m6 2—sIinx

w2 w/2
_COSX e =— 008X = —Inl2 —si w2 a3 =In2=In3—
L/6 T sin: L/G o dx=-In]2—sinx|]7:=—-(n1~In3)=Ilh }=In3-In2.

Prove the basic property of logarithms: lnuw=Ihu+lnu.

I In nhv= ,[ % dt, make the change of variable w=uwt (ufixed). Then dw=udt and the limits of
integration ¢t=1 and t=v gooverinto w=u and w=uv, respectively. Hence,

lnv=f Eldw=f ldw=f —l-dt
u WU e W w 1

So, lnu+lnu=f 1dt+f 1ait=f 1dt=lnuv
1 ¢ u 1t
x2

If a is a positive constant, find the length of the curve y= 32 3 lnx between x=1 and x=2.

, x a _4x’-d ,2_16x —8a’x* + a*
J Y =T 4%~ dax )= 16a°x°

L+ (v 16a’x” + 16x* — 8a’x” + a° ___<4x2+a2)2

(y = 16a2x2 dax

So, the length

24x’ + a’ _J’2<x a) _(1 )]2
L—fl dax dx—-l ;+Z; ZX‘% ln|x| .

[(2 aln2) 1] 3 aln?2 6+a21n2
={{Z+ ==+
a 4 2

2a a 4 4q
y (x\* 1({d x
If a and b are positive, find the arc length of 5 = (;) -3 (F) In (;) from x=a to x=3a.
1 y_’=2(§_>_1(£>_(i) 1_2x_a 1_16bx"-d Oy 256b“x“—32b2ax +a°
b al\al 8\b*/ \xia/ a & 86> x  8a’b’x = 64a‘b’x
64a’b’x* +256b°x* — 32b%a%x* + a®  (16b%x* + a*\’
Hence, 1+ (y') = =< )
ence ) 64a°b°x* 8a’bx

So, the arc length

3a 2b a2 1) b 2 ]Sa ( a2 ) ( 2 )
L-L (?x+@.; dx—a +§—ln|x| 9b+-8—51n3a b+8blna
2 a2 2
8b+§zln3+ bl a~§31 8b+8—bln3
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If y=(1-3x%?(cos2x)", find y'.

THE NATURAL LOGARITHM [ 193

I Use logarithmic differentiation. In y=31n (1 - 3x%)+4In(cos 2x). Hence,

r ., 3 . _ 18x
;y =132 ( 6x)+c052x (—sin2x)-(2) = Ty 8tan2x
So, '=—(1-32% ‘( St )
0 y ( x~) (cos 2x) =352 8tan2x
x
Evaluate fmdx
1 IJ' 1 [(ax+b)—b 1[1J a b[ ]
—————— == - —————— = - —————d — — —
! f @by T al @iy YT ) @y Fala) mrpd (ax+b)
11 b (o 5yt] = b_)
—a[alnlax+b|+a(ax+b) +C—az(ln|ax+b!+ax+b +C

dx
Evaluate .
sin ax cos ax
J' dx _1fasec’ax 1 J D (tan ax)
sinaxcosax aJ) tanax tan ax

Find the area under y=1/(1—-x") between x=0 and x=1}.

1 _1( 1 1) .
== 2\1—% + T+x/ Hence, the area is
1fm< 1 ) =i(-Inj1-x|+In|1+x])])*= T ‘
2 Jo 1-x 2 2
1+
Evaluate lim Lx_)
x—0 X

+ +h)—
I iim ln(l x) = lim In(1+4) 1n1=D‘,(lnx) _1 -1
x—0 h—0 h ) x=1 Xix=1
Evaluate lim l_n_(1+_2x)_—_llz
x—3 X"3
In(7+h)~In7

I Let h=2x-6. Then the given limitis 2 ’lin}’

2
. 1 .
Estimate 1n2 =Jl : dx by Simpson’s rule, with n =4,

% In [tan ax| + C

h

1+x
1-

=2-D, (inx) .

I Ax=1! The points of subdivision are §, §, 7. Then Simpson’s rule yields
6
g+

Solve the equation 3lnx =1In3x forx.

1 3lnx=In3x=In3+Inx, 2lnx=In3, lax’=In3, x°

Solve the equation 5lnx +2x=4+Inx’ for x.

I S5Inx+2x=4+5Inx, 2x=4, x=2.

Sketch the graph of y=3x+1-5In(1+ x?).
I See Fig. 23-8.

1/2
X ]0 -

i(ln3-ln1)=11n3

!
~h9

X |x=7

5(1+4-2+2-2+4-4+

3+ ¥+ 1)=1~=0.6933. (Compare this with the result of Problem 23.57.)
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23.77

23.78

23.79

23.80

} 3
Fig. 23-8
. 10x ,_ 1007 - 1)
y'=3 1+ 7 y= 1+ x*)
Setting y'=0, wefind 3x>-10x+3=0, (GBx—-1)(x-3)=0, x=1% or =3. By the second-
derivative test, we have a relative minimum at x =3, and a relative maximum at x=13. As x— xx,
1 +x?
y =x[3 + p -—'5—1-[‘——(—1;#)]* +oo, [Note that In(1+x*)<Inx’=3Inx, and l_r;_x__)o ]

Prove that Inx<vx forx>0.

I By the second-derivative test, the function y=+vX%—Inx has an absolute minimum value of 2-2In2
when x=4. Therefore, Vx—Inx=2-2In2>0 forall x>0. Hence, vi>Inx for x>0.

Lo 1
Evaluate lim Z

e N T T
S 1in 1< 1
! ,=12+j/n—;§2+]/n
The latter i imati f i Hence, the limit i fldxl
e latter is an approximating sum for s 7Ty ence, the limit is s Ty n|2+x|],
In3~1In2.
Find fx +3A -2x - dx.
x> +3x

- . - 2x+3
I Divide numerator by denominator, obtaining x°>— = .
2x +3 s 2 x4+ 3x
. dx =4x’ —In|x* +3x|+ C.
x°+ 3x

Hence, the integral reduces to [ x* dx —

Find f S S—
(x+2)Vx+11
I Let u=Vx+11, u’=x+11, 2udu=dx. Then the integral becomes

2udu [ 2du 1 ( 1 1 )

W-%u J -9 3 u-3 u+3

1 |u—3|+(:=1l ‘\/x+11—3
3rl Vx+11+3

=i(nju-3|-mju+3)+C

+C
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CHAPTER 24
Exponential Functions

tnx

Evaluate e~

, e-lnx=eln(l/,\')___l/x.

X

Evaluate Ine ™.

I Ine*=—x by virtue of the identity Ine“ = u.
Find (¢*)""*
I (&)""=(e"") =1 Here, we have used the laws (¢“)' = ¢’ and e"“=u.

Evaluate (3¢)""*.
' (36)‘“ X (eln 3e)ln x (eln 3+1 )In X _ (eln x‘)ln 3¢l xln 3+ l.

1-Inx

Evaluate ¢

I e nr=cle =cle" " =elx.
Find In (e"/x).
I in(ex)=Ine*—Inx=x-Inx. We have used the identities In(u/v)=Inu—Inv and Ine*=u.

In Problems 24.7-24.16, find the derivative of the given function.

-x

e

I By the chain rule, D (e *)=e*-D(-x)=e *-(—~1)=—e " Here, we have used the fact that
D, (e") = e“.

1/x
e .

I By the chain rule, D, (') =e'"- D (1/x)=¢e""-(=1/x*)= ~e'""x".

eCOS X
I By the chain rule, D (e*)=e"""- D (cos x) = e " - (~sin x) = —e°* * sin x.
tan e”.

I By the chain rule, D, (tane*)=sec’ e’ - D (e*)=sec’ e' e =e"sec’ e".

e'lx.

I By the quotient rule, D,(e;) _ xe -2- e _ e,(x - 1).

e Inx.

I By the product rule, D (e*Inx)=¢"-D (Inx)+Inx-D (e)=¢"- )lc +Inx-e*= e"(% +1In x).

”

X"

1 - - .
I D(x")=D (""" )=e¢"""-D(slnx)=e""" 7" il % =7x""". [In like manner, D (x")=
rx”"' for any real number r.] ’

195
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24.14

24.15

24.16

24.17

24.20

24.21

24.22

24.24

24.25

24.27

x

w.

I D(x)=D(e"")=e¢""-D,(xInm)=€¢""Inm=Inm-7"
In &%~

I D (Ine*)=D,(2x)=2.

X

e —e "

I D( —e*)=D(e")-D(e*)=e"—(—e*)=¢"+e" Here, D(e*)=—e* is taken from Prob-

lem 24.7.
In Problems 24.17-24.29, evaluate the given antiderivative.
{ e’ dx.
I let u=3x, du=3dx. Then [e*dx=1[e"du=1%e"+C=L%e”+C.
fe ™ dx.
I let u=-x, du=-dx. Then [e *dx=—fe“du=—-e"+C=-e""+C.
feVe -2 dx.
I Let u=¢"-2, du=e"dx. Then [eVe*—2dx=[u"?du=3%u**+C=3(VeF-2)>+C.
f €% * sin x dx.

I [ *sinxdx=—e“*+C, by Problem 24.9.

{a“dx, for a#l.
I a7=¢""" So,let u=(lna)x, du=(Ina)dx. Then

1
fa‘dx=je“"“dx=-—1——fe"du=—-e"+C=Le“""+C=—1—a‘+C
Ina Ina Ina Ina

[ 3% dx.

I Choose a=3>=9 inProblem24.21: [3*dx= 3+ C.

1
2In3
[ e dx.

1 1 1 .
I Let u=ax, du=adx. Then [edx= p J’e"du=;e"+C=‘—le'“+C.
Ve dx.
I [Vfde=[(e*)"?dx=[ eV dx=2¢""*+ C, by Problem 24.23.

[ x" dx.

1
I [x" dx= l_yrv14C. Thisis a special case of the general law f x" dx = x*'+ C for any

m+1 r+1
constant r# —1.

[ e*e* dx.

I [eedi=fe* " dx=[e"dx=14e"+C.
2x
e

f e +1 dx.

I Let u=e"+1, du=e"dx. Then, noting that u>0,
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e J' & _fu—l J’( 1) . .
Imdx-— P il dx = ” du = 1—; du=u—-lnu+C=ée+1-ln(e"+1)+C
=e" ~In(e"+1)+ C,

Here, we designated 1 + C as the new arbitrary constant C,.

[ %27 dx.

I Let u=2", du=In2-2"-3x%dx. [Here, we have used the fact that D_(a")=(Ina)a”] Then
2q%3 5 1 1 - 1 3

fx*2 dx—-—3ln2fldu——3ln2u+c —3ln22 +C.

[ xPe™" dx

I let u=-x" du=-4x*dx. Then [x° e dx=-1 fe“du=—}%e"+ C= —le 4 .
In Problems 24.30-24.39, find y’.

e=y+Inx.

x(e?-1) x(y-1l+nx)’

’

o 1
I By implicit differentiation, e’y' =y’ + P y'(e'—-1)= %, y

tan e” "% = x°.

{ By implicit differentiation, sec’ e’ *-e” *-(y’'—1)=2x. Note that sec’e’ *=1+tan’e’ *=1+x*
- 2

Thus, (1+x*)-e" " (y'-1)=2x, y'=1+ ad

e'” + ¢ =2x.
[ ] By implicit differentiation,
1 ) ( 1 ) (yze"—e”’ 2y*
Yy f _ ooy Yoyl ’ Yoo = oWy ) = ' . ' _ y
e ( 77 tey' =2 y\e-ye 2 W — )-2 Y= =g
e’ +y*=1,
2x + ye™
+ Xy r+ + (- ’ Xy - — _ Xy P T
P 26+ e70y'+y) + 2y =0, y'ae” +2y)= ~2x—ye”, y'=- T2
sinx = e’
I cosx=¢y, y=3%=2%_ 5,
’ e’ sin x
y=3sinx'

I Use logarithmic differentiation. Iny=sinx-In3. [Here, we use the law In(a”)=bIna].. Hence,
(1/y)y’ =(In3)(cos x), y’ = (In3){cos x)(3""*).

y=2)".
I my=¢"-inVZ=1i(In2)e" So, (1/y)y'=1i(In2)e’, y'=i(In2)e"(V2)-.

y=x""%
I mny=mlnx-lnx=(nx)> So, %y’=2(lnx)'£, y’=21:xx"'"==2(lnx)x'“"_1.
y=(nx)""~
I my=Inx-in(lnx). So,
%y’=lnx-I‘—11—;-%+ln(lnx)-)l—c=%[1+ln(lnx)] y’=l—ir:cgl—r—l}l-(lnx)'“'
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24.39

24.41

24.42

24.43

24.45

24.47

24.49

yr=(x+1)(x+2).

2,1 1 __ 2x+3 1 2x+3
I 12111)';)611(;+1)+ln(x+2)’ y? Tx¥1 T x2 DG +2) Yr2a e+ Y
T2V A2
Solve ¢*=2 forx.
I m2=In(*)=3x, x=1mn2.
Solve Inx*=-1 forx.

I -1=3Inx, mx=-1, "*=¢'"

Solve e*—-2¢ =1 forux.

I Multiplybye™: e —2=¢", e”—e"—2=0, (¢"—-2)(e*+1)=0. Since e*>0, e*+1#0. Hence,
e*—-2=0, =2, x=In2.

Solve In(lnx)=1 forx.

In (in x)

I e=e =Inx, since e"“=u. Hence, e"=e"" =1x.

Solve In(x—1)=0 forx.

I x-1=1, since Inu=0 has the unique solution 1. Hence, x=2.

Let & be the region under the curve y=¢e", above the x-axis, and between x=0 and x=1. Find the
area of &.

I Thearea A=[le"di=e"]i=e' —e’=e-1.

Find the volume of the solid generated by rotating the region of Problem 24.45 around the x-axis.

I By the disk formula, V=17 [} ("Y' dx=n [} e¥dx=m-} "] = g (e-¢e)= 72—7 (e -1).

Let R be the region bounded by the curve y = €', the y-axis, and the line y =e (see Fig.24-1). Find the
area of A&.

—1

Fig. 24-1

I Setting e=¢"? wefind x/2=1, x=2. Hence, y=e¢"?> meets y=e atthe point (2,¢). The
g

area A=fl(e—e"*)dx=(ex—2e")].=(2e—2e)—(0—2¢") =2.

Find the volume when the region & of Problem 24.47 is rotated about the x-axis.

I By the circular ring formula, V= [Z[e®—(e"*)]dx=n [ (*— € )dx=m (’x — ") ]} = w[(2’ -
&) —(0—e"] = m(e* +1).

Let R be the region bounded by y= e’z, the x-axis, the y-axis, and the line x =1. Find the volume of the
solid generated when 2 is rotated about the y-axis.

I By the cylindrical shell formula V=27 [} xydx =2 [l xe* dx. Let u=x’ du=2xdx. Then V=
27 [l le* du=me* ]y =m(e' — &%) = m{e —1).
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sin x

Find the absolute extrema of y =™ *on [, 7].

I Since " is an increasing function of u, the maximum and minimum values of y correspond to the maximum
and minimum values of the exponent sinx, that is, 1 and —1. Hence, the absolute maximum is e (when
x=m/2) and the absolute minimum is e '=1/e (when x=-m/2).

If y=e", where nis a positive integer, find the nth derivative y™.

, yr = nenx’ yn = nlenx’ e, y(n) = nnenx'

If y=2¢""% findy’ andy"

sin x sin x

I y =2¢"%-cosx, y"=2[e"" *(—sinx)+cosx-e™ - cosx]=2e"*(cos’ x —sin x).

sin x

Assume that the quantities x and y vary with time and are related by the equation y=2e
constant rate of 4 units per second, how fast is x changing when x= =7?

If y increases at a

I From Problem 24.52, dy/dx=2¢""cosx. Hence,

dy — dy dx - sin x dx _ sin x .dx — sinx _dx
XA dr =2e¢"""cos x P 4=2¢"""cosx T 2=¢""cosx Z
— _ o4y, 9% dx _
When x=m, 2=e¢(-1) 0 dr 2.

The acceleration of an object moving on the x-axis is 9¢*.  Find a formula for the velocity v, if the velocity at time
t=0 is 4 units per second.

I v=[adi=[9¢*dt=3¢>+C. Hence, 4=3¢"+C, 4=3+C, C=1. Hence, v=3e*+1.

How far does the object of Problem 24.54 move as its velocity increases from 4 to 10 units per second?

I From Problem 24.54, v=3e*+1. When v=4, t=0. When v=10, ¥ =3, 3t=In3, t=1In3.
The required distance is therefore

s=[MD2 pdr= I3 3 + 1) dt=e> + 1] PP = ("> + LIn3)-(1+0)=3+1In3-1=2+}In3

Find an equation of the tangent line to the curve y=2¢" at the point (0, 2).

I The slope is the derivative y’ =2¢* =2¢°=2. Hence, an equation of the tangent lineis y —2=2(x — 0),
or y=2x+2.

Graph y= e .
I y = e (-2x)= —2xe™. Hence, x=0 is the only critical number. y"= ~2[e"‘2 +x- (—2xe_"2)] =
~2e " (1-2x"). By the_second-derivative test, there is a relative (and, therefore, absolute) maximum at
(0,1). As x-—>zxw, ¢" —+o, and, therefore, y-—0. Thus, the x-axig is a horizontal asymptote on the
right and left. The graph is symmetric with respect to the y-axis, since e”* is an even function. There are
inflection points where y”"=0, that is, at x=*V2/2. Thus the graph has the bell-shaped appearance
indicated in Fig. 24-2.

S
SIS

Fig. 24-2
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24.58

24.59

24.61

24.62

Graph y=xInx.

I Sec Fig. 24-3. The function is defined only for x>0. y’ =x- % +Inx=1+Inx. y"=1/x. Setting
y'=0, Inx=-1, x=e""=e '=1/e. This is the only critical number, and, by the second-derivative test,
there is a relative (and, therefore, an absolute) minimum at  (1/e, —1/e). As x—>-+x, y—>+n.  As
x—0%, y—0, by Problem 23.44.

0|
LR

Fig. 24-3 Fig. 24-4
Graph y= X
rap! Pt
I y-= 1——12nx and y"= —x —2x(41 “lnx) _ @2 1nx3—3)' The only critical number occurs when Inx=1,
x x x

x=e. By the second-derivative test, there is a relative (and, therefore, an absolute) maximum at (e, 1/¢). As
x—+0o, y—>0, by Problem 23.43. As x—0", y— —«. Hence, the positive x-axis is a horizontal
asymptote and the negative y-axis is a vertical asymptote. There is an inflection point where 2Inx—3=0,
thatis, Inx=32, x=¢e>% See Fig. 24-4.

Sketch the graph of y=¢""
§ The graph, Fig. 24-5, is obtained by reflecting the graph of y =¢" in the y-axis.

)

Fig. 24-5 Fig. 24-6

Graph y=(1-1Inx)>

1 - —1—(1- _
Iy =21-nn(-1)=-20200 e o (o) 2CI0 22D gen g,
Inx=1, x=e. This is the only critical number. By the second-derivative test, there is a relative (and,
therefore, an absolute) minimum at (¢,0). As x— +%©, y—>+w, and,as x—0%, y— +o. Thereisan
inflection point when 2—-Inx=0, Inx=2, x=¢" The graph is shown in Fig. 24-6.

1
Graph y= p +In x.

I See Fig. 24-7. y'=- % + % = lz (x-1). y'= 25 - lz = —15 (2 - x). Hence, by the second-derivative
x x x x
test, the unique critical number x =1 yields a relative (and, therefore, an absolute) minimum at (1,1). As

x—+0o, y—>+», As x—0°, y=(1+xlnx)/x—+», since xInx—0 by Problem 23.44. There is
an inflection pointat x=2, y=1%+In2.
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Fig. 24-7

Sketch the graph of y=2%
I Since 2*=¢'"2

x>0 and a little higher for x<0 (because 2<e).

Problems 24.64-24.71 refer to the function
(Assume a>0 and a#1.)

Show that D (log, x) =

xIna’
_p,(lx) L _ 11t
I D (og,0=D,(1%) = - p,tnn= - 1o L
Show that a'°%* = x.

’ alogux — aln x/ina = e(ln a)(In x/In @) — elnx =x.

Show that log, a* = x.

I tog. o= =T -

Show that log, x =Inx.
Inx Inx

I logex—m—-r-lnx.

Show that log, uv =log, u + log, v.

Inuww Inu+inv _Ilnu  Inv
Ina  Ina

I log, uwv= iz e

Show that log, g =log, u —log, v.

lo, =li)£
8 ¥ = na

— =log, u +log, v.

Fig. 24-8

the graph has the same general shape as that of y=e* (Fig. 24-8), a little lower for

the so-called logarithm of x to the base a.

I By Problem 24.68, log, g +log,v= log,,(g . v) =log, u. Subtract log, v from both sides.

Show that log, u” = rlog, u.

1 r
I log, " = nu =rlnu

ring _ lnu_
Ina Ina =T ]na—rogau.

log, x
log, e’

a

Prove that Inx=

log,,x=lnx/lna*lnx Ina
log,.e Ine/lna Ina 1
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24.72

24.73

24.74

24.75

24.76

24.77

24.78

24.79

24.80

24.81

24.82

Prove that the only solutions of the differential equation f'(x)= f(x) are the functions Ce”, where C is a
constant.

I We know that one nonvanishing solution is ¢, so make the substitution f(x) = e*g(x): e*g’ + e'g=e'g,
eg'=0, g'=0, g=C.

Find the absolute extrema of f(x) = on [1, e].

(In x)?
x

I f,=x-2lnx-(1/x)—(lnx)2 _Inx(2-Inx)

and the absolute maximum is f(e) =1/e.

>0 on (1,e]. Hence, the absolute minimum is f(1)=0

Prove ¢* = lim (1+§).

u—+x
“ x 1 .
I Let y=(1+§). Then lny=uln(1+-L;)=u[ln(u+x)—lnu]=u-x-F where u* is between u
and u+x. (In the last step, we used the mean-value theorem.) Either u<u*<u+x or u+x<u*<
u. Then, either 1<u*/u<l+x/u or 1+x/u<u*/u<l. In either case, u*/u—1 as u— +ow,
Hence, Iny—>x as u— +». Therefore, y=e"’—e" as u— +.

n

Prove that, for any positive n, lim e 0.
x—+w
’ xn _ en inx 1 1 ) N
Pt oo tnx = A0 7] But, Inx/x—0 as x-—+o. Hence,since ¢ — +»,
x"le"—0.
. < 1
Find
e xlnx

2
€ 1 B 2 2 _ B
1 f xlnxdx—-lnllnxl]e—ln(lne) In(lne)=In2-Inl1=In2.

secx

Find the derivative of y=1x

1 1
I Iny=secx-Inx. Hence, ; y' =secx- p +Inx-secxtanx = se_:)f (1+xInxtanx). So,
y =xr. E;—{ (1+xInxtanx)=x**""secx(1+ xInx tan x)
x+1

Evaluate lim ( 2 )

x—+o \ X + 1 :
, x x+1 l x+1

. - _ g
x—l-lher (x + 1) - x+111-I-I»1+oc (1 X+ 1) € by PrOblem 2474

tan x

Evaluate lim (sin x)

x—0

. . i xIn (si
I let y=(sinx)"*. Then Iny=tanxIn(sinx)= ﬂ%—ﬂ By Problem 23.44, ulnu—0 as

u—0". Since sinx—>0" as x—0%, it follows that sinx-In(sinx)—>0 as x—0". Since cosx—1
as x—0, Iny—>0 as x—0". Therefore, y=e""—>e’=1 as x—0"

Evaluate lim x™"*

x—0

I Let y=x"* lny=sinx-lnx=%£-(xlnx). Since SIZ—X—»I and xlnx—0 as x—0",

lny—>0 as x—0". Hence, y=e"’—e’=1.
y

cos x

Evaluate lin(l’ (sin x)

I Since cosx—1 and sinx—0 as x—0, (sinx)***—0'=0.

Evaluate ¢*'"2

' e3ll12=(eln2)3=23=8.
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Show that e= lim <1+—L1;).

u— +x

§ Set x=1 in the formula of Problem 24.74.

Graph y=x’"
I See Fig. 24-9. y'=x%" +2xe" = xe"(x +2). y"=xe* + (x +2)(xe" + e')=¢e"(x’ +4x +2). The critical
numbers are x =0 and x=-2. The second-derivative test shows that there is a relative minimum at (0, 0)

and a relative maximum at (=2,4e7?). As x—+®, y—>+®. As x—> -0, y—0 (by Problem 24.75).
There are inflection points where x> +4x+2=0, thatis, at x=—2*V2.

X

Graph y=x%""

I The graph is obtained by reflecting Fig. 24-9 in the y-axis, since y = x’ ™ is obtained from y = x’" by
replacing x by —x.

Sl

-2-V2 -2 -2+V2 1 1

\J

Fig. 24-9 Fig. 24-10

Graph y=xe"~.

I y=-2¢¢ " +2xe " =2xe “(1—x%). Then y"=2xe “(=2x)+ (1 - x*)(—4x% ™ +2¢ *)=2¢™*
(2x* —5x" + 1). The critical numbers are x=0, and x==*1. By the second-derivative test, there is a
relative minimum at (0, 0) and relative maxima at (1, e”"). There are inflection points at x = +Vs+V17/2

and x==V5-V17/2. The graph is symmetric with respect to the y-axis. See Fig. 24-10.

Find the maximum area of a rectangle in the first quadrant, with base on the x-axis, one vertex at the origin and
the opposite vertex on the curve y=e * (see Fig. 24-11).

!
/\

* Fig. 24-11

I Let x be the length of the base. Then the area A =xy = xe"‘z, D A= —2x%e e ¥ = e“2(1 —-2x%),
D’A= e_"z(—4x) +(1- 2x2)e_"2(—2x) = —2xe”‘z(3 —2x%). Setting D,A=0, we see that the only positive
critical number is x=1/V2, and the second-derivatiye test shows that this is a relative (and, therefore, an
absolute) maximum. Then the maximum area is xe ™ = (1/V2)e "> =1/V2e.

Find D (x").

I Let y=x* Then Iny=xlnx, -~y =1+lnx, y =x(1+Inx).

2
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24.89

24.90

24.91

24.92

24.93

- 1!
Prove that D7(x" 'Inx)= gﬁ—x—)-

I We use mathematical induction. For n=1, D(xInx)=D_(Inx)=1/x, and O!/x=1/x. Now as-
sume the formula true for n: D7(x" 'Inx)=(n—1)!/x, and we must prove it true for n+1:
D' (x"Inx)=n!/x. In fact,

D} (x"Inx)= Di[D,(x-x" "' Inx)]
=D"[x-D,(x" 'Inx)+x"Inx]= D {x[x" >+ (n—1)x" *Inx]} + DI(x" " Inx)

=2+ (- iy + D S (- 1)+ D3+ E

O b B M
x x X o o

=(n—1)DI(x" 'Inx)+0+

This completes the induction.

Prove that D7 (xe™) = (x + n)e".

I Use mathematical induction. For n=1, D (xe")=xe"+ e =(x+1)e”. Now, assume the formula true
for n: D7(xe*)=(x+n)e’, and we must prove it true for n+1: D7 '(xe*)=(x+n+1)e" In fact,
D' (xe*) = D [D7(xe")] = D [(x+n)el=x+n)e" +e =(x+n+1)e

Graph y=e¢""+ e (a>0).

. r l xla _ _1_ -xla __ l x/a —x/a " __ 1 (1 x/a 1 —x/a) — 1 x/a —x/a)
I See Fig. 24-12. y'=-e g ——a(e e '), =\ +ae —F(e +e >
0. Setting y'=0, we have e’“=e¢*% (e”)’=1, ¢'*=1, x/a=0, x=0. The second-deriva-
tive test shows that there is a minimum at (0,2). The graph is symmetric with respect to the y-axis. As

xX—> *w, y-—>+oo,

Fig. 24-12

Find the area under y=¢"*+e "' (Problem 24.91), above the x-axis, and between x=—a and x=a.

I A= e ) dr=ae™ — ae™ ', = a(e™" = e™) | = al(e — ¢ )~ (¢ ~ ) = 2a(e - 1).

Find the arc length of the curve y = g (e +e ™) from x=0 to x=b.

’ y: — g (% ex/a . % e—x/a) — %(ex/a _ e—x/a) (y;):! — %(eZX/a _ 2 + e—2x/a)
4+ 2x/a_2+ —2x/a 2x/a+ + —2x/a
1+(yr)2= (e (4 ) - € 2+e =[%(ex/a+e—x/a)]2

4 4

: x/a —x/a xXla —x/a a a in a
Hence, the arc lengthis L= fJ 1(e"'* + e *'*) dx = }(ae”’* — ae™™’ )]g=§(eb’ —e7").
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Sketch the graph of y = %T

—X —Xx —-x -x 2
= (x + 1) x(i _:1—; ) = xe =¢ ((lx +xl)2x ). The critical numbers are x=
(-1%+V5)/2. The first-derivative test shows that x=(—1+V3)/2 yields a relative maximum and x =
(-1-V5)/2 a relative minimum. There is a vertical asymptote at x=-1. y>0 for x<-1 and
y—>+o as x—-17, and y—>-® a5 x—>-1". y—0 as x—+», since x/(x+1)—>1 and
e 0. y>+» as x—>—o, since e *—> -+,

I See Fig. 24-13.

S

-1 -

%3

- s A ) G e - -

Fig. 24-13

Problems 24.95-24.110 concern the hyperbolic sine and cosine functions sinhx = 3(e* —e *) and
coshx = i(e" +e7*).
Find D, (sinh x) and D, (cosh x).
I D sinhx)=D[i(e"—e*)]=1(e*+e*)=coshx. D (coshx)=D,[i(e"+ e *)]=1(e"—e *)=sinhx.
Find D?(sinh x) and D2(cosh x).
I By Problem 24.95, DZ(sinh x) = D, (coshx)=sinhx and DZ(cosh x)= D (sinh x) = cosh x.
Graph y =sinh x.

I See Fig. 24-14. Since D, (sinh x) = coshx >0, sinhx is an increasing function. It is clearly an odd
function, so sinh0=0. Since D (sinhx)=sinhx, the graph has an inflection point at (0,0), where the
slope of the tangent line is cosh0=1.

Fig. 24-14



206 [ CHAPTER 24

24.98

24.100

24.101

24.102

24.103

24.104

24.105

24.106

24.107

24.108

Show that cosh® x —sinh*>x =1.

I This follows by direct computation from the definitions.

Let tanh x =sinh x/coshx and sechx=1/coshx. Find the derivative of tanh x.

sinhx\ coshx-coshx —sinhx-sinhx cosh®x —sinh® x 1 )
I D, (tanhx)= D, cosh x cosh® x cosh® x cosh?x o X
Find D _(sech x).
. sinh x 1
I D_(sechx)= Dx(m) =~ oshix sinhx = — coshx coshx — ~tanh x - sech x.

Show that 1 —tanh® x = sech® x.

I By Problem 24.98, cosh® x —sinh® x =1. Dividing both sides by cosh® x, we get 1— tanh® x = sech’ x.

In Problems 24.102-24.108, determine whether the given analogues of certain trigonometric identities also hold
for hyperbolic functions.

sinh 2x £ 2 sinh x cosh x.

X — —X X +
€"e ¢eT¢e _ 1(e** — e ™) =sinh 2x. The identity holds.

I 2sinhxcoshx=2 5 5 !

sinh (x + y) £ sinh x cosh y + cosh x sinh y.

I sinh x cosh y + cosh xsinh y = L(e* —€) - 4(e* +e 7))+ S(e" +e ) - L(e” — ™)
— %(ex+y _e—(x+y) _ ey—x + e,r‘y)+ %(exi»y_ev(xwky) + ey—x _ ex-y)
=4(e""” — e ") =sinh (x + ).

The identity holds.

cosh (x + y) £ cosh x cosh y — sinh x sinh y.

I Think of y as fixed and take the derivatives of both sides of the identity in Problem 24.103. Then
cosh (x + y) = cosh x cosh y + sinh x sinh y. This is the correct identity, not the given one.

cosh (—x) £ cosh x and sinh(—x) £ —sinh (x)

I cosh(-x)=3(e " +e ”)=1L(e"+e")=coshx. sinh(-x)=2(e™*—e ) =Le*—e)=—Li(e+
e )= —sinh x. Thus, both identities hold.

212
cosh 2x £ cosh® x — sinh”® x.

I By the identity found in the solution of Problem 24.104, cosh 2x = cosh? x + sinh” x. This is the correct
identity, not the given one.

cosh 2x £ 2 cosh® x — 1.

I By the identity established in the solution of Problem 24.106, cosh 2x = cosh® x + sinh® x. By the identity
cosh’ x —sinh® x =1, sinh®x=cosh’x —1, and, therefore, cosh2x =cosh® x +cosh® x —1=2cosh®>x — 1.
Thus, the identity is correct.

cosh2x £ 1 —2sinh? x.

I By the identity cosh® x —sinh®> x=1, cosh’ x =sinh®x+1, and, substituting in the identity cosh2x =
cosh? x +sinh® x, we get cosh2x =1+ 2sinh? x. This is the correct identity, not the given one.
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. sinh x
24.109  Find f 1+ coshx
I Let u=1+coshx, du=sinhxdx. Then i[}hLdx=[ldu=ln|u|+C=ln(1+coshx)+C.
1+ cosh x u

24.110 Find [ xtanh x? dx.
I Let u=x* du=2xdx. Then j'xtanhxzdx=%j'tanhudu=%f
i In(cosh x*) + C.

sinh u
cosh u

du=jlInjcoshu|+ C=

24.111 Find f.l
sinh x

I Let u = tanh (x/2); by Problems 24.99 and 24.101, du = [sech’® (x/2)](} dx) = (1 — u®)(} dx).
Moreover, by Problems 24.102 and 24.101,

. —olcirn X x\_ x 2)_r>= 2tanh (x/2) _  2u
sinh x 2(smh 2)(cosh 2) 2(tanh 2)(cosh 2) S Tt (x2) ~ 1=

1 _J'l—u2 2 _[l _ B ‘ )_C‘
Thus, fsinhxdx_ 2 1-&2 du= udu—ln|u|+C—ln tanh2 +C
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State L’Hopital’s rule.

I First, let us state the zero-over-zero case. Under certain simple conditions, if |iﬂt1, fx)= lin; g(x)=0 and
lim g—%}) =L, then lin}, g(_);) =L. Here, x—b can be replaced by x—b", x—>b", x— +=, or
x—b x—

x— —. The conditions are that f and g are differentiable in an open interval around b and that g’ is not zero in
that interval, except possibly at &. (In the case of one-sided limits, the interval can have b as an endpoint. In

the case of x— +o, the conditions on f and g hold for sufficiently large, or sufficiently small, values of x.)

x)

The second case is the infinity-over-infinity case. If lin}, fx)= lin}’ g(x) = *» and lin[l, 57(—5 =L, then
l'imh{g%=L. Here, again x—b can be replaced by x— b*, x—b", x-—>+wo, or x——x, The
conditions on f and g are the same as in the first case.
In Problems 25.2-25.53, evaluate the given limit.

. sinx
lim
x—0 X

sin x D, (sinx) cosx 1 _
I tim == =lim =5y ~lm == =1 =1
. l—cosx
lim
0 X

1
[T LN LE Y

x—>0 =0 1 1
I 5x7—4x +3
m 3
\'-l+x 2x' — 1
P -dx+ - . o
I lim sz 24x1 3. lim 152 o 4 lim —3-)% = +w. Here, we have applied L'Hopital’s rule twice in
A+ X — X+ x—s+x

succession. In subsequent problems, successive use of L’Hopital’s rule will be made without explicit mention.
. In(l+e
lim —(———-—)

Nt 1+x
. l 1+ X X/ 1+ X X X
Pogim 2UE) g, ARy € i € i 1=,

X + x X+ % —rx 1+ e* x—rx @

. (1 1 )
lim|{-—-—=—}.
=0 \X  sinx

. . 1 inx —x
I Here we have the difference of two functions that both approach ». However, 1 _— = -Slﬂ.c——i,
) ) sin x xsinx
. IR e 1 . . . sinx—x COS X — . -

which L’Hopital’s rule is applicable. lim ————— = lim —— = lim L = 0 =0.

x—0 Xxsinx x—=0 XCOSXx +sinx x-o0 —xsinx+2cosx Q+2
. 1=
lim
x—0 X
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2
xl_'f{lw (Inx)*’

I limx_2=1im__£’£_ lim 2x° lim g _4x_2_-1- 8
s—=+= (Inx)’  —+=3(nx)’ - (1/x) x=+= 3(In x) x—+e 61n x(1/x) e flnx o 6(1/x)

= lim %x%= +o,

x—+oo
X—x+x-1

lim ————r—
=1 x+Ilnx-1

im | s )
AlinG+1) " xt&

1 1l x-lnx+1 to which L’Hopital’s rul ’
mGE+D) x xmGrD 0 whicl oOpital’s rule applies (zero-over-zero case).
]imx—ln(x+1) lim 1-1/(x+1) — i x I 1 1
0 xIn(x+1) rox1/E+D]+InGx+1) cox+Gx+Dn@E+1) ~w1+1+ln(x+1) 2
. tanx
lim
x>0
t 2
I otim 20 g X1
x—0 X x>0 1 1
lim xInx.
x—0
In x . ETA 13 . In x 1/x
I xInx=—=, to which L’Hbpital’s rule applies. lim —= = lim ——— =~ lim x=0. (This result
1/x x—0* 1/x x=>0" -1/x x—o*

was obtained in a different way in Problem 23.44.)

lim x*

x—0t

lny=

J Let y=x" Then Iny=xInx. ByProblem25.12, lim Iny=0. Hence, lim y= lim e
x—0"* x—0 x—0

e =1.

lim lﬂ

x—+w X

I lim nx_ lim L =0 (asin Problem 23.43).

x—ro X xX—> o

lim x'*

x>+

1
I Let y=x'". Then Iny= 3 Inx. By Problem 25.14, lir{x In y=0. Hence, llm y= lim "’ =

X—+®

e =1.

X 3X_2X
Iim .
x—0 X
F—2F 3.3 —1n2-2"
I ofim 22—y 033 2022 s o,
x>0 X x—0 1
i -

x X

I lim e_z = +o0, since lime* =1, lirr(l’ x*=0, and % >0. Note that L’Hdpital’s rule did not apply.
X X

x=0 X x—0
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1-sinx
B8 e
. 1—sinx . —cosx _ 0 _
’ xl‘vr:l/2 x—‘n'/Z—xET/z 1 _1_0.
25,19  lim x¥"*%
x—0*
sin x . ln . A . . . l
I Let y=x"™" Then In y=sinx-lnx= —i, to which L’Hdpital’s rule applies. lim LI,
) 1/x . sinx 1 . csc x . x—0* CSCX
lim Tocxcorr - lim —x—-cosx-smx=—-1‘1-0=0. Thus, hT In y=0. Hence, llT y=
x—=0* x—0% x—0" x—Q7
lim "’ =¢e"=1.
x—0"
3
.ox -1
25.20 )lrl_r’r} P
. - 0 . N
1 lm} i T1° 32" 0. Note that L’Hopital’s rule did not apply. Use of the rule in this case would have led to
an incorrect answer.
25,21 lim ! f ) Hd
. Jim ,,f() .
Y f(t) ar
i1 lim '[—“;[5——21— = lim f—(li)- = f(a), with an obvious interpretation in terms of average values.
2522 lim 28%
x—0% X
. tan . .
I iim 2 2x = lim 5% = 4, since lim sec®x = 1.
x—0" X x—07% 2x x—0*
. sinx
25.23 Xl_xg\+ vk
I i sinx= . cosx _ . _
R T A Tiave T i, 2vEeosx=0.
2524 lim —2% .
x—1 tan wx
. Inx . 1/x 1 1
I E‘-ol tan wx -—)l(_r’r} s 1r(-~1)2 T
2525 fim 203X
x—0 sin 7x
I iim sin3x _ im 3cos3x 3
=0 sin7x =0 TcosTx 7°
kX3
2526 lim .
x—0 tanx
3x 3x
-1 -1
I iim & —tim >4 _=31_3
x—=0 tanx  x—0 sec’ x 1
1-cos’2x
25.27 lim ————.
x—0 X
. 1-cos®2x . —2cos2x-(—sin2x)-2 .. 2cos2xsin2x . sindx . 4cosdx
I iim > = lim = lim = lim = lim =4,
x—0 X x—s0 2x x—0 X x—0 X x—0 1

(Here, we used the identity 2 cos u sin u = sin 2u.)
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. tanx —sinx
im ———s——
x—0 X
. 2 . ]
. tanx-sinx . sec’x—cosx .. 2sec xtanx+sinx .. 2sec’x+4tan®xsec®x+cosx
I lim 3 = lim 2 = lim = lim =
x—0 x x—0 3x x—0 6x x—0Q 6
3 _1
§= 2.
. xtan x
lim ———.
x—0 1 —cos X
. xtanx . xsec’x+tanx xsec’ x +tanx x 5 .
I lim -——— =1lim ——————~. But - = ——sec” x +secx. Hence, the limit be-
-0 1 —CcosXx x—0 sin x sin x sin x
. x . . x
comes lim{——sec’x +secx)=1+1=2, since lim — =1.
x—0 \S1n X x—-0 SIN X
. tan3x
lim .
x—0 X 3
2
tan 3x 3sec” 3x 3
1 tim = lim == =V3.
x—0 x‘\/i x—0 \/§ 3
cos x
x—wi2 2X — T
I i cos X im —sin x 1
im = =-x.
w2 2X = T x—owi2 2 2
lim x”Inx.
x—0t

I lim x*In x=lim x- lim xInx=0-0=0, by Problem 25.12.

x—0* x>0t x>0
2X
lim —3.
P xlO
I Gim 2= fim B22 L (220 (22 L (In2)°2
rero 10 xmre 10x° x—re 10-9x° x—+= 10-9-8x7 a—re 100x
. (In2)"*2"
= lim ———— =+
X—s + 00 10!
. X COos X
im ————.
x—sw/2% 1_Slnx
I ] X COS X X —xsinx +cosx —x sin x + cos x . )
lim ——= lim ——, But —————— =xtanx—1. Since lim tanx=
xomi2t 1= 8INX gt —Ccos x —COos X a2t

+oo, our limit is +o.

I x®—3sinx

e B Ax

1 - (3sin x/x°)
sin x 3/x4 +4 ’

( lim —~ =0, since [sinx|= 1.) Use of L'Hopital’s rule would have been very tedious in this case.

x-—>+m X

I 1t is simplest to divide the numerator and denominator by x°, obtaining which approaches

B

1—cos2x
im —————
x—0 Sin3x

., 1—cos2x . 2sin2x _ 0 _
I ,l,l_l}(]; sin 3x —xl-rgn3cos3x'3_0'
. 1-cosx
lim ———.
x>0 X

1 i 1—cosx . sinx 1 sinx 1
im ——— = lim = li =
x>0 x2 x—0 2x 2 x>0 X 2

N =



212 [ CHAPTER 25

-1
25.38 lim
x—=1 X — 1
4 3
-1 4
I lim x = lim 2= 4
=1 x—1 —1 1
2539 lim 302V
y—=0 3y
I lim sin 2y -1 2cos2y _ z
y—0 3y y—=0 3 3
2540 fim 502
: 10 2x2 +3x"
I i sin 2x -1 20032x_z
2 +3x o 4x+3 3
. l+x—¢
25.41 lim ————.
x—0 X
l+x—e 1-¢" —e" 1
’ =i = i N
m — lim =55 =lim 5 2
25.42 lin}) (csc x — cot x).
1 cosx 1-cosx 1—cos in x
1 _ - _ - . _ o cosx _ . sinx _
. cscx —cotx sinx  sinx sin x Hence. ll-r.rtl) (csc x = cot x) Jl(l-rf(l) sin x ;lfl—rH) cosx
l_m(x) tan x = (.
1 RY
25.43 lim (cos —) .
K==+ X X
1\" I 1/x o1
I Let y= <cos —) . Then Iny=xIn (cos 1), and lim xIn (cos l) = lim n {cos 1/x) = lim n (cos u) =
1/cos u)- (fsm u) * — * e 1 wo “
lim ( . = lim (—tanu)=0. Hence, lim y= lim "’ =¢"=1,
u—0" u—0* x> 4o x> e
. secx—1
25.44 lim I e
xa—Q X
I secx -1 . secxtanx 1 tanx 1 1 . . tanx
lim T = lim - =lim > secx- =z-1'1=Z, since lim——=1 by Problem
55 1.‘-1-0 0 2x =0 2 2 2 x—0 X
25.45 ‘li[‘(l;l‘ (sin x)"*" ",
- M l . _
I Let y =(sin x)"*"". Then In y=tanx-In(sin x) = _lLsxter_) But M =
. (1/sin x)(cos x) . . ) ] Lotx =0t COtX
lim ~———————= =—lim cosxsinx=0. Then lim y= lim e"*=¢"=1.
x—0* —CSC x x—0 a—0" x—07
. 2
-1
25.46  lim S0 D
x—1 x—1
in (x* — *-1)-2
[ ogim 00D e o2,
x—1 X — 1 a—1 1
+sin 2
2547  lim — X
=0 X —Sinx
I imx+sin2x_ 1+2c052x___3_=_3.

x—0 X —8in2x x—01—2cos2x -1
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Cos 2x - cOs X

Hm 3
x—0 sin® x
., cos2x—cosx ..  —2sin2x+sinx _ —2sin2x+sinx . —4cos2x+cosx —3
I lim —— = lim - =lim ————— =lm ————— = ==
x—+0 sin® x x—0  2sinxcosx x—0 sin 2x x—0 2cos 2x 2

lim csc x - In x.

x—1
1/x 1

. . In x .
I lim csc wx - ln x = lim = = lim = =~
£l s—1sinwx st wcoswmx w-(—1)

1
-

. n —xlin L
lim x"e for any positive integer n.

Xt

n2

I Let =y Then lim x"e™" = lim 'e—,=0, by Problem 24.75.

t—>+x

. (Inx)" e
&Tx T for any positive integer n.
w . (nx)" .oou" . .
I Let u=Inx, x=e“ Then lan P lm+1 P 0 by Problem 24.75. This result generalizes
that of Problem 23.43,
lim Inx for any positive integer n
— Tz y p g .
n .| . L .1
I Let u=vx, u'=x, Inx=nlnu. Hence, lim :1x___ lim F—n—li=n lim M=n-0=0.
x—+% \/X u—+x Y u—rto U

2x
lim <1+ﬂ) .
x—»+x X

2x X2 4 x
I lim (1 + %) =[ lim (1 + %) ] =(e'Y =€ since lim (1 + ;) =¢* by Problem 24.74.

X—r+x X% X4

Sketch the graph y =(Inx)"/x when n is an even positive integer.

I SeeFig.25-1. y' =[n(lnx)""' = (Inx)"}/x>=[(Inx)" '(n ~Inx)] /x> Setting y' =0, wefind Inx=0
of n=Inx, thatis, x=1 and x=¢" are the critical numbers. By the first-derivative test, there is a
relative maximum at x=e", y=(n/e)", and a relative minimum at (1,0). As x—>+», y->0 by
Problem 25.51. As x—0", y— +o.

| N

Fig. 25-1 Fig. 25-2

Sketch the graph of y =(Inx)"/x for positive odd integers n.

f Asin Problem 25.54, x=¢" vyields a relative maximum. For n> 1, x=1 s a critical number, but
yields only an inflection point. When n>1, there are two other inflection points. As x—>+o, y—0
by Problem 25.51. As x—0", y-»>-—w. Figure 25-2 gives the graph for n>1, the graphfor n=1 is
given in Fig. 24-4.
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25.56

25.57

x

Graph y=x"e¢™" for positive even integers n.

I See Fig. 253. y'=—x"e " +nx" e " =x"""e *(n - x). Hence, x=n and x=0 are critical num-
bers. The first-derivative test tells us that there is a relative maximum at x=n and a relative minimum
at x=0. As x—>+x, y—>0 byProblem24.75. As x— —®, y-—>+ow,

/\‘

0 n o

Fig. 25-3

x

Graph y=x"e™" for odd positive integers n.

I As in Problem 25.56, there is a relative maximum at x=n. For n>1 [Fig. 25-4(a)], calculation of the
second derivative yields x"~%¢”*[x* —2nx + n(n —1)]. Then, there is an inflection point at x =0, and two
other inflection points in the first quadrant. For the special case n=1 [Fig.25-4(b)], y'=e “(2—x), and
there is only one inflection point, at x=2. In either case, as x—+«, y—0, and, as x-»—x,
y— —%,

(@) n>1 (b) n=1
Fig. 25-4
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CHAPTER 26
Exponential Growth and Decay

A quantity y is said to grow or decay exponentially in time if D,y = Ky for some constant K. (K is called the
growth constant or decay constant, depending on whether it is positive or negative.) Show that y =y,
where y, is the value of y at time ¢=0.

e -Dy—y(Ke) ee“(Dy-K
] DT<%) = 'yez,(,y( ) e e'Z"’ ») =0. Hence, y/e™ is a constant C, y= Ce*. When

t=0, y,=Ce®=C. Thus, y=y.e"

A bacteria culture grows exponentially so that the initial number has doubled in 3 hours. How many times the
initial number will be present after 9 hours?

f let y be the number of bacteria. Then y=ye. By the given information, 2y,= y,e’*, 2=¢%*,
o y g Yo = Yo

In2=Ine**=3K, K=(In2)/3. When =9, y=ye’ =ye*"?=y,("?)’=y,-2°=8y,. Thus, the
initial number has been multiplied by 8.

A certain chemical decomposes exponentially. Assume that 200 grams becomes 50 grams in 1 hour. How much
will remain after 3 hours?

I Let y be the number of grams present at time t. Then y=y,e*. The given information tells us that
50 =200e*, =1, K=Ini=-In4. When =3, y=200e>*=200(e*)’ =200(1)’ = =
3.125 grams.

Show that, when a quantity grows or decays exponentially, the rate of increase over a fixed time interval is
constant (that is, it depends only on the time interval, not on the time at which the interval begins).

I The formula for the quantity is y=y,e*’ Let A be a fixed time interval, and let ¢ be any time. Then
y(t+ A) y(t) = y,e ¥y e* = e**  which does not depend on .

If the world population in 1980 was 4.5 billion and if it is growing exponentially with a growth constant
K=0.04In2, find the population in the year 2030.

I Let y be the population in billions in year ¢, with =0 in1980. Then y=4.5¢"%""?" " In 2030, when
1=50, y=4.5¢"0%"230 =4 5(¢'"%)? =4.5(2) = 18 billion people.

If a quantity y grows exponentially with a growth constant K and if during each unit of time there is an increase in y
of r percent, find the relationship between K and r.

I y=y,e® When =1, y=(1+r/100)y,. Hence, (1+r/100)y,=y.e", 1+ r/100=¢" So
K=In(1+r/100) and r=100(e*—1).

If a population is increasing exponentially at the rate of 2 percent per year, what will be the percentage increase
over a period of 10 years?

I In the notation of Problem 26.6, r =2, K=In(1.02)=0.0198 (by a table of logarithms). Hence, after 10
years, y =y, =y,e" "% =y e"""* =~ (1.219)y, (using a table for the exponential function). Hence,
over 10 years, there will be an increase of about 21.9 percent.

If an amount of money y, is invested at a rate of r percent per year, compounded n times per year, what is the
amount of money that will be available after k years?

I After the first period of interest (4th of a year), the amount will be y,(1+ r/100n); after the second
period, y,(1+ r/100n)°, etc. The interval of k years contains kn periods of interest, and, therefore, the
amount present after k years will be  y (1 + r/100n)*".

An amount of money y, earning r percent per year is compounded continuously (that is, assume that it is
compounded n times per year, and then let n approach infinity). How much is available after k years?

215
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I By Problem 26.8, y=y,(1+r/100n)" if the money is compounded n times per year. If we

let n approach infinity, we get  lim y,(1+ r/100n)*" =y, lim (1+7/100n)™* =y [ lim (1+ r/100n)"}* =
r/100vk _ 0.01rk neee n—s+= - +00

Yol ) = yoe

constant K =0.01r.

(Here we have used Problem 24.74.) Thus, the money grows exponentially, with growth

If an amount of money earning 8 percent per year is compounded quarterly, what is the equivalent yearly rate of
return?

I By Problem 26.8, the amount present after 1 year will be  y,(1+ 3% )* = y,(1.02)* =~ 1.0824y,. Thus, the
equivalent yearly rate is 8.24 percent.

If an amount of money earning 8 percent per year is compounded 10 times per year, what is the equivalent yearly
rate of return?

1 By Problem 26.8, the amount after 1 year will be y (1+ & 1o =y (1.008)lo =1.0829y. Thus, the
o [}
equivalent yearly rate is 8.29 percent.

If an amount of money receiving interest of 8 percent per year is compounded continuously, what is the equivalent
yearly rate of return?

I By Problem 26.9, the amount after 1 year will be y,e®*, which, by a table of values of €”, is approximately
1.0833y,. Hence, the equivalent yearly rate is about 8.33 percent.

A sum of money, compounded continuously, is multiplied by 5 in 8 years. If it amounts to $10,000 after 24 years,
what was the initial sum of money?

I By the formula of Problem 26.9, y =y,e"°"* where r is the rate of interest and k is the number of
years. Hence, Sy,=y,e”®, 5=¢"% After 24 years, 10,000 = y,e® " =y (")’ = yo(5)* = 125y,
Hence, the initial quantity y, was 555> = 80 dollars.

If a quantity of money, earning interest compounded continuously, is worth 55 times the initial amount after 100
years, what was the yearly rate of interest?

I By Problem 26.9, y =y, e’ ris the percentage rate of interest, y, is the initial amount, and k is the
number of years. Then, S55y,=y,e’, 55=¢. Hence, r=1In55 and, by a table of logarithms, r=
In (5.5 x 10) =1n (5.5) + In 10 = 1.7047 + 2.3026 = 4.0073. Thus, the rate is approximately 4 percent per year.

Assume that a quantity y decays exponentially, with a decay constant K. The half-life T is defined to be the time
interval after which half of the original quantity remains. Find the relationship between K and T.

I y=y," Bydefinition, 3y,=ye*" So i=¢*", KT=Ini=-mn2.

The half-life of radium is 1690 years. If 10 percent of an original quantity of radium remains, how long ago was
the radium created?

I Let y be the number of grams of radium ¢ years after the radium was created. Then y=y,e, where
1690K = —In2, by Problem 26.15. If at the present time ¢, y=fy,, then Hy,=y.e", & =e~,
Kt=1In % =-In10. Hence, —(In2/1690)t=—In10, ¢=16901In10/In2=5614.477. Thus, the radium was
created about 5614 years ago.

If radioactive carbon-14 has a half-life of 5750 years, what will remain of 1 gram after 3000 years?

I The amount of carbon is y=y,e*. We know that 5750K = —In2. Since yo=1 and r=3000,
y= 00K = M2 _ ,=03616 _ () 66657 (from a table for e™*). Thus, about 0.7 gram will remain.

If 20 percent of a radioactive element disappears in 1 year, compute its half-life.

I Let y, be the original amount, and let T be the half-life. Then 0.8y, remains when ¢=1. Thus,

0.8y, = yoe*, 0.8=e€", K=In0.8~-0.2231 (from a table of logarithms). But KT = —In2=~ —0.6931.
So =-0.2231T= -0.6931, T =3.1067 years.

Fruit flies are being bred in an enclosure that can hold a maximum of 640 flies.  If the flies multiply exponentially,
with a growth constant K =0.05 and where time is measured in days, how long will it take an initial population
of 20 to fill the enclosure?
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I if y is the number of flies y=20e"°". When the enclosure is full, y=640. Hence, 640=20¢""
32=¢""" 0.05t=In32=In(2°)=5In2~3.4655. Hence, t=~69.31. Thus, it will take a little more than 69
days to fill the enclosure.

The number of bacteria in a certain culture is growing exponentially. If 100 bacteria are present initially and 400
are present after 1 hour, how many bacteria are present after 3} hours?

I The growth equation is y=100¢*. The given information tells us that 400=100e", 4=¢*. At
t=3.5, y=100e>"%=100(e*)**=100(4)""* = 100(2)” = 100(128) = 12,800.

A certain radioactive substance has a half-life of 3 years. If 10 grams are present initially, how much of the
substance remains after 9 years?

I Since 9 years is three half-lifes, (1)°10=1.25grams will remain.

If y represents the amount by which the temperature of a body exceeds that of the surrounding air, then the rate at
which y decreases is proportional to y (Newton’s law of cooling). If y was initially 8 degrees and was 7 degrees
after 1 minute, what will it be after 2 minutes?

K 7

I Since Dy=Ky, y=y, e =8¢ The given facts tell us that 7=8¢", e“=1. When t=2, y=
8¢”X = 8(e*)* = 8(1)” = 6.125 degrees.

When a condenser is discharging electricity, the rate at which the voltage V decreases is proportional to V. If the
decay constant is K = ~0.025, per second, how long does it take before V has decreased to one-quarter of its
initial value?

I v=v,e ®®" When V is one-quarter of its initial value, 31V, =V,e ®% 1=¢7°% _0025¢=
Ini=-In4=-2In2~—1.3862. Hence, t=55.448.

The mass y of a growing substance is 7(5)' grams after  minutes. Find the initial quantity and the growth constant
K.

I y=705)=7("°)=7¢">" When t=0, y=7 grams is the initial quantity. The growth constant K
is In 5.

If the population of Latin America has a doubling time of 27 years, by what percent does it grow per year?

I The population y=y.e*. By the given information, 2y,=y.,e*’%, 2=¢"%, = V2~1.0234. By
the solution to Problem 26.6, the percentage increase per year r=100(e® — 1) = 100(1.0234 — 1) = 2.34.

If in 1980 the population of the United States was 225 million and increasing exponentially with a growth constant
of 0.007, and the population of Mexico was 62 million and increasing exponentially with a growth constant of
0.024, when will the two populations be equal if they continue to grow at the same rate?

I The United States’ population y,, =225¢"°"", and Mexico’s population y,, = 62¢°**.  When they are
the same, 225¢%°"7 =62¢% %", 3.6290=~ """, 0.017t~1n3.629~1.2890, t=~75.82. Hence, the popula-
tions would be the same in the year 2055.

A bacterial culture, growing exponentially, increases from 100 to 400 grams in 10 hours. How much was present
after 3 hours?

I y=100e%. Hence, 400=100e""%, 4=¢"% 2=¢* 5K=In2~06931, K=~0.13862. After
3 hours, y=100e>" =100e"*"*** =~ 100(1.5156) = 151.56.-

The population of Russia in 1980 was 255 million and growing exponentially with a growth constant of 0.012.
The population of the United States in 1980 was 225 million and growing exponentially with a growth constant of
0.007. When will the population of Russia be twice as large as that of the United States?

I The population of Russia is y, =225¢°°'* and that of the United States is y,, =225¢°°". When the
population of Russia is twice that of the United States, 255¢>%'% =450¢"%7, °°%=1.7647, 0.005t~
In 1.7647 = 0.56798. ¢==113.596 years; i.e., in the year 2093.

A bacterial culture, growing exponentially, increases from 200 to 500 grams in the period from 6 a.m. to 9 a.m.
How many grams will be present at noon?
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I y=200e*, where ¢=0 at 6am. Then, 500=200¢’%, e’*=3. Atnoon, t=6 and y=
200¢%* = 200(e**)? = 200(3)* = 1250 grams.

A radioactive substance decreases from 8 grams to 7 grams in 1 hour. Find its half-life.

I y=8e" Then 7=8e% ¢"=0.875, K=In0.875~-0.1335. The half-life T=-In2/K=~
0.6931/0.1335 = 5.1918 hours.

A doomsday equation is an equation of the form %—t[: = KP"® with K>0. Solve this equation and show
that lim P =+ for some ¢,.

=1y

dp dp 100
1 me ={Kdi=Kt+C. But, PIOT = T poor - Setting =0, we find that C=-100/Pp".
Now

, P*®'=-100/(Kt+C). As t——C/K from below, P—>+w,

Cobalt-60, with a half-life of 5.3 years, is extensively used in medical radiology. How long does it take for 90
percent of a given quantity to decay?

I y=y,e" Since T=53 and KT=-In2, K=-In2/53~-0.1308. When 90 percent of y, has
decayed, y=0.1y,=y, e, 0.1=¢", Kt=In & =—-In10=~-2.3026. So, r=-2.3026/(~0.1308) = 17.604
years.

In a chemical reaction, a compound decomposes exponentially. If it is found by experiment that 8§ grams
diminishes to 4 grams in 2 hours, when will 1 gram be left?

I The half-life is 2 hours. (3)'8=1, n=3. Thus 1 gram remains after three half-lifes, or 6 hours.

A tank initially contains 400 gallons of brine in which 100 pounds of salt are dissolved. Pure water is running into
the tank at the rate of 20 gallons per minute, and the mixture (which is kept uniform by stirring) is drained off at
the same rate. How many pounds of salt remain in the tank after 30 minutes?

I Let y be the number of pounds of salt in the mixture at time ¢. Since the concentration of salt at any given
time is y/400 pounds per gallon, and 20 gallons flow out per minute, the rate at which y is diminishing is
20- y/400 = 0.05y pounds per minute. Hence, D,y = —0.05y, and, thus, y is decaying exponentially with a
decay constant of —0.05. Hence, y =100e %" So, after 30 minutes, y =100e™""*=100(0.2231) = 22.31
pounds.

Solve Problem 26.34 with the modification that instead of pure water, brine containing 75 pound per gallon is run
into the tank at 20 gallons per minute, the mixture being drained off at the same rate.

I As before, the tank is losing salt at the rate of 0.05y pounds per minute. However, it is also gaining

1y= i D 5 —— dy =
salt at the rate of 20(+5) =2 pounds per minute. Hence, i 2-0.05y, 37005y dy = { dt,
~20In{2-0.05y| =+ C. When (=0, -20Inj2-5/=C, C=-20In3. Hence, -20In|2-0.05y|=
2—-0. - 0.
(—201n3, In|2-0.05y|=-0.05t+1n3, In l__(;o_szl = ~0.051, 2005y _ e" %% Note that y is al-

ways > 40, since y(0)=100 and y =40 is impossible. {In|2—-0.05(40)| =In0 is undefined.] Hence,
0.05y >0.05(40)=2, and [2-0.05y|=0.05y—2. Thus, (0.05y-2)/3=¢""%" When =30,
(0.05y —2)/3=¢"""=0.2231, 0.05y=2.6693, y=53.386 pounds.

A country has 5 billion dollars of paper money in circulation. Each day 30 million dollars is brought into the
banks for deposit and the same amount is paid out. The government decides to issue new paper money;
whenever the old money comes into the banks, it is destroyed and replaced by the new money. How long will it
take for the paper money in circulation to become 90 percent new?

I Let y be the number of millions of dollars in old money. Each day, (y/5000)-30=0.006y millions of
dollars of old money is turned in at the banks. Hence, D,y=-0.006y, and, thus, y is decreasing
exponentially, with a decay constant of ~0.006. Hence, y =5000e">%*.  When 90 percent of the money is
new, y=>500, S500=5000e %% 0.1=¢e7%%% -0.006t=In4% =-In10, 0.006:=1n10~2.3026, t=
383.77 days.

The number of bacteria in a culture doubles every hour. How long does it take for a thousand bacteria to
produce a biilion?
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I y=y,e™ We are told that y=2y, when t=1. Hence, 2y,=y,e", 2=eX If we start with
1000, we obtain a billion when 10°=10%%, 10°=(eX)'=2 In(10°)=¢In2, 6In10=tIn2, t=
(61n 10)/1n 2 = 6(2.3026)/0,6931 = 19.9 hours.

The world population at the beginning of 1970 was 3.6 billion. The weight of the earth is 6.586 % 10** tons. If
the population continues to increase exponentially, with a growth constant K =0.02 and with time measured in
years, in what year will the weight of all people equal the weight of the earth, if we assume that the average person
weighs 120 pounds?

§ The earth weighs 6.586 % 10°' x 2000 pounds. When this is equal to the weight of y billion people,

120 X 10%y = 6.586 x 10%* X 2000, or y=~1.1x10". Thus we must solve 1.1x10"=3.6¢""* for t.
Taking logarithms, In1.1+14In10=In3.6+0.02¢, 0.02¢~=31.05, r=~1552.5 years. The date would be
1970 + 1552 = 3522,

An object cools from 120 to 95°F in half an hour when surrounded by air whose temperature is 70°F. Use
Newton’s law of cooling (Problem 26.22) to find its temperature at the end of another half an hour.

I Let y be the difference in temperature between the object and the air. By Newton’s law, y = y,e™"

Since y,=120-70=50, y=50e". At t=1, 25=50¢"% 1=¢"=(e")""? e“=1. When t=1,
=50e* =50-1=12.5. Hence, the temperature of the objectis 70 +12.5=82.5°F.

y

What is the present value of a sum of money which if invested at 5 percent interest, continuously compounded, will
become $1000 in 10 years?

I Let y be the value of the money at time t, and let be its present value. Then, by Problem 26.9,
):)5 Yo P y

Y=y, In 10 years, 1000=y,e®®"Y =y "> So y,=1000/e"°=~1000/1.64872~606.53. Hence,

the present value is about $606.53.

Show that if interest is compounded continuously at an annual percentage r the effective annual percentage rate of
interest is  100(e”°" — 1).

I Let s be the effective annual percentage rate. Then y,e”®" =y (1+0.015). So ¢€”°"=1+0.01s,
0.01s =€ —1, s=100(""" —1).

If money is invested at 5 percent, compounded continuously, in how many years will it double in value?

I 2y,=y,e"®, by Problem 26.9. So 2=¢", 0.05t=In2, ¢=201In2=20(0.6931)=13.862. Thus,
the money will double in a little less than 13 years and 315 days.

A radioactive substance decays exponentially. What is the average quantity present over the first half-life?

I y=y,e"™ so y,= %for yoe - dt = —%—;—,(e”—l). But by Problem 26.15, KT=-In2. Hence,

_ e (1_)= Yo _ Yo
Yo = Tjpz \2 71 '




CHAPTER 27
Inverse Trigonometric Functions

1

271 Draw the graph of y=sin " x.

I By definition, as x varies from —1to 1, y varies from ~7/2 to /2. The graphof y=sin"'x isobtained
from the graph of y=sinx [Fig. 27-1(a)] by reflection in the line y=x. See Fig. 27-1(b).
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—

(@) y=sinx (b) y=sin"'x
Fig. 27-1

27.2  Showthat D (sin"'x)=1/V1-x>

I let y=sin"'x. Then siny=x. By implicit differentiation, cosy-D,y=1, D,y=1/cosy. But
cos y==*\1- sin y==+V1-~x> Since, by definition, —#w/2=y==/2, c¢osy=0, and, therefore,

cosy=V1-x* and D,y=1/V1-x%

Ar)’
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(@) y=tanx () y=tan'x
Fig. 27-2
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Draw the graph of y=tan"'x.

I As x varies from —w to +%, tan " x varies from —7/2to /2. The graphof y=tan"'x is obtained from

that of y=tanx [Fig. 27-2(a)] by reflection in the line y=x. See Fig. 27-2(b).

Show that D (tan™" x)=1/(1+ x?).

I Let y=tan'x. Then tany=x. By implicit differentiation, sec’ y-D,y=1, D,y=1/sec’y=
1/(1+tan’ y)=1/(1 + x%).

In Problems 27.5-27.13, find the indicated number.

cos ' (-V3/2).

I cos™'(—V3/2) isthe angle 0 between 0 and 7 for which cos 8 = —~V3/2. It is seen from Fig. 27-3 that 6 is
the supplement of /6, that is, 6 =5/6.

2
7l6 \

Fig. 27-3

sin”' (V2/2).

I sin"'V2/2 is the angle 6 between —#/2 and #/2 for which sin 6 =V2/2. Clearly, 6= /4.

sin~! (-V2/2).

I sin™' (-V2/2) is the angle @ between — /2 and /2 for which sin@=—V2/2. Clearly, 6= —m/4.
tan"'1,

I tan'1is the angle 0 between — /2 and /2 for which tan@ =1, thatis, 0= 7/4.

tan~' (V3/3).

I 7/6 s the angle 0 between — /2 and /2 for which tan 6 =(V3/3). So tan~'(V3/3)= /6.

sec” ' V2.

§ By definition, the value of sec ™" x is either an angle in the first quadrant (for positive arguments) or an angle in
the third quadrant (for negative arguments). In this case, the value is in the first quadrant, so sec™' V2=
cos ' 1/V2=n/4.

sec™! (-2V3/3).

I The value 6 must be in the third quadrant. Since sec8=-2V3/3, cos8=—-3/2V3=-V3/2. Thus
(see 0. 27-4), O=o+ u/6=Tw/6.

v (M N
w/6

2

Fig. 27-4
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27.12

27.13

27.14

27.15

27.16

27.17

27.18

27.19

27.20

27.21

27.22

27.23

csc”! (-V2).

I By definition, the value @ must be an angle in either the first or third quadrant. Since csc 6= -V2, @isin
the third quadrant, sin@=-1/V2, and 0=+ 7w/4="57n/4.

cot™' (—1).

I The value 6 is, by definition, in (0, 7). Since the argument is negative, @ is in the second quadrant,
cotf=—-1, tan@=1/(-1)=-1, 0==n/2+w/4=37n/4.

Let 8=cos 'i. Findsiné.

I Since 1>0, @isin (0,7/2). cos@=1%, and sinf==2=V1-—cos’6==\E&=22V2/3. Since 6 is in
the first quadrant, the + sign applies and sin § =2V2/3.

Let 6=sin"'(—%). Find cosé.

§ Since -1<0, -—-7w/2<0<0. cosG=iV1—sin28=t\/’§=t\/15/4. But cos8>0, since
—-7/2<6§<0. Hence, cos@=V15/4.

In Problems 27.16-27.20, compute the indicated functional value.

sin (cos™* %).
I Let 9=cos™ % Since$>0, 0<@<=/2 and sin@ must be positive. sin6=V1—cos’ =15 =3.

tan (sec”' ).

I Let 9=sec’* 2. Since 2>0, 0<8<m/2, and therefore, tan6>0. But tan@ = Vsec’§—1=

Vi -2
3T T 5.

cos (sin~' % +sec™' 3).
I Let 9, =sin™'? and 6,=sec”'3. Since?and 3 are positive, 6, and 6, are in the first quadrant. Then

cos(sin”' 2 +sec™'3) = cos(f, +86,) = cosf,cosb,—sinf sing, = %-1-2(2V2/3) = £ -6V2/15 =
(4-6V2)/15.

sin (cos™' { —tan"'2).

I Let 6,=cos™'! and 6, =tan"'2. Then 6, and 6, are in the first quadrant. sin(cos™' { —tan™'2)=
sin (6, — 6,) =sin 6, cos 6, — cos 6, sin 6, = (2V6/5)(1/V3) — 1(2/V5) = (2V6 - 2)/5V5.

sin”! (sin 7).
I sin7=0. Hence, sin”' (sin#)=sin"'0=0. Note that sin~* (sin x) is not necessarily equal to x.
Find the domain and range of the function f(x) = cos (tan~' x).

I Since the domain of tan™" x is the whole set % of real numbers and cos u is defined for all u, the domain of fis
R. The values of tan™' x form the interval (—#/2, w/2), and the cosines of angles in that interval form the
interval (0, 1], which is, therefore, the range of f.

In Problems 27.22-27.25, differentiate the given function.

sin”' x +cos! x.

1 A
Vi-@ Vi-i

I D (sin™'x+cos™'x) =0.

tan ' x +cot™' x.

-1

I D (tan'x+cot™'x)= +—
( ) 1+x*  1+x°

=0.
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27.24 sec 'x+cesc'x.

1 -1
I D (sec'x+csc'x)= + =0.
:( ) wWii-1 xVxi-1

27.25 tan 'x+tan”!

- - 1) 1 1 ( 1) 1 -1
i 1y _ -2V =1 L+ =1 _o
! Dx<tan xttan )=yt 1+ (1/x) 2/ 1+x X+l

= |-

27.26  Explain the answers to Problems 27.22-27.25.

I In each case, since the derivative is 0, the function has to be a constant. Consider, for example,
sin"'x+cos"'x. When x>0, 6, =sin"'x and 6,=cos™'x are acute angles whose sum is /2
[see Fig. 27-5(a)]. For x<0, sin"'(-x)=—6, and cos ' (—x)=m—@6, and, therefore, sin™'(—x)+
cos ' (—x)=-0,+m—-0=m—(0,+8)=7—7/2=7/2. [See Fig. 27.5(b).] Hence, in all cases,
sin”' x +cos™! x = 7/2.

%)
Fig. 27-5

In Problems 27.27-27.37, find the derivative of the given function.

27.27 y=xtan 'ux.

1 _ x -
1 y'=x~-1——F+tan 'x=1+x2+tan 'x.
x

27.28 y=sin"' VX

.1 11
Y T Vi—vE: VA 2Vavi-x

I By the chain rule,

27.29 y=tan ' (cos x).

_ 1 (=sin x) = —sin x
1+ (cos x)* 1+cos’x’

!

y

27.30  y=In(cot™ ' 3x).

’ ' = 1 [_ 1 . 3] _ —3
Y T ot ax L 1+ 3x) (cot™ 3x)(1 +9x%)°

2731 y=e"cos  x.

1
1 y’=e"( 11 2)+cos"x-e*'=e“(cos"x— )

V1-x*
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2732 y=In(tan”' x).

1 1

I y=—— ——.
Y T antx 140

1
= -1 —
27.33 y=csc pe

Vi -1\ x x Vi—2

- *V1/ix* -1

2734 y=xVa'—x*+a’sin"' (x/a), where a>0.

- 3 i 1 —x’ a’ 2(a’ — x?)
I y=x —2—+Vi-1+ 2 == +Va'-x*+ = 5
Y Va* - x* Vi-(x/a)® @ Va*-%* Vo' —x* Vai-x?
=2Va* - x°
" a+x)
27.35 y=tan (l—ax .
1 e 1 (-—ax)—(a+x)(-a)  1-ax+a’+ax _ 1+a°
4 14 [(a+x)/(1-ax))’ 1 - ax)’ (I-ax)’ +(@+x) 1+a%+a+x°

_ 1+ad° 1
(A+a)A+x) 1+x%

2736 y=sin~" % +sec™ x.

, 1 ( 1) 1 x| ( 1) 1
Y V1= (1/x) x* V-1 Vii-1 x* xVx' -1

0 >
~ 1 <1 1)_ ) for x>1
T Vi1 \x X/ T l——— for x<-1
SR Y
2
=tan-1 2
27.37 y=tan 3
] '=..__1__(_.2_)_‘_2
YU I @x)*\ X xP+4

27.38  What identity is implied by the result of Problem 27.35?

I Two functions with the same derivative differ by a constant. Hence, tan™'[(a + x)/(1 - ax)]=tan"' x +
C. When x=0, tan"'a=tan”"'0+C=0+C=C. Thus,theidentityis tan™'[(a+x)/(1 - ax)]=

tan”' x + tan"" a.

In Problems 27.39-27.57, evaluate the indicated antiderivative.

27.39 j—‘l—, dx.
4+ x°

2 2 2
dx

a +x*

1 - ..
I Let x=2u, drx=2du. Then f a _1 -d—u2=ltan"u+C=—tan'£+C. This is a
u
1
a

special case of the formula j
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+

J’ dx f j By the formula given in Problem 27.39, this is equal to
9(9 + x) 9 ( ) +x TaANZ L3 y g . ) q

1 -1 3x

7 22

3

Wi
O\I —
[\*)

.- L X
=sin"'u+C=sin"'< +C.

dx u du
I Let x=5u, dx=5du. Then f =f =f
Vas—x* J Vas-25u® ) Vi-dP

5
This is a special case of the formula I —5— =sin"’ 2 +C for a>0.
a—x
j dx
V25 -16x*
dx J’ dx lj dx .
= = - . By the formula given in Problem 27.41, this is
I\/ZS—léxz Vi6(E -x*) 47V@E)Y -5 y g
Lox ol
equalt04sm %+C—4sm 5 + C.

f dx
(x—3)\/x2—6x+8.

dx =
(x—3)Vx*—6x+8

I Let u=x-3, du=dx. Then x*—6x+8=(x-3)-1=u’-1. So J

du
———— =sec 'u+ C=sec” ' (x—3)+ C.
| 5= e

-1

dx
I\/s—zxz’
dx I dx 1 J’ dx . .
= = —= | —=—==. By the formula in Problem 27.41, we obtain
I\/3—2x2 V203 )y V2 \i-2 y
1 1 X 1 1 V2x
—= “x+C=—=sin"' —= +
Vo Rl AV S
J’ dx
2+7%°
dx I dx 1 1 X
= Byt la in Problem 27.39 btain =-—=tan —=+C=
1 12+7x2 e y the formula in Problem we obtai 7V Vi
1 _: V14x
— +C
7" 2
f dx
Vx> -4
dx
Let x=2u, dx=2du, Vx’-4=Vau®’-4=\4@u>-1)=2Vu>’—1. Then I Y srie
L—-l-j-L—lsec"u+C—lsec"‘(x/2)+C This is a special case of t';)exfo;n'?ula
2u-2Vul -1 20 wWii-1 2 2 ' P

1 1 X
=-sec '=+C for a>0.
a a
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1 f dx f dx ! f d From the formula in Problem 27.46 t
= == . i roblem .
*Vox* - 16 A2 -%) 3 x\x¥*-(4) ¢ » We ge
Ll et (B) s o bieem 2
3 (g)sec : +C—4sec 4+C.
j dx
xV3gt -2
dx dx 1 X
1 f = J’ = — f ——=——=_. From the formula in Probl 27.46 btai
xV3x: -2 V32— V3J /-2 em , We ovam
1 1 X V2 Vbx
3 \/gsec %+C— 5 sec 2 + C.
dx
1+x)vx
_ 2 _ _ 2udu du 1 .
I Let x=u", dx=2udu. Then f(1+x)\/')'c'_ (1+u2)u_2 1+u2—2tan utC=2tan” vVx+ C.

dex
*+9

d d

I Let u=x" du=2xdx. Then If—x -1 5 X From the formula in Problem 27.39, we get
1 1 L u 1 _1x2 c x*+9 2J u*+9
i-gtan -§+C—6tan 3+ .
f dx

Véx — x>
I By completing the square, x*—6x=(x—3)>-9. So 6x-x"=9-(x—3)°. Let u=x-3, du=dx.

dx du U x—3
Then = . From the formula in Problem 27.41, we get sin”' = + C=sin"' ~—— + C.
Ver—x 1 Vo-u? ® 3 3
2x dx

Véx — x*

I Note that D (6x — x*)=6-2x. Now,

2x dx 6—(6—2x) _6-2x J' 21s2 L1 x=3
= x = — dx+6 ——26x—-x +6sin” —— + C.
Veéx —x* Véx —x° Véx — x* Véx — x° ( ) 3

(The second integral was evaluated in Problem 27.51; the first integral was found by the formula of Problem 19.1.)

f x dx
x*+8x+20
I By completing the square, x*+8x+20=(x+4)’+4. Let u=x+4, du=dx. Then

x dx (u—4)du J'udu du 1 ) 1 ., u
4| =2 +4)—4- =+
jx +8x+20 ) ui+4 e+ 4 Fia 2@ -dgtan g+ C
+
=§ln(x2+8x+20)—2tan_1§—~2—‘1+C.
J' x* dx
x*=2x+4
8
T 3 2 _ . _
I Dividing x> by x*—-2x+4, we obtain x+2 o ox i a’ Hence,

x> dx J( 8 ) J
B SR Y (VO SER. S ledor-g| —1
Jx2—2x+4 X2 ova) BT 2" ¥R k-1 +3

1, 1 -1 8 1
e —_.. = +2 — e pAS——
o +2x—-8 \/gtan \/3 +C= x x \/gtan 73



27.55

27.56

27.57

27.58

27.59

27.60

27.61

27.62

27.63

INVERSE TRIGONOMETRIC FUNCTIONS [J 227

x dx
Va—x*
2
2 _ x dx _l du =1.-[E =l._1—_+
I Let u=x) du=2xdx. Then \[4—x‘—2 Vi 2sm 2+C 2sm 5 C
je"dx
4+
— X . 4 exdx_- du _l _IE 1 "lg_i
I Let u=¢, du=e"dx. Then f4+82,_ AT Ao aan g HC=htanT 5+ C
J'cosxdx
S+sin’ x’

cosxdx _ du 1 .

N 1 _y sinx
5+sin® x S+u’ V5

u
—_— —_ + C.
Vs ¢ \/_S.tan V3 ¢

I Let u=sinx, du=cosxdx. Then f

1

Find an equation of the tangent line to the graph of y =sin"~ at the origin.

Wi =

1 ( 1 ) - .. L
=~ | =], whichisiwhen x=0. Hence, the slope of the tangent line is §, and, since it goes
YN Gy 3 : P & : &

through the origin, its equation is y = ix.

A ladder that is 13 feet long leans against a wall. The bottom of the ladder is sliding away from the base of the
wall at the rate of 5 ft/s. How fast is the radian measure of the angle between the ladder and the ground changing
at the moment when the bottom of the ladder is 12 feet from the base of the wall?

I Let x be the distance of the bottom of the ladder from the base of the wall, and let 6 be the angle be-

tween the ladder and the ground. We are told that Dx=S5, and 6=cos™' = Hence, D,0=

-1 1 -5 -5 -5 13

————— = Dx= —————=—=— When x=12, D,f= = = —]1rad/s.
V1-(x/13y 13 13V1 - (x/13) 1B3VE  13(5H)

The beam from a lighthouse 3 miles from a straight coastline turns at the rate of 5 revolutions per minute. How
fast is the point P at which the beam hits the shore moving when that point is 4 miles from point A on the shore
directly opposite the lighthouse?

I Let x be the distance from P to A, and letxo be the angle between the beam and the line PA. We are
told D, =107 rad/min. Clearly, 6 =tan ' 3 So 10w =D,6={1/[1+(x/3)*]}-4-Dx. When x=4,
107 =(1/%)-{-Dx=%Dx. Hence, Dx=(250%/3)mi/min= 50007 mi/h= 15,708 mi/h.

Find the area under the curve y=1/(1+ xz), above the x-axis, and between the lines x=0 and x=1.

1
1 A=J. —dx—2=tan"x](',=tan"1~tan"0=1r/4—0=17/4.
o 1+x

Find the area under the curve y=1/V1—x? above the x-axis, and between the lines x=0 and x=1.

1z dx i1 1/2 s o~1 s ~1
I A—fo m—sm x]y"=sin"" 4 —sin” " 0=m/6~0=m/6.

The region # under the curve y=1/x*Vx*—1, above the x-axis and between the lines x=2/V3 and
x =2, isrevolved around the y-axis. Find the volume of the resulting solid.

2
I By the cylindrical shell formula, V=2x [? 5 xydx=2m Lﬁ Yt ;izx_ == 2wsec” x|l s =2m(sec™' 2 -
sec™' 2V3) = 2a(w/3 ~ w/6) = 2m(wl6) = Lu? v
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Use integration to show that the circumference of a circle of radius r is 27rr.

I Find the arc length of the part of the circle x*+y*=r* in the first quadrant and multiply it by 4. Since
y=Vri—-x y'=-xNri-x* and (y') =x40*-x"). So 1+ (Y'Y =1+x0(r" —x) = (" ~x* +

2 2 _ 2y 22 2 4 NI r - Lo XL e
Y(r* =x*)=r¥(r* = x*). Thus, L=4[;V1+(y')dx=4 s Vo dx =4rsin™' = | =4r(sin”' 1
sin™' 0) = 4r(#/2—0) =2ar.

A person is viewing a painting hung high on a wall. The vertical dimension of the painting is 2 feet and the
bottom of the painting is 2 feet above the eye level of the viewer.  Find the distance x that the viewer should stand
from the wall in order to maximize the angle 6 subtended by the painting.

I From Fig. 27-6, 6 =tan '4/x—tan™'2/x. So

DB“—1—~:-4——~1——-:3*—:£—+ 2
T Ua4 @) X2 1+ 2 F+16 X +4
-4 -16+ 27 +32 . 28 —x7)

F+16) (x> +4) (X +16)(x° +4)

Thus, the only positive critical number is x =V8=2V2, which, by the first-derivative test, yields a relative
(and, therefore, an absolute) maximum.

X

Fig. 27-6

For what values of x is the equation sin™' (sinx)=x true? (Recall Problem 27.20.)

I The range of sin™' uis [~ @/2, #/2], and, in fact, for each x in [~ #/2, #/2], sin~" (sinx) = x.

For what values of x is the equation cos™' (cosx)=x true?

I The range of cos™ u is [0, w]. For each x in [0, 7], cos™!(cosx)=x.

For what values of x does the equation sin™' (—x)=—sin"' x hold?

I sin™' x is defined only for x in [-1,1]. Consider any such x. Let 6 =sin"'x. Then sin@ = x and
—w/2=0=mw/2. Note that sin(—8)=-sinf=-x and -=w/2=-8=<=/2. Hence, sin " (—x)=
—@=—sin"' x. Thus, the set of solutions of sin~" (=x) = —sin™'x is[-1,1]

I x>’-xtan™'y=Iny, findy"

I Use implicit differentiation. 2x — x[1/(1+y*)] -y’ —tan™' y=(1/y)y’, 2x—tan"' y = Y[y +x/(1+y%)]
Y= y(1+y*)(2x —tan™"' y)
14+y* +xy '
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If cos 'xy=e”, findy'
I Use implicit differentiation. —\/I—_%—W “(xy'+y)=e€7 -2y, xy'+y=-2e"y'V1-x%’
"(x +262V1 = xy?) = —y, r - -y )
V2N ) =y Y Ty

1 2

Sketch the graph of y=tan” x—-InV1+x"

I Sce Fig. 27-7.

(l'w—ian)

] 1 I\ L -
1-V2 ! 2 1+V2 x
1 1

Fig. 27-7

y=tan 'x—iln(1+x%)
, 1 1 1 1-x
Y I e 21482 KT 1+
s A+ -(1-x)2x)  —1-x-2x+2x° _ x*-2x—1
y= (1+%°) T a+xyY | (1+4)
For the only critical number, x=1, y"=—3%<0, and, therefore, there is a relative maximum at x=1,

y=mw/4— 3In2=~0.4. Note that y(0)=0. Also, as x—+x, y-——x  Setting y"=0, we find two
inflection points at x=1%V7Z,

Find the derivative of y = sin (sin~' x°).

I Since sin(sin™'x®)=x° y’'=2x. Note that y is defined only for —1=<x=1 (and y’ only for —1<
x<1).

If y=tan"'(¢"™%), findy'

1 ; €™ cos x
' y'=1+(esin.\')2'esmx.cosxz1+eZsinx‘

If y=;15tan'1(§-tanx), find y".

§ =1, 1 by sec’x 1
YT @b 1+((blaytanx]’ @ a’+b’tan’x  a’cos’x+b’sin’x’

Refer to Fig. 27-8. In a circular arena of radius r, there is a light at L. A boy starting from B runs toward the
center O at the rate of 10ft/s. At what rate will his shadow be moving along the side when he is halfway from B
to O?

f Let P be the boy’s position, x the distance of P from B, 6 the angle OLP, and s the arc intercepted by 8. We
1

are given that Dx=10. Then s=r(20), 6=tan™'(r—x)/r. Ds=2rD@=2r - —-———-
( 1) —2r? —2072 r 20, 20 1*[C-0)iT
— =4t - . = m———— = - | = - — = —~16.
X = FT =1 Py E—— When x 3 Ds PR 16. Hence, the
shadow is moving at the rate of 16 ft/s.

3
3
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B
x 25(1-1)
P s
A B
L 6
r O

15¢

Fig. 27-8 Fig. 27-9

See Fig. 27-9. Two ships sail from A at the same time. One sails south at 15 mi/h; the other sails east at 25 mi/h
for 1 hour until it reaches point B, and then sails north. Find the rate of rotation of the line joining them, after 3
hours.

I Let 0 be the angle between the line joining the ships and the line parallel to AB. The distance AB is 25 miles.

1 156 +25(—-1) 40t —25 _ 1 (@) _
T S =tan 55 Hence, D6 1+ [(40r —25)/25] \ 25/ When =3,

Then 6 =tan
40

20
D= =
o=357 (19> 193

1

radian per hour.

A balloon is released at eye level and rises at the rate of S ft/s. An observer 50 ft away watches the balloon rise.
How fast is the angle of elevation increasing 6 seconds after the moment of release?

I Let x be the height of the balloon above the observer, and let 6 be the angle of elevation. Then
=tan"' (x/50) and D,0={1/[1+(x/50)*]}-%-Dx=% 1/{1+(x/50)°). When ¢=6, x=30, and
D,0 = & =0.07 rad/s.

A billboard, 54 feet wide, is perpendicular to a straight road and is 18 feet from the nearest point A on the road.
As a motorist approaches the billboard along the road, at what point does she see the billboard in the widest
angle?

I In Fig. 27-10, let x be the distance of the motorist from A, and let 8 be her angle of vision of the billboard.
Then @ =cot™" (x/72)—cot™' (x/18). Then D 0= —1/[1+ (x/72)’)- % +1/[1+(x/18)*}- & =18/[(18)" +
x’]=T72/[(72)* + x*}.  Setting D_6=0, we obtain (72)° + x> =4(18)* +4x’, x*=81-16, x=36.
The first-derivative test will verify that this yields a maximum value of 6.

18 54

Fig. 27-10

A person walking along a straight path at the rate of 6 ft/s is followed by a spotlight that comes from a point 30 feet
from the path. How fast is the spotlight turning when the person is 40 feet past the point A on the path nearest
the light?

I Let x be the distance of the person from A, and let 9 be the angle between the spotlight and the line to A.
Then 6=tan"'(x/30), and D, 8= {1/[1+(x/30)’]}: % - Dx=180/(900+ x*). When x=40, D 6= 4%
= 0.072 radian per second.

Show geometrically that sin™' (x/Vx*+1)=tan"'x for x=0.

I Consider (Fig. 27-11) a right triangle with legs of length 1 and x, and let @ be the angle opposite the side of
lengthx. Then tan@=x and sinf=x/Vx’+1. Hence, tan 'x=0=sin""(x/Vx* +1).
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‘L)(x
ess X

0

1 Fig. 27-11
27.81 Find the area under the curve y=1/(xVx®>—1) and above the segment [V2, 2] on the x-axis.
) A=f2 - de=sec™' x)2s=sec ! 2—sec ' Vi= 2 ~ 2 =
VixVxi-1 vz 3 4
27.82 Find the area under y =1/(1+3x?) and above the segment [0, 1].

[t dx _IJ'l de 1 -1 . V3 -1 1 \/§<7r )
1 A—fol+—3xz—3 %—_;_";2'—3 V3tan \/Z‘;x](,—?(tan V3 -tan 0)—T 5—0 =

3
<3
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In Problems 28.1-28.24, find the indicated antiderivative.

[ x%e " dx.

I We use integrationby parts: [udv=uv~ [vdu. Inthiscase, let u=x>, dv=e *dx. Then du=

2xdx, v=-e¢ " Hence, [x’e¢ “dx=-x%e¢*+2[xe“dx. [To calculate the latter, we use another
integration by parts: u=x, dv=e"dx; du=dx, v=—e* Then [xe "dx=-xe*+[e *dx=

-x x

~xe *—e *=-¢ *(x+1).] Hence, [x%e dx=-x’¢*+2[-e " (x+1)]+C=~e"(x*+2x+2)+ C.

f e sin x dx.

I let u=sinx, dv=e"dx, du=cosxdx, v=e" Then
je"sinxdx=e"sinx—je"cosxdx. (1)

We use integration by parts again for the latter integral: let u=cosx, dv=e"dx, du=~sinxdx, v=e¢"
Then [e“cosxdx=e"cosx+ [e sinxdx. Substituting in (1), [e*sinxdrx=e"sinx—(e"cosx+
Je'sinxdx)=e"sinx—~e“cosx— [e sinxdx. Thus, 2 e sinxdr=e"(sinx —cosx)+ C, [e sinxdx
from which 3e*(sin x — cos x) + C,.

[ x’e" dx.

I Let u=x* dv=e¢*dx, du=3x", v=¢e". Then [x’¢"dx=x’¢"~3[x’ dx. But Problem 28.1
gives, with x replaced by —x, [ x’¢*dx =¢*(x* —2x +2)+ C. Hence, [x’"dx=e*(x>~3x"+6x—-6)+C.

fsin™' x dx.

I Let wu=sin"'x, dv=dx, du=(1/V1-x)dx, wv=x. Then [sin'xdx=xsin"'x-
5 1 In_1/2 - 2

fEV1i-xYdx = xsin"x+§f(1—x‘) YH=2x)dx = xsinT'x+4-20—-x)?*+C = xsin'x+

Vi-x*+C.
§ x sin x dx.

I let u=x, dv=sinxdx, du=dx, v=-cosx. Then [ xsinxdx=—xcosx+ fcosxdx=—xcosx+
sinx + C.

{ x* cos x dx.

I Let u=x* dv=cosxdx, du=2xdx, v=sinx. Then, using Problem 28.5, { x*cosxdx=
x*sinx —2 [ xsinxdx=x’sinx ~ 2(—x cos x +sinx) + C=(x" —2)sinx +2xcos x + C.

{ cos (In x) dx.

I Let x=¢""% cos(lnx)=siny, dx=e¢" ">dy, anduse Problem28.2: [ cos(lnx)dx=
e " [ e sinydy=e "*[Le’(sin y — cos y)] + C = $x[cos (In x) + sin (In x)] + C.

J xcos(5x —1) dx.

I Ltlzt u=x, dv=cos(5x—1)dx, du=dx, v=14}sin(5x-1). Then [xcos(5x—1)dx= txsin(5x—
1)—§jsin(5x—1)dx =ixsin(Sx—1)+}-{cos(5x—-1)+ C= 5 [5xsin(5x —1) +cos (5x - 1)] + C.
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{ e cos bx dx.

I Let u=cosbx, dv=e"dx, du=—bsinbx, v=(1/a)e”. Then [ e cosbxdx = (1/a)e"™ cos bx +
(b/a) [ € sin bxdx. Apply integration by parts to the latter: u=sinbx, dv=¢e""dx, du=bcosbx,
v=(1/a)e™ So f e sin bx dx = (1/a)e* sin bx — (b/a) [ € cos bx dx. Hence, by substitution,
fe*cosbxdx = (1/a)e” cos bx + (b/a)[(1/a)e™ sin bx — (bla) [ e cos bxdx] = (1/a)e® cosbx +
(b/a*)e” sin bx — (b%a®) [ e cos bx dx. Thus, (1+ b*/a®) [ e cos bx dx = (¢**/a*)(a cos bx + b sin bx) + C,
{ e* cos bx dx = [¢**/(a® + b*))(a cos bx + b sin bx) + C,.

{ sin® x dx.
I Let u=sinx, dv=sinxdx, du=cosxdx, v=—cosx. Then fsin® x dx =—sin x cos x + [ cos® x dx =
—sin x cos x + [ (1 —sin® x) dx = —sin x cos x + x — [ sin® x dx. So 2fsin® xdx=x—sinxcosx+ C,
fsin® x dx = }(x —sin x cos x) + C,.

3
f cos® x dx.

I [cos’ xdx=[cosx(1—sin®x)dx=[cosxdx— {sin®xcosxdx=sinx— }sin’x+ C.
J cos* x dx.

1+ 2 1 + cos 4
I J-C054XdX=f(%2x> dx=%](1+2c082x+c0522x)dx=Z(x+sin2x+[——-———1 czos xdx)

= 4[x+sin2x + 3(x + L sindx)] + C= 3x + § sin2x + 35 sindx + C.

{ xe* dx.

I Let u=x, dv=¢"dx, du=dx, v=1%1e" Then [xe”dx=1ixe™—1fe*dx=1xe"—1 1>+
C=45GBx-1)+C.

—~

f x sec® x dx.

I Let u=x, dv=sec®xdx, du=dx, v=tanx. Then [xsec’xdr=xtanx— [tanxdx = xtanx-—
In[sec x| + C.

{ x cos’ x dx.

+ 2
I let u=x, dv=cos’xdx, du=dx, v= 1_c2(§_23_r de=1(x+ 1sin2x). Then [xcos®’xdx=
Ix(x+ Ssin2x)—~ 4 f(x+ isin2x)dx = X+ isin2x— 34—} -tcos2x)+C = 1x*+{(2sin2x+
cos2x) + C.
{ (In x)* dx.
I Let x=¢"' and use Problem 28.1: f(nxYde=—-ffe’'dt=e (7 +2t+2)+ C=x[(Inx)* -
2Inx + 2]+ C.
[ x sin 2x dx.
I Let 2x=y and use Problem 28.5: [xsin2xdx= % j ysinydy=ji(-ycosy+siny)+ C=
#(~2x cos 2x +sin 2x) + C.
f x sin (x*) dx.
I Use a substitution u=x% du =2x dx. Then [ xsinx* dx = % fsin udu=—-Licosu+C=

—4cosx*+ C.
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lnxdx

d 1 -1 1
I Let u=Inx, dv=(1/x2)dx, du=(1/x)dx, v=-1/x. Then ﬁdx—- nx+f_ -
1 - x
~-+C=—(nx+1)+C.
x x
J’x2 3x
I Let 3x=—y and use Problem 28.1: J’xze“dx——-—-fyze‘ydy Se (Y +2y+2)+C=

£e**(9x* —6x +2) + C.

fx*tan™" x dx.

I Let u=tan'x, dv=x’ dx du—[l/(1+x2)]dx v=1x> Then [x*tan 'xdx=1x’tan 'x-—
1] x’ _ 1., j( ) 1y 3 -1

3 T+ 2 dx—3x tan"' x dx = ix*tan =t + )]+ C=4ix"tan ' x
I¥+im(1+)+C

{In(x* +1) dx.
I Let_ u=In(x*+1), dv=dx, du=[2x/(x*+1)]dx, v=x. So [In(x’+1)dx=xIn(x’+1)-
ZJ' +1d.x=xln(x +1) - 2[( xzil)dx=xln(x2+1)——2(x—tan"x)+C=xln(x2+1)-—2x+
2tan"'x + C.

f i
— = dx
1+ x°
x’ 1 fu-1 1

i 1 1 - = 2 = —— —— o= - 1/2—-
1 A simple substitution works: let wu=1+x", du=2xdx. fmdx 2_[ 7 du 2"'(u
w) du= 436 - 2uM?) + C= bt (u=-3)+ C= W1+ -2) + C.
{ x* In x dx.

3

I Let u=Inx, dv=x’dx, du=(l/x)dx, v=1%ix> Then [x’lnxdyr=3i’Inx-1}[x’dx=
I¥nx-1-i+C=ix"GInx-1)+C.

Let R be the region bounded by the curve y =Inx, the x-axis, and the line x =e. Find the area of &.
I A={{lnxde=xlnx - [{1de=(e—0)—(e—1)=1.
Find the volume of the solid obtained by revolving the region # of Problem 28.25 about the x-axis.

I By the disk formula, v = f{(lnx)’dx. By Problem 28.16, v=mx[(Inx)’—2Inx+2] ]{=m[e(1-
24+2) 2] = n(e ~2).

Find the volume of the solid obtained by revolving the region & of Problem 28.25 about the y-axis.

I We use the cylindrical shell formula: V=2= [{xInxdx =27(x¥2)Inx |} —271-J'1 % dx =27[e’2 -
(€74~ D] = (m/2)( +1).

Let R be the region bounded by the curve y =Inx/x, the x-axis, and the line x=e. Find the area of .

I 4= f‘“" dx=4(Inx)*} = 1(1-0)= 1!

Find the volume of the solid obtained by revolving the region & of Problem 28.28 about the y-axis.

I By the cylindrical shell formula, V=2= f{xydx =27 [{Inxdx=2mx(Inx—1) ] =2n[e(1-1)—(0—
1)]=2=7.
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Find the volume of the solid obtained by revolving the region % of Problem 28.28 about the x-axis.

I By the disk formula, V= [f(Inx/x)* dx. Change the variable to r=Inx and use Problem 28.1:
V= [§ e dt=~me (1> + 2t +2) |) = w(2 - 5/e).

Use the solution to Problem 28.30 to establish the following bounds on e: 2.5=e=2.823.

) e l 2

I In Problem 28.30, it was shown that f: (%) dx=2—5/e. By Problem 24.59, 1/e is the maximum value
e l 2 . 1

of In x/x. Hence, J' (%) dx = ee2 . {In general, [? f(x)dx=M(b—a) if M is an upper bound of

1
f(x) on [a,b).} Thus, 0=2-S/e=<(e—1)/e> The left-hand inequality gives e=2.5. The right-hand
inequality gives 2e’—Se=<e—1, 2¢’—6e+1=<0. Since the roots of 2x*—6x+1=0 are (3xV7)/2,
e<(3+V7)/2<2.823 (since V7<2.646).

Let R be the region under one arch of the curve y=sinx, above the x-axis, between x=0 and x=m7.
Find the volume of the solid obtained by revolving & about the y-axis.

I By the cylindrical shell formula and Problem 28.5, V=2 fo xsinx dx =27{(m +0) ~ (0+0)] =27°.

If n is a positive integer, find [27 x cos nx dx.
. 1 .

I Let u=x, dv=cosnxdx, du=dx, v=(1/n)sinnx. Then [ xcosnxdx= Soxsinny — — fsm nx dx =
1 . 1 1 . 2 1 . -

p x sin nx + e cos nx = P (nx sin nx + cos nx). Hence, fo" x cos nx dx = — (nx sin nx + cos nx) |7 =

n

1

- (1-1)=0.

n
If  is a positive integer, find [ x sin nx dx.

. 1
I let u=x, dv=sinnxdx, du=dx, v=-—(1/n)cosnx. Then fxsmnxdx=~;l-xcosnx+

1 1 1 . 2 . 1 2 1
= fcosnxdx=— -, X cos nx + — sin nx. Hence, §37 x sin nx dx = =5 (sin nx — nx cos nx) };7 = e {(0-
n n n

2an) - (0—0)]=— %—:I

Find a reduction formula for [cos"xdx for n=2.

I Let u=cos" 'x, dv=cosxdx, du=-(n—1)cos" *xsinxdx, v=sinx. Then [cos"xdx=

sinxcos" ' x+(n—1) [cos” ? xsin® xdx = sinxcos" ' x+(n—1) f cos” % x(1 - cos’ x) dx =
sinxcos” 'x+(n—1)fcos" ? xdx —(n—1) f cos” x dx. Solving for [ cos” x dx,
sin x cos” "' x

n—1 ne2
feos"xdx = + fcos * xdx.
n n

Apply the reduction formula of Problem 28.35 to find [ cos® x dx, using the result of Problem 28.12.

sin x cos® x

: 5
1 J'cos(’xdx= : sin x cos” x 5<3

§f 4, gpo Sinxcosx  S(3 1. 1 )
+6 cos xdx = 3 +68x+4sm2x+325m4x + C.

Find a reduction formula for [sin"xdx for n=2.

I In the formula of Problem 28.35 replace x by #/2 — x, to obtain:

cosxsin"'x n
+

-1 [sin" 7% x dx.
n n

[sin"xdx = —

Use the reduction formula of Problem 28.37 to find [ sin® x dx, using the result of Problem 28.10.

+ 3 « .3
1 fsin‘xdx=—&sx—§m—x+%J’sin2dx=—w+%-%(x—sinxcosx)+c
_ _ cosxsin’x

3 .
7y +§(x—smxcosx)+C.
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28.39

28.40

28.41

28.42

28.43

28.45

28.46

28.47

28.49

[l CHAPTER 28

Find a reduction formula for Jsec"xdx for n=2.

I Let u=sec"*x, dv=sec’xdx, du=(n—2)sec” >xsecxtanxdx, v=tanx. Then [sec"xdx=

tan x sec” 2 x —(n—2) [ sec” % x tan” x dx = tan xsec” > x — (n —2) [ sec” " x(sec’ x — 1) dx =

tan xsec” > x —(n—2) [ sec” xdx + (n —2) { sec” ? x dx. Solving for | sec” x dx,

tanxsec” *x n-2
n—1 n—1

[sec"xdx = [sec”"? x dx.

Use the reduction formula of Problem 28.39 to find [ sec’ x dx.

tan x sec x

I [sec’xdx= 5

1 1
+ Efsecxdx= -2-(tanxsecx+ln|secx+tanx|)+C.

Use the reduction formula of Problem 28.39 to find f sec” x dx.

t x 2 t x 2 2
) fsec‘xdx=—gn—x?se—c——{+5Jseczxdx=ﬂ]—x—;u-l—gtanx+C=%(tanx)(sec‘x+2)+C.

Establish a reduction formula for { x"¢™ dx for n=1.

I let u=x", dv=e"dx, du=nx"""dx, v=(1/a)e™ So f[x"e™dx= %x"e“— s [x""e" dx.

Apply the reduction formula of Problem 28.42 and the result of Problem 28.20 to find { x’¢** dx.

I [ x> de=1ixe — [ ¥ dx=1x’e> — £ (9x* —6x +2)+ C= £e*(9x> = 9x> + 6x —2) + C.

Find a reduction formula for [x"sinaxdx for n=1.

. - . 1
I Let u=x" dv=sinaxdx, du=nx""'dx, v=—(1/a)cosax. Then [x"sinaxdx = — =x"cosax+
n n—1 a
o X" cos ax dx.

Use the reduction formula of Problem 28.44 and the sotution of Problem 19.33 to find [ x” sin x dx.

I [x*sinxdx=-x*cosx+2[xcosxdx=—x*cosx+2(xsinx+cosx)+ C=2xsinx+cosx (2—x°)+ C.

Find [ xV1+xdx.

I let u=x, dv=VIi+xdx, du=dx, v=31+x)"" [xVI+¥xde=3x(1+x)P**=-3[(A+x)*?dx
=4x(1+x)° - 2- 21+ %)+ C =21 +x)’’[5Sx —2(1+ x)]+ C = (1 + x)**(3x —2) + C.

2
—x d
Prove the reduction formula f dxz - = 3 5= + 1 J 3 xz —.
(@ +x°)  (2n-2)a" +x%) 2n—-2J (a* +x%)
dx -1
I Let u=x, dv=-—5—— du= = :
Let u=x, dv @+ u=dx, v Gn- D@+ Then

Xdx —x L1 J dx
@+x) @Cn-2D@+x)"" 2n-2) @+

2
Apply the reduction formula of Problem 28.47 to find f (a_:-b—-%x_z—)-i'

= + = =
@+x*)° 2a*+x>) 2)a+4

2 - 1{ - 1
x_dx X 1 dx —<2x2+—tan_'£)+C.
2\a*+x a a

Find [cosx'?dx, using Problem 28.6.
3

I First make the substitution x=w, dx =3w? dw. Then f cos x
3[(w® — 2) sin w + 2w cos w] + C=3(x*"> —2)sin x'"> + 6x'* cos x'"* + C.

Y3dx =3[ wicoswdw=
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28.57
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Find [ e dx.

I First make the substitution x=w? dx=2wdw. Then fe " dx=2[we”dw. By the reduction for-
mula in Problem 28.42, [ we"” dw=we"” — [e” dw=we" —e" =¢"(w—1). So we obtain 2e"(w—1)+
C=2"*(vi-1)+C.

Evaluate [ x(ax + b)* dx by integration by parts.

I let u=x, dv=(ax+b)’ dx, du=dx, v=:‘1;(ax+b)“. Then fx(ax+b)3dx=zlzx(ax+b)“—
1 . R 11 s _ f(ex+by -
4af(ax:b) dx = 4ax(ax+ b) 12 3a (ax+ by +C = T [Sax —(ax+ b)]+ C =
ax + b

(2—()‘12-)—(4ax—b)+c.

Do Problem 28.51 by means of a substitution.

I let u=ax+b, du=adr. Then fx(ax+b)3dx=% u;bu3du=%(_[u4du—fbu3du)=
l(l s_b 4) % - _(axt by,
F\z¥ g +C= 08 (4u-5b)+C= 20a (4ax - b)+ C.

The region under the curve y =cosx between x=0 and x=x/2 isrevolved about the y-axis. Find the
volume of the resulting solid.

/2 w2

I By the cylindrical shell formula, V=2 [7'> xy dx =2 [J'> xcos x dx. By the solution of Problem 19.33,
we obtain 27(xsinx + cos x) |7 > =27[(#/2-0) — (0 + 1)) =2m(7w/2 - 1) = =(mw — 2).

Find {(sin"'x)* dx with the aid of Problem 28.6.

I Make the substitution y=sin"'x, dy= \/% dx. Then [(Gin™'x)’dx={y*\V1-sin’ydy=
—x
fy*cosydy=(y*—2)siny+2ycos y+ C=[(sin"" x)> —2] x + 2(sin "' x)V1 - x*+ C.

Find [x"Inxdx for n#-1.

’MI;et u‘—‘lnlx, (iz:——x"dx, dt::idx, v=:':11. Then J‘x"lnxdx=::11 lnx-—;l——iTJ'x"dx=
2y —— :+1 +c=(n"+l)2 [(n+1)Inx—1]+C.

m+1 n
Derive the reduction formula [ x™(In x)"dx-——x mgnlx) - m’il f x™(Inx)""" dx.
I Let u=(Inx)", dv=x"dx, du=w-;—)n—_-‘*, U=m11 x™*%. Then fxm(lnx)"dx:%:%r%xu
—T x"(In x)"" dx.

Find { x°(In x)* dx.

I By the reduction formula of Problem 28.56, [ x’(Inx)*dx= 1x*(Inx)>~ 2 [ x’Inxdx = 1x*(Inx)> —
J(ax*Inx -4 [x*dx)=ix®(Inx)’ — Hx®Inx+ & - 2x°+ C = #%x°[18(n x)* —6Inx + 1] + C.
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Trigonometric Integrands
and Substitutions

29.1  Find [ cos’ ax dx.

+
1 fcoszaxdx=flc——os—2ax

1
<x+—smaxcosax)+C

va—t

_l< 1. )
dx—2 x+2asm2ax +C=

29.2  Find {sin® axdx.

I Using Problem 29.1, [sin® axdx= [ (1 - cos® ax) dx=x — %(x+ % sin ax cos ax)+ C=
1(x—lsinaxcosax + C.
2 a

In Problems 29.3-29.16, find the indicated antiderivative.
29.3  [sinxcos’ xdx.

I Let u=cosx, du=-sinxdx. Then [sinxcos’dx=-[u’du=—-1u’+C=-%cos’x+C.

29.4  [sin® x cos’ x dx.

i1 Since the power of cosx is odd, let u=sinx, du=cosxdx. Then [sin*xcos’xdx=[sin"x(1-
sin® x)* cos x dx = J'u(l—u) du = _[u(l—Zu +u)du = [W-2u'+u®)du=1-3+5°+C =

W -3+ 5uh)+ C =sin’ x(3 — Esin® x+ §sin* x) + C.

29.5  {cos®xdx.

+
I [cos®xdx = [(cos’x)’dx = (1 c2052x) 8J'(1+3C(1082x+3cos 2x +cos’ 2x) dx =
+ cos 4 +cos 4
%sm2x+3jl——(-:—qs——xdx+f(1—sm 2x)cos2x dx]. Now, ! czos xdx=§(x+zsm4x)

!sin2xcos2x). Also, in [ (1—sin®2x)cos2xdx, let u=sin2x, du=2cos2xdx. So we get

W)du=1(u- 3u’)=Lu(3—2u’)=1sin2x(3 - 2sin’ 2x). Hence, the entire answer 1s Hx+ 2sin2x +

3(x + § sin2x cos 2x) + % sin 2x(3 — 2 sin® 2x)] + C = }[3x + 2sin 2x + 2 sin 2x cos 2x — § sin* 2x] + C.
you show that this answer agrees with Problem 28.367]

29.6  fcos*xsin® xdx.

+ -
I [cosxsinxdx = f(l cost) (1 c2052x> 8j(l+2cos2x+cos 2x)(1—cos2x)dx—8

cos 2x — cos” 2x —cos’® 2x) dx = §(x + 3 sin2x — [ cos’ 2xdx — [ cos®2x dx).  Now,  [cos’2xdx=

3 sin 2x cos 2x) by Problem 29.1. Also, J cos® 2x dx = [ (1 — sin® 2x) cos 2x dx = [ cos 2x dx -
fsin®2x cos2x dx = % sin2x — § sin®2x. Hence, we get i[x + 1sin2x — 1(x + 1 sin 2x cos 2x) + % sin 2x —

Lsin® 2x] + C = §[(x/2) + sin 2x — § sin 2x cos 2x — § sin® 2x] + C.

29.7 ftanz % dx.

I let x=2u, dx=2du. Then ftanzfdx=2ftan2udu=2f(seczu——l)du=2(tanu—u)+C=

2
X x X
2(tan§—§)+C—2tan§—x+C.

29.8  [tan®xdx.
I [tan® xdx=[tan” x (sec* x — 1) dx = [ tan® x sec® x dx — [ tan® x dx = { tan® x — [ (sec’ x — 1) dx

=ltan’x—tanx+x+C

238
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{ sec’ x dx.
I Use Problem 28.39:
P _ tanxsec’ x §J’ 3 _ tanxsec’ x S(tanxsecx IJ' )
fsec xd)c~———4 +4 sec” x dx = 2 +4 > +§ sec x dx
tanxsec’x 3 1
=—F — tgtanxsecx+; In |sec x + tan x| + C

[ tan® x sec* x dx.

i1 Smce the exponent of sec x is even, f tan® x sec* x dx = [ tan® x (1+ tan” x) sec’ x dx = [ (tan® x sec’ x +
tan* xsec® x) dx = tan’ x + { tan’ x + C.

{ tan® x sec’ x dx.

I Since the exponent of tanx 1s odd, _[tan xsec’ dx = [ (sec® x — 1) sec’ x sec x tan x dx = [ (sec* x sec x
tan x — sec” xsecxtanx)dx =1} sec’x— Isec®x+ C.

{ tan* x sec x dx.

I [tan*xsecxdx = [(sec®>x—1)’secxdx = [(sec*x—2sec? X+1)secxdr = f(sec’x—2sec’ x +
secx) dr. By Problems 28.39 and 28.40, [ sec’ xdx—ta"—x:?ﬁ—x+§ f sec’xdx, and [sec’xdx=
1 3

5 (tanx secx +1In |sec x +tanx|).  Thus, we get tan;:ec_x + % fsec3 xdx —2 [ sec’ x dx + In |sec x +

tanxsec’x 5 tanxsec’x 51
tanx| = ————— — anaeet 2

r 7] sec *xdx+In|secx +tan x| = 2 ] —tanxsecx+ln|secx+tanx|)+

2
tanxsec’x 5 3
———— —Z-tanxsecx + = In|secx + tan x| + C.

In|secx +tanx|+ C = y 3 5

[ sin 2x cos 2x dx.

I [sin2xcos2xdx=13%[sin2x-2cos2xdx=14-4sin’2x+ C=}sin’2x+ C=}(2sinxcosx)’ + C

=sin’xcos’x + C.

[ sin 7x cos 3mx dx.

I Use the formula sin Ax cos Bx = 1[sin (A + B)x +sin (A — B)x]. Then [ sin mx cos 3mx dx =
4
3 [[sind4mrx +sin (-27x)] dx = } [ (sind7rx —sin 27x) dx = —(— CoSTmE coszwx) +C= L (2cos2mx —
47 27 87
cosdmx) + C.
J sin S5x sin 7x dx.

I Recall  sin Axsin Bx = L[cos (A — B)x — cos (A + B)x]. So  [sinSxsin7x dx= % [ [cos (—2x) -

1 . .
cos 12x] dx = § [ (cos 2x — cos 12x) dx = —(M _ sin 12x) +C= % (6sin2x —sin 12x) + C.

2 12

f cos 4x cos 9x dx.

] Recall cos Axcos Bx = 3[cos (A4 ~ B)x +cos(A+B)x]. So  [cosdxcos9xdx =3} [[cos(—5x)+

. i1
cos 13x] dx = 3 [ (cos 5x + cos 13x) dx = - (smSSx sm133x) +C.

Calculate [ 7 sin nx sin kx dx when n and k are distinct positive integers.

I sin nx sin kx = i[cos (n — k)x —cos (n + k)x]. So fJ sin nxsin kx dx = 3 [J [cos (n — k)x — cos (n + k)x] dx
- %[snnftn——kk)x _ smfln:kk)x]]o _ %[(0_0) —(0-0)]=0.




240 [ CHAPTER 29

29.18

29.19

29.20

29.21

29.22

29.23

Calculate [ sin® nxdx when n is a positive integer (the exceptional case in Problem 29.17).
T 1 T
)] =3 -0-0-01=3.

In Problems 29.19-29.29, evaluate the given antiderivative.

Vxi -1
P dx

sin nx cos nx

I By Problem 29.2, [ sin® nx dx = -;—(x - o

I Since Vx*-1 isinthe integrand, we let x=secf, dx=sec@tan@ df. Then (Fig. 29-1), Vyi—1=
i1 t
tan 6. Hence, f ad dx=j:nesec()tanod0=_[tan20d6=f(sec26—1)d8=tan0-—8+C=

X ec §
Vi’ —1-sec ' x+ C.

2
s 2}
1 ' Fig. 29-1 4-x* Fig. 29-2
e
dx
V4 - x*
I Since V4-—-x* is present, we let x=2sin8, dx = 2cos@df. Then (Fig. 29-2), V4 - x*
2 2 in 260
2cos8.  So J’ ad J’4sm 6 cos 8 d6 =4 [sin® 6 do = 4flﬂd0=2(0_sm2 )+C=
V4-x*
. aX x V4-—x Lo x  xVa-x*
2(8 —sin 6 cos ) + C = 2|sin 5—5-—2— + C = 2sin 5——2—+C.

+ 12
le,\dx

I Since V1+x® ispresent, welet x =tan6, dx = sec’df. Then (Fig. 29-3), V1+x" =sec. So
p

V1+x? 2
f lx *odx = j::ggsec‘0d0= J’sec (1+tan” 0)do = [(csch = secHtan 0) df = In|csc 8 —cot @ +

Vi+x®— 3
sec(9+C=lnl——l——;———ll+V1+x'+C.

Fig. 29-3
X dx
V2-x*
. 1
I A trigonometric substitution is not required here. ad dx=—-Z | (2-x)""*(-2x)dx =
q N 3 ( ) )
1
~5°22-x)"?+C=-V2-¥+C
f dx
*Vxi-9'
I Since Vix*-9 is present, let x=3secd, dx=3secOtanfds, and (Fig. 29-4) Vx’ —9=3tané.
dx 3secftan 9 df 1 1 Vx’-9
Th f f =1 _1
en x2Vx2—9 95’ 0-3tan 8 =3 cos 6 d6 = 9sm0+C 5 + C.
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-9

3 ) Fig. 29-4
dx

. — dx
I Since V4-x* ispresent,let x =2sinf, dx=2cos0@df, V4—x*>=2cos6. Then fm=

2cos0d0_1J’ 2 1 _1 x
Beos’ 8 )€€ 0d0—4tan9+C—4———————m+C.
j dx
x*+9)*"
I Since x*+9 appears, let x=3tan8, dx =3 sec’0df, and (Fig. 29-5) x+9=9sec’ 4.
. dx 3sec"0de 1 de 1 J’ 1 1
Th 29 = = — = — 2 = — -
en, using Problem 1, & +9) Osec’ 8y ~ 27 ) sec?e 27 cos” 6 do 275 0+
1 X X 3 X 3x

S+

1
+C=—(t + >+,
VA V) O ) e

\jl/—\'q
* x
[

. 1( -
s1n0cosO)+C—§ tan

3 Fig. 29-5
j dx
xV16 —9x*
I Since V16—9x" ispresent,let x=12sin@ dr==%cos@df, and V16-9x>=V16- 16sin’6=
dx j 3 cos 8 do IJ' de lf 1 B
= == | —=-|csc@dd==In|cschd—cotf|+ C=
4cos 8. Then fo16—9x2 Teind dc0s6 4) sme - al® 3 I |
1 4 Vie-9x° 1. 14-V16-9x°
LR WY P £ Ak Y, Y RS L e
4 3x 3x 4 3x
[x*V1-—x*dx.

I let x=sind, drx=cos6dd, V1-x=cos6. Then, using Problem 29.2, [x*V1-x"dx=
in 20’ 1 .
[ sin® 6 cos § cos @ df = [ sin” 0 cos” 6 df = J’(sm2 ) o = ; [sinZZB d6 =1 -1(6—-1sin20cos20)+ C =
§[6 —sin 6 cos (1 — 2sin” 8)] + C = fsin ' x ~ xV1 - x*(1 - 2x°)] + C.
J e V1—e™ dx.

I Let x=Inv, anduseProblem29.27: [e*V1-e*dx=[v’V1i-v’dv=4[sin"'v-vV1-0v*(1-
20%)]+ C = {[sin"' " = eV1-e*(1-2¢")] + C.

f dx
(x* —6x +13)*"

I By completing the square, x*—6x+13=(x—3)>+4. Let x-3=2tanf, dx=2sec’6df, x’-—

dx 2sec’0dd 1 [ db lf )
= 2 ig. 29-6). = == = = | cos” @ de.
6x+13 = 4sec” 0 (see Fig. 29-6). Then f(x2—6x+113)2 (4s§c2 87 8 3sec2() 82 c
11 . L X = x— )
By Problem 29.1, we have =+=(@+sinfcosf)+ C=-——ltan + = +
y 8 2¢ ) 16 2 Vi? —6x +13 Vx> —6x +13

_i[ i x-=3 2(x—3)“]
R A B Sy o |
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2.

Fig. 29-6 1 Fig. 29-7

29.30  Find the arc length of the parabola y=x from (0, 0) to (2, 4).

I y=2x. So L=V1i+(y')Vde=[iV1+4x’dy. Let x=3%tan6, dx=1}isec’8ds, V1+4x’=
V1+tan® 6 =secd. As x increases from 0 to 2, 0 increases from 0 to « =tan '4 (Fig. 29-7). So, by
Problem 28.40, [ZV1+4x’dx=1 [3sec’@df=1i(tanf@secd +Inlsecd +tand|)]5 = {[4VI7 +In(VIT+
)] - (0+0)} = VIT+ L In(VTIT +4).

29.31 Find the arc length of the curve y=Inx from (1,0) to (e, 1).

1 1 4 V +1
1 y’=;, 1+(y’)2=1+~5=xx21. Then, using Problem 29.21, L = [fV1+(y’ X
V1i+x> - , Vi+e®— 5
=(ln 1; 1!+ 1+x‘] l{ 1+ 1; 1+é? —[ln(\/§—1)+\/§]=\/e-+ ~(1+V2)+
| Vel +1-1
TV

29.32  Find the arc length of the curve y=¢" from (0, 1) to (1, e).

I This has the same answer as Problem 29.31, since the two arcs are mirror images of each other in the line
y=x.

29.33  Find the arc length of the curve y=lIncosx from (0,0) to (w/3, —In2).

I y-= pv (—sin x) = —tan x, 1+ (y')* =sec’ x. So L={7%secxdx=In|secx +tanx|]7> =

In2+V3[—inl=In(2+V3).

29.34  Find [ V1—cosxdx.

. .2 1- ¢ —
I From the identity  sin®x = __0_295_25’ we obtain  sin® ; 1___c2_05_x' Thus, [VIZcosxdx=
\/ffsin % dx=\/§‘(—2)cos§ +C= ~2\/§cos§ +C.
29.35 Find [ (1+cosax)’?dx.
+ 1+
I From the identity cos® x = %, we get  cos’ % + y. Hence, [ (1+cosax)’'” dx=
2 2 1,
2\/5jcos3 L = 2\/§(fcos—a-2§dx—J’sin2 %cos%dx) = 2\/7(;sm%— ;-gsm3 %{ +C>=
V2 | ax ( 1 )
— sins 1—35m 5 + C.

: 1
29.36  Find f VeV

I From the identity in the solution of Problem 29.34, V1 —sin2x = \/1 - cos (#/2 — 2x) = VZsin (7/4 — x).
Hence f——-—=v——j———ﬁjcsc( /14— )dx—ﬁlnlcsc( 14— x) —cot (/4 — x)|
- * ) Vi-sin2x 2 Jsin(ald—xn) 2 mET XA =7 4 maTx

+C.
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3
. cos” x
Find f—-—dx
1-sinx
3 3 . 3 :
cos™ x cos x 1+sinx cos” x(1+sinx . K
— = — — = ( 3 )=cosx(1+smx)=cosx+cosxsmx‘ Thus,
1—-sinx 1-—sinx 1+sinx cos’ x
cos® x

—i—.—xdx=fcosxdx+fcosxsinxdx=sinx+%sin2x+C.
—sin

. x* dx
Find [m

2 2
' Refer to Flg 298 Let x=2sin6, dx=2cos6 db. So J' = 4sin” 2csosod0 _
fsm 0 ., _ f 0sec?do = 1.1 ol C(4~x) 32cos’ 6
4 J cos 0 T4 tan”  sec” df = 43 tan’ 6 + 12 (4-x )z/z .
Z x Z u
6 0
4-x Fig. 29-8 4-u Fig. 29-9

Find f___dx____
m (4x - x2)3/2°

I By completing the square, x"—4x=(x—2)"—4. So 4x—x*=4—-(x-2)> Let u=x-2,

du=dx. Then f(4x_§2)3,2=f(4_d:2)3,2. Let u=2sing (Fig. 29-9), du=2cos 6 do. Then
2cos 0 do f 2 1 u x—2
= = 9do=>tanf+C=— ve=1 222 ¢
J‘(4—u2)3’2 Bcos’g 4 )scc 0do=gtan 4 Va-u? 4 Vax—x*

Find [ xsin™' xdx.

1 1
I First, use integration by parts Let u=sin"'x, dv=xdx, du= Vrgupe dx, v=3 x> Then

fxsin™'xdx = % x’sintx — \/T—_. dx. For the latter integral, use a trigonometric substitution. Let
- x
@ cos 6 do
x=sin® dx=cos8df. Then fVl dezfsm c:sz =[sin’0#do=3(6-sinfcos@) (by
-x
Problem 29.2). Hence, the answer is Ixsin™ x— jsin ' x—xV1-x*)+ C=3[Qx* - 1)sin "' x +

wWi-x]+C.
2___ 2
Find f———-———"’xxdx

I Refer to Fig. 29-10. Let x =asin6, dx = acosfdf. Then

J’Va2~x2dx_fg£oso-acosod6_
x

asin 6

2
cos 0 1—sin® 0 .
af sin() J' nd = a(fcscOdh—[sindds) = a(in|cschd—~cotB|+cos@)+ C=
_ _ - 2_ 2
a(ln ‘—’—\/" x|, Voo x >+C=aln az¥aTY yVa-2+C
x x a x
a
X
! =

a’ - x Fig. 29-10
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29.42

29.43

29.4

29.45

Assume that an object A, starting at (a, 0), is connected by a string of constant length a to an object B, starting at
(0,0). As B moves up the y-axis, A traces out a curve called a tractrix. Find its equation.

J Let Abeat(x, y). The string must be tangent to the curve. From Fig. 29-11, the slope of the tangent line is
Az 2 \/,Z_ 2 AT 2
y=—=2"%  So, by Problem 29.41, y=—f—%—x—dx=—a1n “—f——l— -Va-Z+c.

x
Since y=0 when x=a, C=0.

(a,0) Fig. 29-11

In a disk of radius a, a chord b units from the center cuts off a region of the disk called a segment. Find a formula
for the area of the segment.

I Fromadiagram, thearea A=2J;Va’—x"dx. Let x=asind, drx=acos§df Then, [Va’—x
1 . 1 -
dx=[acos@-acosBdd=a’[cos’0dg. ByProblem?29.1,thisis a*- §(0+smt9cos 0)= §a2<sm ! z +

L (5 0)- o 2 ) -

2{f . -1 X X
). Hence, A=a (sm R Rt Z
a a a a a

bVa® - b

£ 2
sin™' =) -
a

The region under y=1/(x*+1), above the x-axis, between x=0 and x=1, is revolved about the
x-axis. Find the volume of the resulting solid.

1
I By the disk formula, V= [, y>dx = 'rrL ?%f—l? Let x=tan0, dx = sec’8df. Then V=

™% sec” 0 do a2 m . wia 77[(71' 1) ] mw(mr +2)
L Tsectg o cos 0d0—§(0+sm00050)]0 =3 Z+i ~(0+0) ==
Find f—dx-——
1—sinx
x _ 2 ) . X x tan (x/2 2z
I Let z=tanz, x=2tan"' z, dx=1+zzdz. Then smx=25m§cos§=ZSecz(x/2))=1+22.
Thus,
dx j 1 2 J’ dz dz 2 2
- = . d =2 = = — + =
fl—smx 1-2z/(1+2%) 1+2° i 1+2° -2z 2 (z—-1) z-1 ¢ 1—tan(x/2)+c

[More generally, the above change of variable, z =tan (x/2), converts the indefinite integral of any rational
function of sin x and cos x into the indefinite integral of a rational function of z.]



CHAPTER 30

Integration of Rational Functions:
The Method of Partial Fractions

In Problems 30.1-30.21, evaluate the indicated antiderivative.

dx
=9’

1 _ 1 - A + B
x*—9 (x—3}x+3) x-3 x+3°
3(x+3): 1=Ax+3)+B(x—3). Let x=3. Then 1=6A, Az‘x%. Let x=-3. Then 1=-6B,
B=-%. So 1/(x*-9)=1%[1/(x~-3)]- [1/(x +3)]. Hence, fx2_9=%ln|x~—3|—%ln [x+3|+C=
Lin|(x-3)/(x+3)}|+ C.

Clear the denominators by multiplying both sides by (x—

f(x+2)(x+3)

] o = A B Then x=A(x+3)+B(x+2). Let x=-3. Then —3=-B, B=3.
x+2)(x+3) x+2 x+3 e ) 3 * dx

Let x=-2. Then -2=A. So =— + . Hence

(x+2)x+3) x+2 x+3 : x+2)(x+3)
=2In|x+2|+3In|x+3|+ C=In|(x +3)*(x+2)’| + C.

fx‘—4x2+x+1

x*—4 .

I Since the degree of the numerator is at least as great as that of the denominator, carry out the long division,

fedxt+x+1 + f—dxt+x+ +
obtaining L—-%——£—=x2+ xz‘l. Thus, f)c—;f_—z‘x—l—dx:%x’-#f xz _14 dx. But
x+1 x+1 A B
xz—;ta(x+2)(x—-2)—x+2+x—2' Then x+1—A(x—2)+B(,\;~:21). Letlx-12. 'l;hen1 3=48,
= 2 = — —] = =1 + —
B 4-x+liet 2. Then 1=-4A, A=} Thus, GTG-2) dx+2 ax=2 and
GFOG=2) dx = 3In|x+2|/+3in|x—2|+ C=}In|(x +2)(x —2)’| + C. Hence, the complete answer
is IX+ilnjx+2)x-2)°+C.

2 +1

(x-D(x— 2)(x-—3)

+
] 2" +1 =4 B L C e 2x2+1=A(x—2)(x—3)+B(x—l)(x~3)+

x-Dx-2)(x-3) x-1 x-2 x-3
C(x-1)(x—2). Let x=1. Then 3=24, A=%. Let Then 9=-B, B=-9. Let

=2.
27 +1 231 9 19 1
=1 5 - 5
3. Then 19=2C, C=%. Ths, (0 ToG73) " 2r-1 1-27 72 5=3°
26 +1

Hence,
G-’ -3)"

x=
=3 - 2 +C, =14 + C,.
J CER TR 3) Ilmx—1-9mx-2+Lh|x-3/+C,=4{n Go" C,
x*~4
f ~3x*~-x+3 dx.
' We must factor the denominator. Clearly x=1 is a root. Dividing the denominator by x—1
obtam ¥ =2x-3=(x-3)x+1). Hence, the denominator is (x—1)(x~3)(x+1).
-4
L + + < . Then x*—-4=A(x-3)(x+1)+B(x-1)(x+1)+Cx -~

x-Dx-3)(x+1) x-1 x=-3 x+1
1)(x~3). Let x=1. Then —-3=-4A4, A=3%. Let x=3. Then 5=8B, B=3. Let x=-1.

245
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Then —-3=8C, C=-3. Thus,

x* -4 _3 1 5 1 31
(x—-l)(x—3)(x+1) 4x—-1 8x—-3 8x+1
x—4 _3 _ 3 1 (x-1)°(x-3)°
D= 3)(x+l) 4ln|x 1|+ In |x — 3| ln|x+1|+C—81n Tarl +C,
3
+
I x +1 dx.
x(x +3)(x +2)(x~1)
x*+1 A B C D

x(x+3)(x+2)(x—1)=;+x+3+x+2+x—1' So x*+1=A(x+3)(x+2)(x — 1)+ Bx(x +2)(x —
D+ Cx{x+3)(x—1)+ Dx(x +3)(x+2). Let x=0. Then 1=-6A, A=-}. Let x=-3. Then
—26=-12B, B=%. Let x=-2. Then -7=6C, C=-1. Let x=1. Then 2=12D, D=1
£ +1 11 13 1 7 1 1 1 J' ¥ +1
Thus, G +G-1 6x 6 x+3 6x+2 6x-1 ™ | :Gracra-1 2
xr+3)%(x~1) '

~Lln|x|+ 2 In|x+3|-Zn|x+2[+injx-1+C, =¢ln

x(x+2)
J' xdx
x=13x7+36°
1 x"-—13gz+36=(x2-9)(x2—4)=(x—3)(x+3)(x+2)(x—2). Let (x_3)(x+3;‘(x+2)(x_2)=
A3+ =373 C +xD2. Then x=Ax+3)(x+2)(x-2)+ B(x—3)(x+2)(x~2)+ Clx - 3)(x +

3)(x—-7 + D(x — 3)(x+3)(x+2) Let x=3. Then 3=30A, A=4. Let x=-3. Then -3=
~30B. B=+. Let x=-2. Then -2=20C, C=-—{. Let x=2. Then 2=-20D, D=-4.

S x 1 1 +_1_ 1 1 1 1 1 and f x dx =
© ¥_132+3 10x-3 10x+3 10x+2 10x z’3)( Y X —13x° + 36
Lo lx - _ =4 o |EToNx +5)
Elnjx -3+ Hnjx+3|—Hinjx+2|— HInjx~2[+C, (+2)(x 2 +C,.
x—35
—— dx.
fxz(x+1) *
x—5 A B C . . 2 ..
="+ 5+ . +1), -5= +
ErPE TR A Multiply both sides by x“(x +1), obtaining x—5= Ax(x+1)+ B(x
1)+Cx2. Let x=0. Then —-5=B. Let x=-~1. Then -6=C. To ﬁndSA, c%mpage coefglcients of
x* on both sides of the equation: 0=A+C, A=-C=6. Thus, ZL————=—_——2——. and
j—xid —6l||+§—61|+1|+c—61 o +§+C X xoan o xd
X(x+1) x=hinx Ty nix A P v
f 2x dx
x—=2(x+2)"
2x A B C 2
+ + . = - +2)+ B(x +2) + C(x — 2)~.
=2y (x+2) =2 o T xe2 Then 2x=A(x-2)(x+2)+B(x+2)+C(x—-2) Let
x=2. Then 4=4B, B=1. Let x=-2. Then —4=16C, C=—}%. Tofind A, equate coefficients of x°:
2x 1 1 1 1 1 2x dx
0=A+C, A=_C=1 Thus, I + _ 2 , d . Lexax
S Ty +2) dx-2 (x-2¢ dx+2 ™ I Gm2+2)
1 1 1 1 x-2
Zlnlx—2|—x—_§—zln|x+2|+c,-4 ) x—-2+C"

f__x+_4_dx
x> +6x24+9x
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x+4 x+4 A B C
Frer 9 xx+3y x tx73 trap Then XHA=AGHI)H Ba(x43)+ Cr Lt

x=0. Then 4=9A, A=35. Let x=-3. Then 1=-3C, C=-4. To find B, equate coefficients

+4 41 4 1 1 1
of ¥ 0=A+B, =—A=-% T = o~ =
* hus, e +9x 9x 9x+3 3 (x+3) and
x+4 4 1 1 4 ‘ 1 1
—_— + = —_ ool .
fx3+6x2+9x dx=glnlx- 1“”‘ I3y ta gt G
J' x* dx
=22 -7x—4"
11x° + +
I First we divide the numerator by the denominator, obtaining x+2+ x—zl&ti Hence,
x*dx 1, 112° + 18x + 8 2x"—7x —4
f m = zx +2x+ m dx. Now we seek to factor the denominator. Looking
for its roots, we examine the integral factors of the constant term, —4. We find that x = ~1 is a root of the
denominator, and, dividing the latter by x+1 yields x>—3x—4=(x—4)(x+1). Thus, the denominator
11x*+18x+8 A B C

. _ 2 - 2 _ 2

is (x—4)(x+1). Now, G-+ 1) x—4+x+1 +(x+1) Hence, 11x°+18x+8=A(x+1) +

B(x—4)(x+ 1)+ C(x—4). Let x=4. Then 256=25A, A=%¢ 1let x=-1. Then 1=-5C, C=

>+ 18x +

-1, To find B, equate coefficients of x> 11=A+B, B=11-A=%. Thus, u————§=
, x-Hx+1)

256 1 19 1 1 1 11x“+18x + 8 25 19 1 1

=22 = —z XTI k= 4+ 5z Inlx+ 1]+ 3 +

3 x4t x+l 5Gry M Goneey ET s 0 v =4l alr+lf+ 3 m7+ G

.1 256 19 1 1
Thus, the complete answeris = x°+2x+ == In|x — |+ = In|x+ 1 tsragt C,.

2 25 x+1
f dx
x(x*+5)

1 _A4 Bx +C

x(x*+5) x  x° +5 )

Equate coefficients of x> 0=A+B, B= —A =—1. Equate coefficients of x: 0 C.  Hence,
1 11 1 x dx

So 1=A(Xx*+35)+Bx*+Cx. Let x=0. Then 1=54, A=3:.

- df— (1 ——ln +5)+c_—m| ‘
X+5 5x 5x+5 M xesy 5 n x| "+ 5] Voo

f X~ dx
(x—1D(x* +4x+5)°

I x*+4x+5 is imeducible, since its discriminant b? —4ac = —4<0. Thus, o =
Ax 4)ch5+ (‘;S irreducible, since its discriminan ac us TESY) (x2 T Ts)
ey iy O x2=A(x2+4x+5)+(Bx+C)(x—l). Let x=1. Then 1=104, A= 4.

- x +4x
Equate coefficients of X 1=A+ B, B=1-A=4%. Equate constant coefficients: 0=54-C,
x’ 1 1 wx + 1 1 1 1 9x+5
= = i. S = — 3 = — — + —_—
C=54=1u © (x—l)(x2+4x+5) 100 x—1 x*+4x+5 10 x—-1 10 x*+4x+5 Hence,
x* dx 1 J' 9x +5 .
=— . h lete th
f(x—l)(x2+4x+5) 10 Inx - 10 Frarts dx. To compute the latter integral, complete the
square: x2+4x+5=(x+2)2+1. Let x+2=tan, dx =sec® 6 db, 9x +5=9tan § — 13.
. 9x+5 f(9tan0—13)sec 0 dé
5 dx= 9tan§ —13) dé =91In|sec | — 130 =
Thus (Fig. 30-1), f T anss ¢ <6 =[(9tan ) |sec 6]

9ln|Vx +4x + |—13tan "(r+2) = $In(x* +4x +5)—13tan"' (x +2). Hence, the complete answer is
Hinjx =1+ 55 In(x? +4x+5)——tan“‘(x+2)+C

x+2

Fig. 30-1
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30.16

30.17

30.18

f dx
2+ D+ 4)

1 _Ax+B + Cx+ D
@+ +4) x*+1 +4
B)(x*+4)+ (Cx+ D)(x*+1). Equate coefficients of x> (x) 0=A+ C. Equate coefficients of x:

0=4A+ C. Subtracting (*) from this equation, we get 34=0, A=0, C=0. Equate coefficients of x*:
(*«) 0= B+ D. Equate constant coefficients: 1=4B8+ D, Subtracting (*+) from this equation, we get

1
3B=1, B=3}, D=-}. Thus, sl 1l Hence &
1

C+D)+4) 3x5+1 375+4 A +4)
Ytan"'x-4-ftan” (x/2)+ C;=4tan"' x— Ltan"' (x/2) + C,.

4
x +1
fx3+9xdx
1
I Dividing x“+1 by x*+9x, we obtain x+
~9x? 9x? +
120 19 A Bt C fhen 19y = A(X*+9)+ x(Bx+ C). Let x=0. Then 1=9A4,

I Neither x*+1 nor x*+4 factors. Then Hence, 1=(Ax+

0.2 4 a2
9x J’x +1 dx=1x2+ 1-9x
2 +9x°

x> +9x 2 4+ 9x dx. Now,

£+ x(x*+9) «x +9

A=}, Equate coefﬁcnents of X’ ~9=A+B, B=-9— A=-%_ Equate coefficients of x: 0=C.
1~ 1

Thus, L9 _11_ & _______x and 1-9x° dx=3%In|x|— 4 In(x*+9)+ C,. The complete an-

x(x*+9) 9x 9 xX+9’ x(x> +9)
swer is, therefore, 3x*+ §Injx|— % In(x*+9)+ C,.

1 _A Bx +C Dx+E 2 2 2
—_—— ==+ Th 1= +1)° + + +C)+ + E).
Ry xten Y e en A +1) +x(x* +1}¥Bx+ C)+ x(Dx + E). Let

x=0. Then 1= A. Equate coefﬁments of x* 0=A+B, B=-A=-1. Equate coefficients of x’:

0= C. Equate coefficients of x*: 0=2A+ B + D, D=-2A- B=-1. Equate coefficients of x: 0=

1 1 1 x
+ I e = 0. = - — - . H
C+E E C=0. Thus, P Rl S S S 1 ence

dx L1 1
jx(x2+l)2—m|x| tan”' x 2x2+1+C"

J' x*dx
(x - D>+ 4>
x A Bx+C Dx+E
. Th P= A+ 4+ (x — 1)(x* +4)(Bx +
G T a7 -1t 712 +(x2+4)2 en = A +4)Y +(x—1)(x*+4)(Bx + C)

(x ~ 1)(Dx +E). Let x=1. Then 1=25A, A=s. Equate coefficients of x* 0=A+B. B=
—A=—3%. Equate coefficients of x> 0=-B+C, C=B=-%. Equate coefficients of x’: 1=8A +
4B—C+D. Then D=3%=4%  Equate constant terms: 0=164A—-4C—-E. Then E=2=1

5.
x’ 1 1 I x+1 4 x+1 [ x* dx
= oz = A 2 +_ . ’ ————'7_——=_~1 X = -
Thus, = 1)(x +4) B r=1 2514 5 Eray Hene | T iayr 5 nle—1|
_}_J’ x+1 J’ x+1 dx. N
25 XF +4 +4)7 ow
x+1 fxdx dx 1 5 1. _,x
- - + + —_— — -
fx2+4dx x +4 2 +4 21n(x +"')-*_Ztan 2 (D
f x+1 = xdx + d« 1 1 l(tan"‘£+ 2x> (1D
(* +4%) (P +4)y ) (P +ay 25 +4 16 2 x*+4
where the last integration is performed as in Problem 29.25. Hence, the complete answer is
1 1[ _,x] 4(1 x—4 1 _,x)
p— —_ + - - |4 =1 = — —_
251nix 1 - 7% In (x* 4)+ tan™' 5 [+ 3 8x2+4+16tan 3 + C,
N b 1| + 2 anrEe L2zt o
25 T \/xTyr4 100 2 10 x> +4 !

I x +1 d
X rxriy &
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41 A Bx+C Dx+ E
2 + Qi : 2 _ =-3<0). _x*vi == + .
I +x+1 is irreducible (b*>—4ac=-3<0) Pt Al i St S Then

C+1=AC"+x+1)’ +x(x*+x+1)(Bx+ C)+x(Dx+E). Let x=0. Then 1=94, A=}.
Equate coefficients of x*: 0= A+ B, B=—-A=-}. Equate coefficients of x> 1=24+ C+ B. Then

C=1-2A—-B=4. Equate coefficients of x> 0=34+ B+ C+ D. Then =-34-B-C=-%.
+1
Equate coefficients of x: 0=24+C+E, E=24-C=-%_  Ths, —p—t 11
x(x +x+1) 9 x
1 —x+8 10 x+1 Then j 2 +1 ln|x!+ f _
9 +x+1 9 (FP+x+1) x(x2+x+1) 9 x+x+1
10[ (x+1)dx
x*+x+1)°"
f B-—x)dx _ (‘x—5)+”dx
x+x+1 (x+3)Y+3 (x+3)+3
x+3 17J' dx
(x-+-2)+3 (x+%2+%
1 [< ) 3)] 7 2 Xt}
=—= P+ )|+ = =2
In{x 2) FVA IRV eV ¥
_ 1, 17 2x+1
= 2ln(x +x+1)+\/§tan 73 )
(x+Ddx x+Dde [ (x+3)+3
Wrx+ly Jardyr+iP Jiar e @
(x+3)dx . f
[(x+ 3 +3°  2J [x+3)°+3P
-_1 1 L1 1 [tan—1x+%+ (V3/2)x ]
2 (x+1)Y+3 2 2(v3n2y V372 (x+31)yY+3
_ 112wl 1 x
179 1x41 33 V3 3 x+x+1

1 2x-3 + 2 tan“12x+1
6 x*+x+1 3V3 V3

)

1 1 + -
Hence, the complete answer is gln x| + 5[—% In(x*+x+1)+ % tan”' 2x\/§1] 10(2 x2+x}“h1
2 tan_12x+1) c-Llp_x 3 a2+l 5 2x-1 +C
3V3 V3 18T X +x+1 27V3 V3 21 ¥ +x+1 v

I x—1
X+ —x~2

I x=1 is a root of the denominator. When the latter is divided by x—1, we obtain X +3x+2=

. . dx 1 _
(x/;kZ)(x+1). Since x—1 cancels out, we are left with f(x+2)(x+1)' Now, GIDGTD)
+ . Then 1=A(x+1)+B(x+2). Let x=-1, Then 1=B. Let x=-2. Then 1=-A,
x+2 x+1
A=-1. Thus : S + 1 and & “In|x+2|+mlnjx+1|+C, =
el O GE)GAD) x+2 x4 U G+DE+1)
In x+2] !

f__x:z._dx
x(x* + 5x + 6)
42 A B
1 2 = + -+ -———x—————.—_—— e 2 =
I Since x*+5x+6=(x+2)(x +3), wehave I DETI) - x +x+2+x+3' Then x"+2=A(x+
2Y(x+3)+ Bx(x+3)+ Cx(x +2). Let x=0. Then 2=6A4, A——% Let x=-2. Then 6=-2B,

- - - -u _x+2 11 3 11
B 3. Let x2x+2 3, Then 11=3C, C=4%. Thus, Y 2)x+3) 3 x x+2+3x+3'
Hence, | —————<dx=%lnjx| -3ln|x+2|+ ¥ In{x+3|+C,.

x(x +2)(x +3)
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30.21

30.22

30.23

30.24

f
1le

14t du=et dx _f _A -

I Let u=1+¢", du=e"dx. Then f1+e‘_ W 1) Let u(u—l)_u+u—1i Then 11—
A(u—1)+Bu. Let u=0. Then 1=-A, A=-1. Let u=1. Then 1=B. So —/——— =~ -+
u(u—1) u

L, and j%= —Injul+Inju—-1+C=-In(1+e*)+lne*+C=—-In(1+¢€)+x+ C.

1
Find the area of the region in the first quadrant under the curve y = pEaYs and to the left of the line x =3.

3

I A= f ,de . Note that x=-3 is a root of x’+27, and, dividing the latter by x—3, we
0, F o 1 A Bx+C

obtain x“—-3x+9, which is irreducible. Let 133579 =13 P 3g39 Then 1=

A(*-3x+9)+(x+3)(Bx+C). Let x=-3. Then 1=27A, A=+%. Equate the coefficients of x*:

0=A+B, B=-A=-%. Equate the constant coefficients: 1=94+3C, C=4£. Thus, m=

(x(x——;??al - (ix—-3§2)+x27 [(x V+z - %“‘[( ‘%)ZJ“%)]—g'(s\/l“/z) ta“ﬂ;T_/zf
%ln (x*-3x+9)—V3tan™' 2;\/_ Thus, the complete integral is [ In|x +3| - ln (> —3x+9)+
Z—?tan“%]]: = (2716 51419+§tan_’%>—[5713 5—419+§tn1<—%>]=

1
5(3 In2+ #V3). (Note that tan”' % = g

dx

Evaluate f -_—.
sin x + cos x

I Use the substitution of Problem 29.45, followed by the method of partial fractiozns. Thus, let z=

. 2 : 1-
dz, smx=————z—5, cosx=V1—sin’ x = 22. Then
1+z 1+z

tan (x/2), x=2tan"'z, dx=1+z2

jsinxc-i:ccosxz.fz ——22-—1 V_Jz—(l—v_) \/_jz—(1+\/_)

= s inlz=(1=VD)| - gsnlz—(1+ V)| + €
-l
- T e

Find j sn(l:(jvsf 1

I Using the same approach as in Problem 30.23, we have: f g{)}_s;_d_); = (—11—2%1—) Let

(HZJ)“(l 5 ZAI IiZ:ZC. Then z+1=A(1+7%)+(z—1)(Bz+C). Let z=1. Then 2=2A4,

)z — -

A=1. Equate coefficients of z>: 0=A+ B, B=-A=-1. Equate constant coefficients: 1= A+ C,
z+1 A z J’ z+1

=1-A=0. = - ,and 2| ——S———=dz=2[ln|z-1}-4In(1+

C=1-A=0. Thus, i -1 2-1 1;22 an T55H6¢-D z=2[In| I—31In(

-1
A)+C =ln|z-1-In(1+ 2+ C,=In (i+22 C,=In(1-sinx)+ C,.
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30.28

30.29
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Find j cos X dx by a suitable substitution.

l let u=sinx—1, du=cosxdx. Then J'gci%%=jd—:—ln|u|+C—ln|smx—1|+C In(1-

sinx)+ C, since sinx=1. This is the same result as in Problem 30.24.

x+3
. Xt
Find f(x—l)S(x+1) x
+3 A B C D

GG D rrl T ro1 TG TG Then F A3 AG-DTBGHDE- 1T

Cx+1)(x-1)+D(x+1). Let x=-1. Then 4=-84, A=-3. Let x=1. Then 4=2D,
D =2. Equate coefficients of x> 0=A+ B, B=-A=1. Equate constant coefficients: 3=-A+ B —

x*+3 1 1 1 1 2
= - + <+ -~ 3=(. = — = _
C+D; C A+B+D-3=0 Thus, G-I +) 2x+1+2x—1+(x—1)3’ and
(x* +3)dx 1 x—l‘ 1
———=—— +1]+ = - +C, == - +
G- D0+ In [x + 1 lnlx 1] - —1y Ci=zln\— G=1) C

In Problems 30.27-30.33, evaluate the given antiderivative.

dx
VE—x
2
I Make a substitution to eliminate the radical. Let x=2z° dx=3z"dz. Then 3 = = ‘322 ‘zii -
X—Xx -
3f1Zd22=3-(——)1n|1—22|+C———lnll—zz“*c__'lnll 2+ C
-z
f dx
1+Vx—1

1= - - _;) —4(i -
I Let x—-1=z' dx=42dz. Then f \/xT 1+z 4f(z z+1 e dz =4(3z
124 z-In[1+z)+ C=4Vx—-1) -2Vx—1+Vx-1-In(1+Vx~=1)+ C.

f dx
xV1+3x’
dx 2 zdz dz
Pia eseen saena [ Y TR S
Let X =2z 3dx=2zdz Then x\/1+3x 3 (@ __1)/312 2 GO+ D
1_1) _ _ ( 1) F#-2z+1
f<z-—1 porar dz = In|lz—1/—-In|z+ 1+ C = In +1 +C=In I C=1In -—3x—‘
+2-2V1+
C=ln3x 2-2V1 3x+C.
x
f dx
VI+VE
I Let x=2° (Ingeneral, let x=2z", where m is the least common multiple of the radicals.) dx =6z> dz.
dc [ 62°dz 2’ dz 13 1.2
Then J’\:‘/Y+\/'f_ par 172 From Problem 30.28, we get  6(3z° — iz° +z—in|1+z|) +
C=2vFi-3vVE+vr—-In(1+¥x) + C.
J' x
VVvi+i’
1
I Let VE+1=2% —Fdx 2zdz, —mdx=22dz, dx = —4z(z* - 1) dz. Then
dx _ fz(z 1)dz 2 _ L3 _ a2 _
[—\/—\/7?1 4 e = —4[(Z*-1)dz = -4(2-2)+C = $2(z°-3)+C =

-VVx+1(vi-2)+C.



252 [ CHAPTER 30

30.32

30.33

[vive ax

I Let 1+e =24 e€dv=2zdz, (2*-1)dx=2zdz, dx= zzfldz. ~Then  [V1+e“dx=

2z zdz j(z—1)+1 I( 2 ) .z z—
jz - dz—ZJ’ S t— 2+zz_1 dz=2z+In ST

[from Problem

30.29] = 2z+1In z——lz- +C = 2z+In C =2z+lne"-2In|z+1]+C = 2V1i+e +x—
(z+1)

2In(Vi+e + 1)+ C.

2/3

x
fx+1dx'

2/3
. a2 x _ 3zdz_J' =I(_Z)=

I Let x=2° dx =3z dz. So fx+1dx f P 3 dz 311tz 71 dz
1, f z ) s 5 f f zdz

522 — | = dz). = -z+ 3 .
3(22 Z3+1dz Now, z +1=(z+1)(z"~2z+1). So, +1d =27 1) Let

z A Bz+C

= 2 _ = -
(z+1)(zz-z+1)—Z+1+22-z+1' Then z=A(z"-z+1)+(z+1)(Bz+C). Let =z 1. Then

—1=3A, A=-}. Equate coefficients of 2’ 0=A+B, B=-A=1}. Equate constant coefficients:

z 1 1 1 z+1
= + = =l‘ o = — = + = .
0=A+C, C A=3 Then GiDE—z+1) 3741 3z—z+1 Hence,
f zdz =—lln|z+1|+-1-f z+1 ds Now J’ z+1 sz+2 _
+1)(2Z"-z+1) 3 3) 272—-z+1 ’ zz—z+1 ) z-z+1
SIS | SN N 11n(z2-z+1)+§f——————-—— ~ s
2l 7T A 2 2) (z-3)y+1 2 M2
3.2 221 - 3, [_l L
2 \/jtan 3 Hence, our complete answer is 32 3 3ln|z+l|+3 3 In(z"-z+1)+
V3 _,22—1] 3, 1 2 S 2z-1 3, s
—_ == - = - — == x? +
3 tan = +C, 253+lnlz+1| s -z+1) V3tan 73 +C =3 x +1nlx 1] -
1 ¢+ 1 2 -1
ilnx;\? \/—tan’xT+C,.



CHAPTER 31

Integrals for Surface Area,
Work, Centroids

SURFACE AREA OF A SOLID OF REVOLUTION

31.1

31.2

31.3

31.4

31.5

31.6

31.7

If the region under a curve y = f(x), above the x-axis, and between x=4a and x=b5, isrevolved about
the x-axis, state a formula for the surface area S of the resulting solid. -

f(h) | dx 2
I s=2n{yds= 2nf y 1+ dx"Zvr /()y\/l (—y) dy.

(For revolution about the y-axis, change the factor y to x in either integrand.]

Find the surface area of a sphere of radius r.

I Revolve the upper semicircle y=Vr>—x> about the x-axis. Since x*+y>=r’ 2x+2yy' =0,
y'==xly, (y)Y=x1y, 1+ (y'Y =14+x%y"=(y’+x°)/y*=ry>  Hence, the surface area §=

27 | y-idx =24 {7 rdx=2mrx]_, =4xnr’
In Problems 31.3-31.13, find the surface area generated when the given arc is revolved about the given axis.

y=x 0=<x=<14; about the x-axis.

I y =2x. Hence, the surface area S=27 [,”?x*V1+4x dx. Let x=1}tand, dx=1%isec’6ds. So

w4

/4 /4
1
we get 27TJ;) > tan® @ sec 8- = sec? 6 df = — tan’® 6 sec® 6 df = %T L (sec’* @ —sec® §) dd. By the

4 2 4
reduction formula of Problem 29.39, [sec’ 0 do = % sec’ @ tan § + % fsec3 0 de. By Problem 29.40,
Jsec*0do= —(tan 6 sec @ + In [sec § + tan 9]). Thus we get % (% sec’ 0 tan 6 — % sec 6 tan 6 —
1 ™ 2 1 1
§ln|sec0+tan0|)]o _Z<~;/_—_§ 2——1n|\/_+1|> 2[3\/5'-ln(1+\/7].

The same arc as in Problem 31.3, but about the y-axis.

ve dx)2 . dx 1 (dx)2 1 4y+1
I Use S—ZWJ x 1+<—— dy. Since x=v/y, &G 1+ dy _1+2;_ 4y - So

4y + 1 2 2
s=2n [ VIV by = VT Ty = miG)ey + 0 = 2@ -0 = T 2vi- ),

y=x> 0=x<1; about the x-axis.

I y =32 s S=27rf(:x3\/1+9x4dx=2‘rr-ﬁ(%)(1+9x4)‘m]3=%[(10)3/2—1]‘—‘2—1;(10\/1_0—1).

y=4i#x(3-x), 0=x=3; about the x-axis.

=L lz-1(X) e 1) _ fl BT .0
1?“2\/2 2 VETI\RE ) So MrOETT S=am 3 VAR S0 oy BT
3 0(3+2x—x2)dx=§(3x+x— I == (9+9—9)=37r.
x**+y**=g*> in the first quadrant; about the x-axis.

2 _ 2 _ , 2/3 2/3+ 2/3 - 2/3
I 57243y =0, y=-2p, I+ (Y =1+im == So  S§=

5 (a2/3 x2/3 372 x X 6 x g 6
1/
Zﬂf 7 dx=21ra”3(—%)(§)(a2'3-x2/3)5’2 lo=- ?77 a”s(—a5/3)= _g a®? = _Slra{

253
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31.8

31.9

31.10

31.11

31.12

31.13

31.14

y=2VI5—x, 0=x=<15; about the x-axis.

[ y’=%, +(y') = ig‘i. Then S= 2nf W5 "%~ V____”mxdx am |, VT dy =
4m(=3)(16 - x)°? ]! =—§§’5(1 64) = 168.
1, 1 .
y=3* +§, 1=x=2; about the y-axis.
I Use S=27[2x\V1+(y') dx y’=x3'-—L (y’2=)c6—1+L Then 1+(y’)2=x6+1+
! ' 4x*’ 2 16x* 2

(o). =2 [[a(ws )= [ (514 k) rm2a(at - ) ] -2 (2
ot T \F T ) So S=2m ) @) de=a | (4 g de=2m(5 - 275~

§)-(-3)]- 5%
8/ " \5 4/l” 20

y?=12x, 0=<x=3; about the x-axis.

I s=2x[}y\V1+(y') de. Now, 2yy'=12, 4y’(y')Y =144, (y') = =%, 1+(y') = ;-36
V 2436
Hence, S=2r f y ———— y dx =27 [JV12x +36dx =47V3 [} Vx+ dx =47V3(3)(x +3)** ]l =

87V3 87V3 17\/_
3

(632 -3%%) = [33’2(2\/‘ —-1)]=247(2V2-1).

y*+4x=2Iny, 0=y=3; about the x-axis.

> dx)z dx 2 dx 1 1-y° () (1—y)
I S—217J;y 1+<d—y dy. We have 2y+43——; 22};—;—y— 7 dy 4y2

ﬂ)Z_ 4y2+(1_y2)2 _ (1+y2)2 f ( )]3

1+(dy = e T Thus, S=2m | y-—>2-dy=mf}(1+y*)dy= 7")""3)’
1) 320

1r<12—§ =3

X 1 .
y=% + 7y’ 1=x=2; about the y-axis.

1 1 1 1 1 1 1 1
= 2 + "2 . [ 2__ 12=_ 4__ _ 12____ 4 = =
I s=2=[2x\1+(y')’dx. Now, y 3% =5 ") yed 2+4x4’ 1+(y") yRd +2+—4x4

1, 1 )2 r (1 1 ) (1 . 1 )]2 ( 1 1) (15
+ — . = —— = —_ - = —_ —_—= —_
(2x 7 So §=2m | 2% +2x dx =2m g% +21n|x| [=2m 2+2ln2 5)="\2 +ln2).

=lnx, 1=x=7, aboutthe y-axis.

1 241
I s=2#f]x\/1+(y')’dx. Now, y'=3 1+(y’)2—x s>—. Thus, S=2xf/Vx>+1dx. Let x=
tan@, dr=sec’0ds. Then [Vx*+1 dx [sec@sec’ 9 do = [ sec’ 6 do. By Problem 28.40, this is equal
to i(secftan @ +Inlsecd+tanb|)= $(xVx*+1+In|Vx*+1+x|). So wearriveat 27-i(xVx>+1+
+
n|Vx*+1+x))) = #[7V30+In (V50 +7) - V2 - ln(\/_+1)]—-7'r<34\/_+1n5\/_ 7)=w[34\/§+1n(3+

SVZ+7 SV3I+7 1-V2 ) Vi+l
2V2)1. (Weusedthefactthat Virl - Vaii 1_\/7—3+2\/7.

Find the surface area of a right circular cone of height 4 and radius of base r.

I As is shown in Fig. 31-1, the cone is obtained by revolving about the x-axis the region in the first quadrant

2 2 “[ 2
under the line y=%(h—x) ,V'=—£, 1+(y ')2=r;2h Hence, §= 27rf h(h— )____r L.

) 2+ 2 h +
2V (- 1) ]) = 22 (L) < v




31.15

WORK

31.16

31.17

31.18

31.19

31.20
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A

Fig. 31-1

Find the surface area of a cap of a sphere with radius a determined by a plane at a distance b from the center.

I The cap is generated by revolving about the x-axis the region in the first quadrant under y=Va®—x?
p Is g y g q Ve 2

+
between x=b and x=a. Since x*+y’=da>, 2x+2yy' =0, y’=—§, 1+(y’)2=y 2x =—a2.

y
Hence, S=2x [ yV1+(y')’ dx=27 [ adx=2ma(a— b). Y

A spring with a natural length of 10 inches is stretched 3 inch by a 12-pound force. Find the work done in
stretching the spring from 10 to 18 inches.

I We use Hooke’s law: The spring pulls back with a restoring force of F = kx pounds, where the spring is
stretched x inches beyond its natural length, and k is a constant. Then, 12= 1k, k=24. F=24x, andthe
work W= [ Fdx = [§24x dx =12x* |3 = 12(64) =768 in - 1b = 64 ft - Ib.

A spring supporting a railroad car has a natural length of 12 inches, and a force of 8000 pounds compresses it
1 inch. Find the work done in compressing it from 12 to 9 inches.

§ Hooke’s law also holds for compression. Then F=kx, 8000= 31k, k=16,000. So the work W=
J2 16,000 x dx = 8000x” |3 = 8000(9) = 72,000 in - Ib = 6000 ft - Ib.

A bucket, weighing 5 pounds when empty, is loaded with 60 pounds of sand, and then lifted (at constant speed) 10
feet. Sand leaks out of a hole in the bucket at a uniform rate, and a third of the sand is lost by the end of the
lifting. Find the work done in the lifting process.

I Let x be the height above the initial position. The sand leaks out at the uniform rate of 2 pounds per foot.
The force being exerted when the bucket is at position xis 65— 2x, the weight of the load. Hence, the work
W= [3° (65— 2x) dx = (65x — x*) ];° =650 — 100 = 550 ft - Ib.

A 5-1b monkey is attached to the end of a 30-ft hanging rope that weighs 0.21b/ft. The monkey climbs the rope
to the top. How much work has it done?

I At height x above its initial position, the monkey must exert a force 5+ 0.2x to balance its own weight and
the weight of rope below that point. Hence, the work W= [2°(5+0.2x) dx=5x+0.1x>]3° =150+ 90 =
2401t - Ib.

A conical tank, 10 meters deep and 8 meters across at the top, is filled with water to a depth of 5 meters. The
tank is emptied by pumping the water over the top edge. How much work is done in the process?

10m

Fig. 31-2
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31.21

31.22

31.23

§ SeeFig. 31-2. Let x be the distance from the bottom of the tank. Consider a slab of water of thickness Ax at
depth x. By similar triangles, we see that r/x = {5, where ris the radius of the slab. Then r=2x/S. The
weight of the slab is approximately war® Ax, where w is the weight-density of water (aboglt 9.28 kN/m?) and

the slab is raised a distance of 10— x. Hence, the work is [, war’(10 — x) dx = wrr A % (10—-x)dx =

4w (19 s 1 4)]5_4ww<1250_@)_4ww (3125) 125
3 \3* " 3%) L= \T3 T3 )= g )= 3 w183k

A 100-ft cable weighing 5 Ib/ft supports a safe weighing 5001b. Find the work done in winding 80 ft of the cable
on a drum.

I Let x denote the length of cable that has been wound on the drum. The total weight (unwound cable and
safe) is 500 + 5(100 — x) = 1000 — 5x, and the work done in raising the safe a distance Ax is (1000 - 5x) Ax.
Hence, the work W= [3° (1000 — 5x) dx = (1000x — 3x%) 5" = 64,000 ft - Ib.

A particle carrying a positive electrical charge +q is released at a distance d from an immovable positive charge
+Q. How much work is done on the particle as its distance increases to 2d?

I By Coulomb’s law, the repulsive force on the particle when at distance d + xis qu/ (d+ x) where kis a
kQq -1 (_ ) kQq
@y TR G [ RN\t G) = 2a

universal constant. Then the workis W= f

The expansion of a gas in a cylinder causes a piston to move so that the volume of the enclosed gas increases from
15 to 25 cubic inches. Assuming the relationship between the pressure p (Ib/in”) and the volume y (in’) is
pv'* =60, find the work done.

I 1f A is the area of a cross section of the cylinder, pA is the force exerted by the gas. A volume increase Av

causes the plston to move a drstazlsnce Av/A, and the corresponding workis pA- 71{ = % Av. Then the work
= dv — _ ﬂ ~0.4 ] L ( 1 _ 1 )
W=60 15 v - 04 v 15 =—150 250.4 50 2 =~9.39in-1b.

CENTROID OF A PLANAR REGION

31.24

31.25

In Problems 31.24-31.32, find the centroid of the given planar region.

The region bounded by y=x? y=0, and x=1 (Fig. 31-3).

11

1 Fig. 31-3

I The area A=[!x*dr=1x’]'=%. The moment about the y-axis is M,=fx-x>dx=14x'];=1.

Hence, the x-coordinate of the centr01d is £=M,/A=1%/3=% The moment about the x-axis is

M = [} y(1 ——\/_) dy 1y’—2y"?13=1-%2=4.  Hence, the y-coordinate of the centroid is y =
M IA=(%)/(3)=5. Thus, the centr01d is (3, 3)

The region bounded by the semicircle y=Va>—x? and y=0.

I By symmetry, x=0. (In general, the centroid lies on any line of symmetry of the regron) The area

A=-———. The moment about the x-axis M, =2 f¢ y\/a —y dy———(a y)m] 3 %y =

Thus ( / (wa’/2)= -—. Thus, the centroid is (0 In
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31.26 The region bounded by y=sinx, y=0, from x=0 to x== (Fig. 31-4).

I By symmetry, X= g The area A= j;;’ sinxdrx=—cosx]g=—(—1—1)=2. The moment about the
x-axls M= y2 172. —sin™’ ) dy =2J’0 (-725 y—ysin~" y) dy. By Problem 29.40, l_|' ysin™' ydy=
4sz—1)mn y+yv€?7ﬁ. Thus, A@=2{§ 2—%«%#—1)gm*y+yv613?ﬂ]o=z(§-g)=
7—7. Hence, )7=7T—/4=-Tr~.

4 2 8

14
M 5

0 wl2 T

¥

Fig. 31-4 Fig. 31-5

, y=0, x=1, x=2 (Fig.31-5).

|-

31.27  The region bounded by y=
2

I The area A f dx=Inx]>=In2. The moment about the y-axis is M, =J'1 x- )lc dx=f}1dx=1.

1.2
Thus, x= 2 The moment about the x-axis is =[" ydy +f y(i - 1) dy = %y” ]0 + (y -

37) .- 1[( 5)-(-8)]=3 I (7 71
Sl-D-(-D]- 1 e - an (g 5)
2y 2 8 3 3 Thus, y ) So the centroid is 2’ 32/

31.28 A right triangle with legs r and A.
I Let the right angle be at the origin, and let the legs r and h be along the positive x-axis and y-axis, respectively
(Fig. 31-6). The hypotenuse is along the line y = — TX +h. The area A is 2 hr. The moment about the

sis = [ o(n-tx)a-(Lae- o) S lpe Ly, co
y-axis is My—Lx(h P dx = 2hx 3 x O—Zhr 37 —6hr. Hence, x= Thr sr. In
similar manner, y = }h.
A
1 1.1
h
r 17
Fig. 31-6 Fig. 317

31.29  The region bounded by y=x* and y=x (Fig. 31-7).

1 1,7 1 1 1
I The area A=J'J(x—x2)dx=—x2—§x3] =5-3=g The moment about y-axis is M, = f; x(x -

2 o 2 3
gl 1] 1_1_1 __ B, . .
x7)dx = 3 "3 ) T332 Thus, x= 7 =3. The moment about the x-axis M, = [, y(Vy —
6
_(2 2 1,)]‘_2 1_1 B,
y)dy (Sy 3}’ 0—5 3-15' Thus, y—_g_.‘_)'

31.30  The region bounded by y=¢", y=e™*, and x=1 (Fig. 31-8).
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31.31

31.32

31.33

31.34

[ CHAPTER 31

llel "\

Y

Fig. 318

I Thearea A=[j(ef—e ")dx=(e"+e ")]s=e+e ' =2=(e—1)/e. The moment about the y-axis is
M,=fox(e"—e*)dx = [gxe"dx—[oxe ™ dx = e"(x~1)];+e (x+1)]; = 1+(2/e—1)=2/e. Hence,
£=2/(e—1)> The moment about the x-axis is M, =[}, y(1+Iny)dy+ [{ y(1~Iny)dy= [, ydy+
Jieylnydy—[{ylnydy. To compute [ ylnydy, we use integration by parts. Let u=Iny, dv=
ydy, du=-dy, v=3y. Then [ylndy=4y’lny—3iy’=1y(2lny-1). Thus, M,=3}y"];, +
PRIy -1)], -1y’ Clny-1)]i=i(~e )+ (-i+3e )~ (-4’ +1i)=4(3e* -2+€7%).  Thus,
__e(3e’-2+e7?)
Y=z
4(e—-1)

The region under y=4—x* in the first quadrant (Fig. 31-9).

I The area A=[;(4—x")dx=(4x~-3x’)]2=2. The moment about the y-axis is M, = fo x(4~
x*ydx=2x"-ix*?=8-4=4. Thus, &= ; % The moment about the x-axisis M, = [ y\/4— y dy.
Let wu=4-y, du=-dy. Then M,=-[ (A-u)Vidu=[}@Vi-u*?)du=Su*?-2?)])i=

ulz
]

2

Z 8
$ - %=1 Thus, )7=1__6=‘5‘-

3

A
4 4 y=x
x=y’
(L1
2
Fig. 31-9 Fig. 31-10

The region between y=3x> and x=y*> (Fig. 31-10).

I The area A= [j(Vi-x)dx=(3x"*-4x’)]!=%-4=1. The moment about the y-axis is M, =
3

Jox(VE-x)dx=(3x"?—4x*)]'=%-1=3. Hence, £=2= 29—0 By symmetry about the line y = x,
9 5

=3

Use Pappus’s theorem to find the volume of a torus obtained by revolving a circle of radius a about a line in its
plane at a distance b from its center (b > a).

I Pappus’s theorem states that the volume of a solid generated by revolving a region & about a line ¥ not passing
through the region is equal to the product of the area A of ® and the distance d traveled around the line by its
centroid. In this case, A= wa’; the centroid is the center of the circle (by symmetry), so that d=2xb.
Hence, the volume V= 7a®-27b =272.

Use Pappus’s theorem to find the volume of a right circular cone of height k& and radius of base b.
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I The cone is obtained by revolving a right triangle with legs  and & around the side of length A (Fig. 31-11).
The area of the triangle is A = jAr and, by Problem 31.28, the centroid is located at (17, 34). Therefore,
d=2n(irn=%nr and V=(ihr)-Gmr)=iwr’h.

£
A

[ ]
(ir,1h)
y Fig. 31-11 -

Fig. 31-12

31.35  Establish Pappus’s theorem in the important special case where the axis of revolution Zis the y-axis and the region
F lies completely in the first quadrant, being bounded by the x-axis and the curve y = f(x). (See Fig. 31-12.)

I By the cylindrical shell method, the volume of revolution is V=2 [’ xy dx. But the x-coordinate of the
b

M
centroid of R is defined as x= -Z’- = % f xydx. Hence, V=27Ax= AQQux)= Ad.



CHAPTER 32
Improper Integrals

32.1

32.2

32.3

324

325

32.6

260

Determine whether the area in the first quadrant under the curve y=1/x, for x=1, is finite.

I This is equivalent to determining whether the improper integral {7 (1/x) dx is convergent. [ (1/x) dx =
!L'EL, i Qixyde= .,I_i.Tx Inv]i= .,l_i.T,, Inv = +0c0. Thus, the integral diverges and the area is infinite.

Determine whether [ (1/x°) dx converges.

o 1 v v
] f‘ o dx = lim lz dx= lim - ! ] = lim (— % + 1) =1. Thus, the integral converges.

v+ Jj1 Yy U— 4o X

For what values of pis [ (1/x)" dx convergent?

I By Problem 32.1, we know that the integral is divergent when p=1.

i | e ) - )
J; Fdx_,,l_lﬂ‘z 1 xpdx_ul_lj?: p—1 xP™! l_ul-lj?x p—1 vt 1

The last limitis 1/(p—1) if p>1, and +=if p<1. Thus, the integral convergesifandonlyif p>1.

. “Inx
For p>1, is J'l Fdx convergent?

I First we evaluate [ [(In x)/x"]dx by integration by parts. Let u=Inx, dv=(1/x")dx, du=(1/x)dx,

1 1 Inx 1 Inx f 1 1 1 Inx 1 1
TT-p Xt Fal - - dx= - . H
v 1—p xr % Thus, f x? dx 1-p x*7! 1-p x° X 1—p x° " (l_p)z e ence,
- Inx “Inx ( 1 Inx 1 1 )}u
fl xp dx - ul—lorEx 1 xP dx - vl—l»[?x 1— p xp—\ (1 _p)z xp_‘ .

=lim[ 1 Inv 1 1 ]_[_ 1 ]_ 1
vms=ll=-p v?™'  (1-p) v*7" (1-pyl a-py

1
In the last step, we used L’Hopital’s rule to evaluate lim Inv _y Lo = lim x

1 v— +x U”_l u—l.Tz (p—l)vp-z u—'+xp"‘1
T 0.] Thus, the integral converges for all p > 1,

. [TIlnx
For p=1, is J; ?—dx convergent?

LY
=
=

[

ul v 1 >
- = i for x=e. Hence, f % dxzf P dx— +o by Problem 32.3. Hence, J-l l—g-pﬁ dx is
divergent for p<1.

Evaluate [ xe ™ dx.

U!i’lzlz[—e'"(u+1)+e"”(a+1)]=e"'(a+1). [In the last step, we used L’Hépital's rule to evaluate
lir? (v+1)/e' = liT (1/¢*)=0.]

I By integration by parts, we find [ xe™ dx=—e *(x +1). Hence, Joxe™ dx= lim (e *(x+1))]"=
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For positive p, show that [;”xPe ™ dx converges.

I By Problem 32.6, [“xe “dx=2e""'. For 0<p<1, [/xPe*dx=<][!xe™*dx. Hence, [ x"e *dx
converges. Now let us consider p>1. By the reduction formula of Problem 28.42, (x%e *dx=
~xPe *+p[x? e *dx. Hence, [~ xPe*dx= Jim [ xPe " dx = Jim (—x"e"[{+p frxP e dx)=
lim (~vfe™ " +e '+ p [l x?7le"dx) =e '+ p [ x" e *dx. (Note that we used L'Hdpital’s rule to show
that hm v’e”"=0.) Hence, the question eventually reduces to the case of p=1. Thus, we have
convergence for all positive p.

j fﬁ?—:c-)-’; convergent when p=1?

I By successive applications of L’Hdpital’s rule, we see that lir{l (Inx)’/x=0. Hence, (Inx)?/x<1 for
x—>+x v dx

sufficiently large x.  Thus, for some x,, if x=x, (Inx)’<x, 1/(Inx)">1/x. So, (nx)’
v xo

X . . .
i +00.  Hence, the integral must be divergent for arbitrary p=1.
X0

I 7 f(x)dx=+o and gx)=f(x) forall x=x, showthat [’ g(x)dx is divergent.
P f; g(x)dx= [ g(x) dx + [, g(x) dx = [[° g(x) dx + [} f(x) dx— +.
Show that j:—lif— is di t f <1
ow that | {In x)? is divergent for p<1.
I For xze, (Inx)’=<Inx, and, therefore, 1/(Inx)” =1/Inx. Now apply Problems 32.8 and 32.9.

T odx
Evaluate f -3
0 x"+a

fv-——dﬁ—-——l—tan_‘f]v“—l-tanIE But, lLim tan~' ==~  Hence fx o« _ =
v x*+q° Va ale Va a’ ’ a 2° > Jo x2+a2_2\/§'

T dx
Evaluate J; Fre
1 e e" dx du . 4
< - = . Let u=¢€", du=¢e"dx. Then j = =tan  u=tan e. Hence
e te - e21+1 e +1 W+ 1 s
- dx . fu e* dx . 1 g 'n'
L e m Mm | = lim (e -t ) =5 - 7= 7

Evaluate [, e " cos x dx.

I By Problem 289, [e *cosxdx=1e *(sinx—cosx). Hence, [5e " cosxdx= hm [5e " (sinx —
. . oSV . sinv
cosx) Jg = lim_ e *(cosv —sinv) ~ (~1)]=3, since lim —— = lim =0. lcos vi=1 and

vt @ Mg
[sinv| = 1. )

Evaluate [ e " dx.

I (e dx= fim foe  dx= tim (—¢” o= Jim (1-e%)=1-0=1.

Evaluate f 5.
2 xin“x

fxln dx = f(lnx)" (‘)dX=—(|nx)_'. Hence,

) dx = |i ’ 1 (_L _1_>=
Lxln’x vl—{TwJ; xInx dx—hm (nx)™" ;= JAm, mo in2) 2
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32.16

32.17

32.18

32.19

32.20

32.21

32.22

32.23

32.24

32.25

|
Evaluate j — dx
2 xIn"x

Jm"—l = 1mj lim —-——(lnx)_kﬂ]v = lim ! [ 1 + 1 =

2 xlnl"x v+ J2 xIn* x v—ro —k+1 2 vre k=1 L(lnv)*™" ~ (In2)*!
k-1 (In2)*"""

o e—\/;
Evaluate f e dx.
-

I Let u=2\/i, 5 du=%dx, 2udu=dx. Then fl ¢ _ k= 2f e "‘du=vl_i>111m—2e_"]‘l’=
i (-2 22
v—>+oo (4 e

Evaluate [°_ xe® dx.

J Let x=-y. Then [°_ xe"dx=-[; ye”dy=—1 [by Problem 32.6].
Evaluate [ e dx.

I Let x=r~ Then [Je Y dx=2[7te™"dt=2 [by Problem 32.6].

Evaluate [g x’e ™" dx.

I By Problem 28.1, [ x’¢ “dx= Jim fox’e  dx= Jim (- e (X +2x+2)u= lim_ (- [e “(v* +2v +
2)—2]} =2. [Here, we used L’Hopltal’s rule to see that hm e’ +2w+ )= 0]

Find [g x’¢ * dx.

I By the reduction formula of Problem 28.42 and the result of Problem 32.20, [x’¢™ dx=-x%e¢"*+
3f{x’¢*dx. So, [rx’e*dx= lim (—x e )]0+ lim 3[ex’e dx=0+3-2=3\

Show that [, x"e”*dx =n! for all natural numbers n.

1 By Problem 32.14, we know that the formula holds for n=0. Assume now, for the sake of induction, that
the formula holds for n—1. By the reduction formula of Problem 28.42, [, x"e ™*dx = lirg (—x"e™™) s +

nfex" 'e*dx=n-(n—1)!=n!. [The gamma function I'(x) is defined as T'(x)= [y x* ‘e *dx. This
problem shows that T'(n +1)=nl.]

1
. 1
Investigate f = dx.

1 f dx = lim dx = lim (In1-In u) =+, Thus, the integral diverges.
u—0t Ju u—0+
T

Investigate J; T dx.

1 ) 1 ‘ ~
I Lﬁdx—ulgg u——dx—ullrgl 2VE],= lim 2(1-va)=2.

1
. 1
Investigate J; p dx.

1 1 1
) f lz dx = lim lz dx = lim (— 315 ) ] = lim (—1 + %) = 4o, Thus, the integral diverges.
0 x

u—0t Ju X u—0* 40"
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1
1
For what values of k, with k#1 and k>0, does L * dx converge?

| T 1 ! 1 1 o
1 L — dx = lim < dx = lim T+ 1 _k+1] = lim ﬁ (1 - u—k_'l‘> If k>1, this limit is +oo,
X u—0t Ju X u—0t u u—0* -
whereas, if k<1, thelimitis 1/(1— k).
Evaluate L azd_x 5, where a>0.
1 dx 1 dx 1 1
I Ia—x =52 7-%" 2a a+x——zln|a-x|+zln|a+x|. Thus,

a v 1 v
f dx2=lim 2dx2=lim (—2—1‘11n|a—x|+—ln|a+x|)]0

0 a2_x v—a~ JO g — X v—a~

1 1 1
= lim (— —Inla—v|+ iln|a+v|+ _na) +o+2a1n2a + =2 = +oo
v—ra 2a 2a 2a
Thus, the integral diverges.
B dx
Evaluate L ——-———-az — for a>0.

-1

Qe
|
1y

1 j = lim f"____idx_= lim sin~' % ]v= lim sin
V v—a~ JO Vaz —_ xz v—a~ a io v—a”

3
Evaluate I .
1 x—2

3 v dx 3 dx .
I There is a discontinuity at x=2. So, f %— lh?—fl T3 + lim f e hrgl_ In|x—-2|]" +
- v— - w2t Jw X — v
lim In|x—2|]} = lim In lv-2|+ lim —In|w—2|. Neither limit exists. Therefore, the integral diverges.
w—2* v w—2+

5
Evaluate fl 3 d

x-2
2 5 v
I There is a discontinuity at ~ x=2.  Thus, dx =] 3 &, 5 E__ lim f 5
' S dx s V-2 N vVx=2 Lvx=2 - hrT3
llr§1+ = = lim 3x-2"° 10+ hm 3x - 2)2/3]u = lir?_[%(v-—2)2/3—%]+ lim [3(3)*° - 2(u-
u— — v u—27
2Pl = -3+ %(3)2/3 = 30/5-1).
Evaluate 7' sec x dx.
I [[7secxdx= im _ fosecxdx= ,Jim _In |sec x + tan x| |5 = lim _ |sec v + tan v| = 4o, Thus, the

integral diverges.

™2 sin x dx
Evaluate ——,
o V1-—cosx
"2 sinxdx "7 sinxdx

= lim 2(1-cosx)'"*]7'% = hm 2[1 - (1 -cosu)''’]=

o Vi-cosx u—>0+“ VI—cosx  umo*
Find the area under the curve y=x/V1-x*> for 0=x=I.

1 v
1 A=J; ————1x—x2 dx=vl—i_>nl]_f —1x_x2 dx = vl_igl_(—(l—xz)”z)];: ,,lil?— [-(- v2)1/2 +1]=1.
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32.34

32.35

32.36

32.37

32.38

32.39

32.40

32.41

Find the area under y=1/(x*—a’) for x=a+1.

I From Problem 32.27,

* dx “ 1
A=f ~ = lim “ 1

a+1l x2_a u—+» Ja+1 x2 — a2 2 v +x

a—x
a+x

v
]n+l

1 ( v-a 1 )__1_,
—2aul—l.[9oe lnv+a ll1|2a+1| —2a1n|2a+1[

8

1
Evaluate f —73 dx.

1 x
. . _ dx *d .
I There is a discontinuity at x=0. So, f -5 e IJ,C3 For the first integral,
j —73 = lim 3xm‘] = lim_ W -1)=-1%. Also, f ——,—,—3- = lim 3x’?¥= lim 3(4-0v*")=6.
- u—0" o x v—0* v—0*

Thus, the value is —2 + 6= %

Evaluate §; In x dx.

I By integration by parts, [Inxdx=x(Inx—-1). Thus, [ylnxdx= llm x(In x—1) ]\ = lim [-1-
v—0*
v(lnv—1)J=-1-0=—1. ([Thelimit lim v(lnv—1)=0 is obtained by L’Hopltal’s rule.]

v—s0*

Evaluate [, xIn x dx.

I By mtegratlon by parts, fxlnxdx— 1x*(2lInx—1) (Take wu=Inx, v=xdx) Then [}xlnxdx=
lim ixX*Qlnx—1)]. = lim [-1-{’Qlnu—-1)]=-1.
u—0*

u—0*

—2x

Find the first-quadrant area under y=¢

1

I A=7e™de= lim [7e™ dx=fim (~3e™)];= lim [-4(e™ - 1)]=

Find the volume of the solid obtained by revolving the region of Problem 32.38 about the x-axis.

I By the disk formula, V=mfi(e ™V dx=nfredi=7 tim _[g e dy=7 Jim (- feT™) o=
= (w/4) lim (e7* —1)=w/4.

Let & be the region in the first quadrant under xy =9 andto therightof x=1. Find the volume generated
by revolving & about the x-axis.

o 2 o
I By the disk formula, v=7rf1 (g) dx=817rf fi—’f=81n lim <~1+1>=81w.
Lox” v

v 4

Find the surface area of the volume in Problem 32.40.

I s=2nf7yV1+(y') dr. Notethat y=9/x, y'=-9/x°,
= 9 4+ x e}
S=27rj ~————”‘281dx=1swf Y +8
1 X X 1 X
But

Vi + 81 >\/?

3

=1
x° x x
50 by Problem 32.9, the integral diverges.
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1
Investigate f .
g b 1= £°

I [} dxi(1—x%)= Jim Jedx/(1—x*). For 0=x<l, l—x"—(l - x)(1+ x)(1 + x*)<4(1-x). Hence,
v -x* )>1/4(1—x) But, [, dx/4(1-x)= lim —ihnjl—x|)s= lim_ —i(n|1—v|)=+».  Thus,
fo dx/(1—x*) = +o. ’

Determine whether converges.

1
L X 4+Vx

1 1
I For 0<zx=1 2+ VX)) < f & f &
or x=1, 1/(x*’+VvX¥)<1/vX and (Problem 32.24) , v converges. Hence o Y ive
converges.

Determine whether [, cos xdx converges.

I [Zcosxdx= hm fecosxdx = hm sinx J;= lim sinv. Since the latter limit does not exist,
v—+x
JZ cosxdx is not convergent.

T 1
Evaluate f = sin— dx.
Ur X X

x v v 1
f izsinldx=lim lzsinldx—-hm cosl] = lim (cos—+1)=l+1=2.
e X X 1 v

v—+ In X X vt /= v+

71 1 )
Evaluate L(—\/—E—-—\/x——? dx

xL-_l._,) - "(L_;) - - 0 _
f f F Vi) s Jm [ \BFovues/e T im QVE-Vx+ )l = lim2[(ve

N VU +Vu+3
— —t 1 —_— p— —3 —-—r P ——————————tr e
v+ ) (1 2)] = ,,l"P,, 2(\/— Vu+ 3) + 2. NO\V, VU Vv +3 (\/— Vuv+ 3) vo \/0_3

n \/UT_ —0 as wv— +o. Hence, the improper integral has the value 2.

Show that the region in the first quadrant under the curve y =1/(x +1)° has a finite area but does not have a
centroid.

v _ . 1 )
]0 = Ul_l'lllm( o F 1 +1 1. However,

_j" dx - lim - 1
0 (x+1)2—v-1»+°o x+1
(" xdx _r 1 1 ( 1)]"_

M, o(x+1)2‘o[x+1 (x+1)] = Jim ol 1]+ 7)) ==

Hence, the x-coordinate of the centroid is infinite.

For what positive values of p is J; a convergent?

" du

1
' Let u=1-x, du= —dx. Then J;_(T:‘;‘—)—;=_ -

and only when p<1.

By Problem 32.26, the latter converges when

* xdx

Evaluate -
o x*+1

L

* xdx 1 (% du ) - v . -
Let wu=x" du=2xdx. Then J:) -x4_+f=-2.,[0 21 =%vl_|’n+qxtan ’u]0=%v\_|’[11w((an 'y)=
(wl2)= wl/4.

Nl=
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dx

32.5 E f —_——
0 valuate . Vi

) dx — (= VIR 12w _ < 2 )
| s =m0 L= tim 20 = i (- s +2) =2
w2
32.51 Evaluate f -—jf——-
o 1-sinx

w2 w2 . w2 .

dx 1 1+sinx 1+sinx .

I f — = — —— dx = ———dx = [J"* (sec’ x + tan x sec x) dx
o 1-sinx Joo 1-sinx 1l+sinx o cos” x

= lim _(tanx +secx)];= lin/xz_ [(tanv +secv) ~ 1] =+
-

v—mw/27

(The same result is obtained from Problem 29.45.)
9
dx
32.52 Evaluate J; Zx——l)iﬁ .

I There is a discontinuity at x=1. Then

J’g dx _J’l dx +f9 dx - i J'" dx ‘1 fg dx
o -1 =)o (x_1)2/3 L k-1 = m | x-1)7° winll* w x-17"

9

lim_ 3(x—1)”3]0+ lim 3(x—1)”3] = lim_ 3[v—1)"7 = (=1)]+ lim 32— (w=-1)"]
v— w—s1t w v w—s1?t

3+6=9
32.53 Evaluate [J'*cotxdx.

I |5 cotxdx=lim [J"cotxdx= lim Inlsinx|]7"* = lim - In (sin u) = +.
u—0 u—0" u—0*

32.54 Evaluate f;tan™'xdx.

I tan'x>n/4 for x>1. Hence by Problem 32.9, [ tan™ xdx = +x.

32.55  Find the area between the curves y=1/x and y=1/(x+1) to the right of the line x =1.

" (1 1 _ ”(1 1 ) . .
= —— = -—— = — +
I Thearea A L(x x+1)dx Jim | - -y ) dx lim_(In x| Injx+1) ]
. v _
—ul_l.lil”ln v+l‘ (-In2)=In2

32.56 Find the area in the first quadrant under the curve y = 1/(x* + 6x + 10).

® dx v dx
’ A =f —_——= J’ ———— = K -1 [ -1 - -1
o Frex+10 ST, Giayel JLman (+3) o= lim ftan” (v +3) - tan"" 3]

=am/2-tan"'3

Problems 32.57-32.60 refer to the Laplace transform  L{f} = [, ¢ *f(¢) dt of a function f(r), where s>0.
(L{f} may not be defined at some or all s>0.) Itis assumed that ’lileg= e 'f(H) =0.

32.57 Calculate L{t}.

= v . 1 bt 14 1 - st "
i1 L{¢} =f e *tdt= lim | e “tdt= lim (— —teT - e )]
] w—+» JO W+ s s 0
1 —5W 1 1
= lim (——we“”’——ze +—2)=0+0+—2
w— + % s S 5

(Here, the integration was performed by parts: u=¢t, dv=e "dt) Thus, L{t}=1/s%
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Calculate L{e'}.

@ v v
- - - . - . 1 -
I L{e'}=[e "e'dt=f e "dt= lim | " dr= lim —— "™
o v+ JO vt 1~ § [}
1 1
= lim e =
vote 1 —§ 1-5s s-—-1

The last limit is valid when s>1. Thus, L{e}=1/(s—1) (defined for s>1).

Calculate L{cos t}.

I Licost}=[s e costdt= lim fo € " costds. By integration by parts (see Problem 28.9), we obtain

lim e (—scos t + sin t)]v lim e (sinv — scos v) + 5 2
- (= = - —S5COSV) + 5—— = —5——
”—’+°°S2+1 0 vo+w s2+1 s +1 52+1

Thus, L{cost}=s/(s>+1).
If L{f} and L{f'} are defined, show that L{f'}=—f(0)+ sL{f}.

I For L{f’}, we use integration by parts with u=e™, dv=f'(t)dt. Then L{f'}=[s e "f'(t)dt=
Jm [ef(0) ]g + s [o e f(e) di} = lim [e™ f(v) = f(0) + 5 [ e"f(¢) dt] = —f(0) + sL{f}. [Here, we have
used the basic hypothesis that lirP e “f(v)=0.]
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Find the vector from the point A(1, —2) to the point B (3, 7).

I The vector AB= (3-1,7-(-2))=(2,9). In general, the vector ﬁ’z from P,(x,, y,) to P,(x,, y,) is
(xy=x, Y2y

Given vectors A=(2,4) and C=(-3,8), find A+C, A-C, and3A.

I By componentwise addition, subtraction, and scalar multiplication, A+ C=(2+(~3),4+8)=(~1.12),
A-C=(2-(-3), 4-8)=(5,—-4), and 3A=(3-2,3-4)=(6,12).

Given A=3i+4j and C=2i-j, find the magnitude and direction of A+ C.

I A+C=5i+3j. Therefore, |A+C|=V(5°+(3)°=V34. If ¢is the angle made by A+C with the
positive x-axis, tan6 = %. From a table of tangents, 6 =30° 58"

Describe a method for resolving a vector A into components A, and A, that are, respectively, parallel and
perpendicular to a given nonzero vector B.

I A=A +A,, A/ =cB, A,B=0. So, A,=A-A =A-cB, 0=A,-B=(A—cB)-B=A-B—¢|[BJ>

A-B
Hence, c=(A-B)/[B|>. Therefore, A, = B B, and A,=A-cB=A- %{g B. Here, (A-B)/|B|
. o A-B\ B . .
is the scalar projection of A on B, and —)E— m = A, 1is the vector projection of A on B.

Resolve A =(4,3) into components A, and A, that are, respectively, parallel and perpendicular to B=
3,1).

I From Problem 33.4 c¢=(A-B)/|B’=[(4-3)+(3-1)/10}=
A, =A-A =(4,3)-(3,3)=(-3,3)

1l

So, A, =cB=3(3,1)=(3,3) and

Show that the vector A =(a, b) is perpendicular to the line ax+ by + ¢ =0.

I Let P(x,, y,) and P,(x,, y,) be two points on the line. Then ax, +by, +c=0 and ax,+ by, +c=0.
By subtraction, a(x, —x,)+b(y —y,)=0, or (a.b) (x,—x,,y,—y,)=0. Thus, (a,b) PP =0,
(a, b)LP,P,. (Recall that two nonzero vectors are perpendicular to each other if and only if their dot product is
0.) Hence, (a, b) is perpendicular to the line.

Use vector methods to find an equation of the line M through the point P,(2, 3) that is perpendicular to the line
L:x+2y+5=0.

LBy Problem 33.6, A=(1,2) is perpendicular to the line L. Let P(x, y) be any point on the line M.
PP=(x—-2,y—3) isparallel to M. So, (x—2,y-3)=c¢(1.2) for some scalar c. Hence, x—2=c,
y—3=2c. So, y—-3=2(x-2), y=2x-1

Use vector methods to find an equation of the line N through the points P (1, 4) and P,(3, —2).

I Let P(x,y) be any point on N. Then 171—i’=(x—1,y—4) and I;l_;?2=(3—1,~2—4)=(2, ~6).

Clearly, (6, 2) is perpendicular to P,P,, and, therefore, to P,P. Thus, 0=(6,2)-(x—1,y—4)=6(x—1)+
2(y—4)=6x+2y~14. Hence, 3x+y~7=0 isan equation of N.

Use vector methods to find the distance from P(2,3) to the line 3x +4y —12=0. See Fig. 33-1.
I At any convenient point on the line, say A(4, 0), construct the vector B = (3_.:1), which is perpendicular to
the line. The required distance d is the magnitude of the scalar projection of AP on B:
|4P-B| _(=2,3)-(3,9)| _6
IB| V3 + 42 5

[by Problem 33.4]
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Fig. 33-1
Generalize the method of Problem 33.9 to find a formula for the distance from a point P(x,, y,) to the line
ax + by + c=0.

I Take the point A(—c/a,0) on the line. The vector B = (a, b) is perpendicular to the line. As in Problem
33.9,

B[ Va* + b* Va® + b?
This derivation assumes a#0. If a=0, a similar derivation can be given, taking A to be (0, —c/b).

S LAPB| _Jx, + cla, y, ~0)-(a, b)] _ Jax, + by, + o]

If A, B, C, D are consecutive sides of an oriented quadrilateral PQRS (Fig. 33-2), show that A+B+C+D=0.
[0 is (0,0), the zero vector.]

I PR=PO+QR=A+B. PR=PS+SR=-D-C. Hence, A+B=-D-C, A+B+C+D=0.

P 0 .
A Fig. 33-2 Fig. 33-3

Prove by vector methods that an angle inscribed in a semicircle is a right angle.

I Let X ORP be subtended by a diameter of a circle with center C and radius r (Fig. 33-3). Let A=
CP and B=CR. Then (QR=A+B and PR=B-A. QOR-PR=(A+B)-(B-A)=A-B-A-A+
B-B-B-A=—-r"+,"=0 (since A-A=B-B=r’). Hence, QRLPR and £ QRP is a right angle.

Find the length of A =i+ V3j and the angle it makes with the positive x-axis.
I Al=V1+(V3Y=V4d=2 tan0=V3, 0=mn/3

Write the vector from P,(7,5) to P,(6, 8) in the form ai + bj.

I PP,=(6-7 8-5)=(-1,3)=—i+3j

Write the unit vector in the direction of (5, 12) in the form ai + bj.

I |(5,12)|=V25+144=13. So, the required vector is 5(5,12) = i+ #j.
Write the vector of length 2 and direction 150° in the form ai + bj.

I In general, the vector of length r obtained by a counterclockwise rotation 8 from the positive axis is given by
Vi, 1

r(cos @i+sin 6 j). In this case, we have 2(— - i+ Ej) =—V3i+j.
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Given 0(0,0), A(3,1), and B(1, 5) as vertices of the parallelogram OAPB, find the coordinates of P (see Fig.
33-4).

I Let A=(3,1) and B=(1,5). Then, by the parallelogram law, OP=A+B= (3,1)+(1,5)=(4,6).
Hence, P has coordinates (4, 6).

6 P P
B /
5 /
/
/
B /
/
/
// A
/ A
o] 1 34 Fig. 33-4

Find k so that A=(3,-2) and B=(1, k) are perpendicular.
I Wemusthave 0=A-B=3-1+(-2)-k=3-2k. Hence, 2k=3, k=3.

Find a vector perpendicular to the vector (2, 5).

§ In general, given a vector (a, b}, a perpendicular vector is (b, ~a), since (a, b)-(b, —a)=ab—ab=0. In
this case, take (5, —2).

Find the vector projection of A=(2,7) on B=(-3,1).
- _(=6)+7
[B[* (=3 +(1)

I By Problem 33.4, the projection is (-3, D) =%H(-3,)=(—35, %)

Show that A =(3,-6), B=(4,2), and C=(-7,4) are the sides of a right triangle.
I A+B+C=0. Hence, A,B,C forma triangle. Inaddition, A-B=3-4+ (=6)-2=0. Hence, A LB.

In Fig. 33-5, the ratio of segment PQ to segment PR is a certain number 7, with 0<¢<1. Express Cin terms of
A, B, and 1.

I PO=tPR. But, PR=B-A. So, C=A+PQO=A+(PR=A+(B-A)=(l—r)A+ B,

C

B >R Fig. 33-5 0 Fig. 33-6

Prove by vector methods that the three medians of a triangle intersect at a point that is two-thirds of the way from
any vertex to the opposite side.

I Sece Fig. 33-6. Let O be a point outside the given triangle AABC, andlet A=O0A, B= 0B, C-=OC.

Let M be the midpoint of side BC. By Problem 33.22, OM=}(B+C). So, AM=OM—-A=}(B+C)-
A. Let P be the point two-thirds of the way from A to M. Then OP=A+ 3AM=A+ 4B+ C)-A]l=
i(A+B+C). Similarly, if N is the midpoint of AC and Q is the point two-thirds of the way from B to N,

0Q=1i(A+B+C)=OP. Hence, P=0Q.
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Find the two unit vectors that are parallel to the vector 7i—j.

I 7i-j|l=V(7)* +(-1)) =V30=5V2. I_}Ience, {a= % Ji-j= 5—\7/_—2 i 3—\1/—§j is a unit vector in the

same direction as 7i—j, and —-A=-— RV i+ RV j is the unit vector in the opposite direction.

Find a vector of length 5 that has the direction opposite to the vector B = 7i + 24j.

24

I |B|=V49+576=25. Hence, the unit vector in the direction of B is C= Zi+
vectoris —5C=—1i— %j.

j. Thus, the desired

pr

Fig. 33-7 Fig. 33-8

Use vector methods to show that the diagonals of a parallelogram bisect each other.

I Let the diagonals of parallelogram PQRS intersect at W (Fig. 33-7). Let A= E, B = PS. Then

PR=A+B, SQ=A-B. Now, B=PW+ WS=PW—~SW=xPR~-ySQ=x(A+B)—y(A-B)=

(x —y)A+(x+y)B, where x and y are certain numbers between 0 and 1. Hence, x~y=0 and x+y=
1

1. So, x=y=4. Therefore, PW=3PR and SW=iSQ, and the diagonals bisect each other.

Use vector methods to show that the line joining the midpoints of two sides of a triangle is parallel to and one-half
the length of the third side.

I Let Pand Qbe thimidpoints of sides OB and AB of AOAB (Fig. 33-8). Let A= O_fi and B= b_’B
By Problem 33.22, OQ=3(A+B). Also, OP=3}B. Hence, PQ=0Q-O0P=1(A+B)-iB=1A.
Thus, PQ is parallel to A and is half its length.

Prove Cauchy’s inequality: |A-B|=|A|[B].

f Casel. A=0. Then |A-B|=[0-B|=0=0:[B{=[0||B]. Case 2. A#0. Let u=A-A and
v=A-B, andlet C=uB—-vA. Then, C-C=u’(B-B)-2uw(A-B)+v’(A-A)=u’(B-B)—w’=
u[u(B-B) - v’]. Since A0, u>0. Inaddition, C-C=0. Thus, w(B:-B)-v’=0, w(B-B)=v’
vuvB-B=|v], |A||B|=|A-B|

Prove the triangle inequality: [A + B =|A| + |B|.

I By the Cauchy inequality, |A+B]’=(A+B)-(A+B)=A-A+2A-B+B-B=|A|’+2[A|[B]+[B|*=
(JAl +|B})>. Therefore, |A+B|=|A|+[B|.

Prove |A +B|>+|A—B|>=2(|A}* +|B|?), and interpret it geometrically.
I A+B’+|A-B?=(QA+B):(A+B)+(A—B):(A-B) = A-A+2A-B+B-B+A-A—2A-B+B-B =

2A-A+2B-B=2(|]A]* + |B|?). Thus, the sum of the squares of the diagonals of a parallelogram is equal to the
sum of the squares of the four sides.

Show that, if A-B=A-C and A#0, we cannot conclude that B=C.

I 1f A‘B=A-C, then A-(B-C)=0. So, B—C can be any vector perpendicular to A; B~C
need not be 0.

Prove by vector method that the diagonals of a rhombus are perpendicular.

I Let PORS be a thombus, A =PQ, B=PS (see Fig. 33-9). Then |[A|=|B|. The diagonal vectors
are PR=A+B and SO=A-B. Then PR-SO=(A+B)-(A-B)=A-A+B-A-A-B—B-B=
|A]* - |B|* =0. Hence, PRLSQ.
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P A 0 Fig. 33-9

33.33  Find the cosine of the angle between A=(1,2) and B=(3, —4).
I A-B=|A||Bjcos6. So, (1,2):(3,-4)=V5V25c0os8, 3-8=5V5cos0, —-1=V5cos6, cosf=
-1/V35=-V5/5. Since cosf<0, @isan obtuse angle.
33.34  Find the distance between the point (2, 3) and the line 5x —12y +3=0.
I 10. the di . 5-2-12-3+3] 23
By Problem 33.10, the distance is =i 13
33.35  Find & so that the angle between A=(3,-2) and B=(1,k)is 60°

I A-B=|A[|Blcos8, 3-2k=VI3VI+Kk*-1, 9—12k+4k>=2(1+k%), 36—48k +16k* = 13+ 13k%
-+
307 — 48k + 23 =0, k=48_\/62028=24t3\/507.

33.36 Findksothat A=(3,-2) and B=(1,k) are parallel.
I Let A=cB, (3,-2)=c(1,k), 3=c and —2=ck. Hence, —2=3k, k=-2.

33.37  Prove that, if A is perpendicular to both B and C, then A is perpendicular to any vector of the form uB + vC.
I A-B=0 and A-C=0. Hence, A-(uB+vC)=u(A-B)+v(A-C)=u-0+v-0=0.

33.38  Let A and B be nonzero vectors, and let a=|A| and b=|[B|. Show that C=bA+ aB bisects the angle
between A and B.

b
I Since ¢>0 and >0, C=(a+ b)(a_+5 A+ % B) =(a + b)C* lies between A and B (see Fig.

33-10). Let 6, be the angle between A and C, and 6, the angle between B and C. Now, A-C=
A-(bA+aB)=bA-A+aA-B and B-C=B-(bA+aB)=bA-B+aB-B. Then,

A'C _bJAl A‘B_ab+A-B

=—_..__.*+..__.._
SO TATICl " Iel T T ©

. A-B a|B b+A-B
Likewise, cos 8, = TCI— + |_|C|i = ET =cos 6,

Hence, 6, =8,.

Fig. 33-10

33.39  Write the vector A=(7,3) as the sum of a vector C parallel to B=(5,-12) and another vector D that is
perpendicular to C.

A-B
WB=—%(5, ~12)=(-1%, &) Let D=A-C=(7,3)-

5940 | 5940 _
(169 ' (169

I The projection of A on B is C=

(—1%5,15)=(38,%). Notethat C-D=
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For nonzero vectors A and B, find a necessary and sufficient condition that A-B=|A||B|.

I A-B=|A||B|cos6, where 6 is the angle between A and B. Hence, A-B=|A||B| if and only if
cos§ =1, thatis, if and only if 6 =0, which is equivalent to A and B having the same direction. (In other
words, A =uB for some positive scalar u.)

C Fig. 33-11

Derive the law of cosines by vector methods.

I In the triangle of Fig. 33-11, let |A|=a, [B|=b, |Cl=c. Then a’=A-A=(B-C)-(B—C)=
B-B+C-C—-2B-C=b"+c*~2bccosb.
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Sketch the curve given by the parametric equations x=acos8d, y=asiné.

I Note that x* + y* = a’ cos’ 8 + a” sin® 6 = a(cos” 6 +sin” §) = a>. Thus, we have a circle of radius a with
center at the origin. As shown in Fig. 34-1, the parameter ¢ can be thought of as the angle between the positive
x-axis and the vector from the origin to the curve.

y
A

4

K (x cos 8, ysin 9)

\\J > x

Sketch the curve with the parametric equations x=2cosf, y=3siné.
2 2

I % + % =1. Hence, the curve is an ellipse with semimajor axis of length 3 along the y-axis and semiminor
axis of length 2 along the x-axis (Fig. 34-2).

C

Fig. 34-1 -3 Fig. 34-2

Sketch the curve with the parametric equations x=¢, y=1.

I y=r"=x" Hence, the curve is a parabola with vertex at the origin and the y-axis as its axis of symmetry
(Fig. 34-3).

Fig. 34-3 ; ' ™ Fig. 344

Sketch the curve with the parametric equations x=t¢, y =/

I x=1+3-y) x-1=(y-3)> Hence, the curve is a parabola with vertex at (1, 3) and axis of symmetry
y=3 (Fig. 34-4).

Sketch the curve with the parametric equations x =sin¢, y=-3+2cost.

+3\2
I ¥+ (y_§_$_> =sin” t+cos’ t=1. Thus, we have an ellipse with center (0, —3), semimajor axis of length 2

along the y-axis, and semiminor axis of length 1 along the line y= -3 (Fig. 34-5).
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4 R\
\
N\
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-1
— 1 >
__34
’
v
—_ 5 / 7
Fig. 34-5 7 Fig. 34-6
Sketch the curve with the parametric equations x =sect, y=tant.

I x*=y>+1. Hence, x*—y*=1. Thus, the curve is a rectangular hyperbola with the perpendicular
asymptotes y = +*x. See Fig. 34-6.

Sketch the curve with the parametric equations x =sint, y =cos?2t.

I y=cos2t=1~2sin>t=1-2x% defined for |x|=1. Thus, the curve is an arc of a parabola, with vertex at
(0, 1), opening downward, and with the y-axis as axis of symmetry (Fig. 34-7).

SN
[\

Fig. 34-7

Sketch the curve with the parametric equations x=1t+1/t,

y=t—1/t.

I ¥*=+2+1/ y>=¢"—2+1/{" Subtracting the second equation from the first, we obtain the
hyperbola x*>—y*>=4 (Fig. 34-8).

Sketch the curve with the parametric equations x=1+¢ y=1-1t

I x+y=2. Thus, we have a straight line, going through the point (1, 1) and parallel to the vector (1, —1); see
Fig. 34-9.

N N\
(x, y)

(x5 ¥o)

N\

Y

Fig. 34-10
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Sketch the curve with the parametric equations x=x,+ at, y=y,+ bt, where a and b are not both 0.

I bx=bx,+abt, ay=ay,+ abt. Subtracting the second equation from the first, we get bx —ay = bx, —
ay,. This is a line through the point (x,, y,) and parallel to the vector (a, b), since (x, y) = (x,, ¥,) = Ka, b).
See Fig. 34-10.

2 2

. . . . Xy
Find parametric equations for the ellipse %5 + 144 1.
x2 y2
I Let x=5cos8, y=12sin6. Then % *tim =cos’§ +sin” 9 =1.
x2 y2
Find parametric equations for the hyperbola i i 1.

I Let x=at+al/4t, y=bt—b/4t. Then (x/a)=¢+1%+1/167 (y/b)>=¢—1%+1/167. Hence,
(x/a)* — (y/b)* =1. Another possibility (cf. Problem 34.6) would be x=asecu, y=btanu.

2/3 2/3 _ 2/3

Find parametric equations for x*~ +y a

I 1t suffices to have x*>=da"*cos’6 and y**>=4"*sin’0. So,let x=acos’6, y=asin®6.

Find parametric equations for the circle x” + y* —4y =0.

I Complete the square: x°+(y—2)"=4. It suffices to have x=2cosf, y-2=2sin6. So,let x=
2cosf, y=2+2siné.

Sketch the curve given by the parametric equations x =cosh¢, y=sinht.

J We know that cosh® ¢ —sinh® t=1. Hence, we have x*>—y>’=1. Since x=coshz>0, we have only
one branch of the hyperbola (Fig. 34-11).

\ W,
/
N 4 4 ,
\ Ve N\ /
7, \ /
AN e N
M e \ o
A %4 . // \ N z
< >
y 7 \\y // \
7 \
\ /
// \\ \\
/7
N . N\
7 ~ Fig. 34-11 \ Fig. 34-12

Sketch the curve given by the parametric equations x=2cosh#, y=3sinh¢.

2 2 2 2
I Since cosh®t—sinh®¢=1, (%) - (%) =1, % - % =1. Thus, we have one branch of a hyperbola,
as shown in Fig. 34-12.

Find dy/dx and d’y/dx” for the circle x=rcos8, y=rsin.

dy dyldg

I Recall that T = deide: Since dx/d8=—rsin® and dy/dd=rcos, we have dy/dx=rcos0l

) d(d d(d dx
(—rsinf)=—cot§ = —x/y. Remember also that d’y/dx*= Zx_(ay) = d_o(é)/(@) Hence,
d
Q=%(_c°to)__csc?'0__l 3 r
dx® ~rsin@ ~ rsinf 1 y
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Find dy/dx and d%y/dx* for x=1+t, y=t +t+1.

dy dyldt T°+1
_ 2 _ 6 —_ = =
I dxidt=3¢+1, dy/dt=7t°+1. Then dx  dodt 3 +1

ﬂ_i(ﬂ)_i(ﬂ) dx
- T dt

Further,

de®  dx \dx dx// dt
But d ( dy ) _ (37 +1)(@2r) - (7 + 1)6r _ 841" + 421" — 6) _ 614 + 714 - 1)
’ dt \dx @ +1)y 3B +1)° 3 +1)
d’y _6(14t°+ 7t - 1)
Hence i GE+1)

Find dy/dx and d’y/dx” along the general curve x=x(1), y=y(1).

I Using dot notation for t-derivatives, we have

dy _y

dx x
ﬂ=1(2)/ _ Xy —yx
e a\i// T T

Find the angle at which the cycloid x=af —asin8, y=a—acosf meetsthe x-axis at the origin.

I dx/do=a—acos0, dy/do=asing. Hence, dy/dx=sin@/(1~ cos8)=cot/2, lim cot (8/2) = +oo,
Therefore, the cycloid comes in vertically at the origin. e

Find the slope of the curve x=¢"+sin2mt, y=t+e at t=1.

dy _dyldt _ 1+¢ _1+e
dx  dx/dt ¢ +2mcos2mt 1+2m

1 dx _ t* + 27 cos 2wt, a _ 1+ ¢ Hence, for t=1,
dt dt

Find the slope of the curve x=f"+¢', y=t+e' atthe point (1,1).

+ 13
I dx/dt=2t+¢', dyldt=1+¢". Hence, dy _1 ‘.
. de  2t+e
value t=0. So, theslopeis dy/dx=3%=2.

The point (1,1) corresponds to the parameter

Find dy/dx and d’y/dx* for x=acos’ 8, y=asin’é.

I dx/do=-3acos’0sinf, dy/do=3asin®0cosd. So, dy _dy/d6 _ sinb
i(fd_X)_._ 2 g P dx /do cos 0
26 \gg) = sec’ 6, an

= —tan 0. Further,

d’y d (dy) dx _ -sec’ 1
& " do\dx)/ 8~ “3acosiosing  3a cC 0O

Find the slope of x=e "cos2t, y=e *sin2t at t=0.

I dx/dt=-2¢"'sin2t—e "cos2t, dyldt=2e *cos2t—2e *sin2t. At t=0, dx/dt=-1, dy/di=2.
o by dylan ®
' odx  dx/dt

Find the coordinates of the highest point of the curve x =96¢, y =96t — 161",

1 We must maximize y. dyldt=96-32t, dzy/dt2 =-32. So, the only critical numberis ¢=3, and, by
the second-derivative test, we have a relative (and, therefore, an absolute) maximum. When (=3, x =288,
y =144,

Find an equation of the tangent line to the curve x=3¢', y=5¢° at t=0,
d

I dxidt=3¢, dyldi=—5¢", Zx_y = dxy_;fi% =—3%e At t=0, dy/dc=-%, x=3, y=5. Hence,

the tangent lineis y—-5=-3(x—3), 3y—15=—5x+15, 5x+3y—30=0. Another method. At ¢=0,

the tangent vector (dx/dt, dy/dt) = (3, ~5), so the normal vector is (5,3). Then, by Problem 33.6, the tangent

line is given by 5x+3y+c¢=0, where c is determined by the condition that the point (x, y),_,=(3,5)

lies on the line.
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Find an equation of the normal line to the curve x=acos*d, y=asin*6 at 6=mx/4.

I dx/de =4acos® 6(—sin @), dy/dé =4asin’ 6(cos@). At 0=m/4, dx/dt=—a, dy/dd=a, giving as
tangent vector (—a,a)=—a(l,-1). So the normal lige has equation x-—y+c¢=0. To find ¢, substitute
the values of x and y corresponding to 0 = 7/4: 173 +¢c=0 or c¢=0.

Find the slope of the curve x=3t—1, y=9> -3¢t when (=1,

I dx/di=3, dy/dt=18t—3. Hence, dy/dt=6t—1=5 when t=1,

For the curve of Problem 34.28, determine where it is concave upward.

d
I A curve is concave upward where dzy/dx2 >(0. In this case, EZ = ===2>0. Hence, the
curve is concave upward everywhere. "

Where is the curve x=Int¢, y=e' concave upward?

| a.

2 (te')
I dxidi=1/t, dyldt=¢". So, dyldx=te fid?y = tl/t =e'f(t+1). Thus, d’y/dx*>0 if and only

2
if #(t+1)>0. Since ¢t>0 (inorderfor x=Int to be defined), the curve is concave upward everywhere.

Where does the curve x=2t~5, y=¢>+¢ have a tangent line that is perpendicular to the line x+y +
3=0?

I dxidi=4:, dyldt=37+1. So, dyldx=(31>+1)/4r. Theslopeoftheline x+y+3=0 is—1,and,
therefore, the slope of a line perpendicular to it is 1. Thus, we must have dy/dx=1, (3t2 +1)/4t=1,
3 +1=4t, 32 —4t+1=0, (3t—1)(t—1)=0, t=1 or t=1. Hence, the required points are (— %, ¥
and (-3, 2).

Find the arc length of the circle x=acosf, y=asing, 0=<0=<2q.

I Recall that the arc length s = [’V/(dx/du)’ + (dy/du)’ du, where u is the parameter. In this case,
dx/d9 = —asin8, dy/dd=acosd, and s=[2"Va’sin®0+a’cos’0d6=a[>"do=a(2m—0)=2ma,
the standard formula for the circumference of a circle of radius a.

Find the arc length of the curve x=¢€'cost, y=e'sint, from (=0 to t=or.

I dx/dt = e'(~sint) + e'(cost) = e'(cost—~sint), (dx/dt) = e'(cos’t—2sintcost+sin’t) = e*(1—
2sintcost). dy/dt=e' cost+e'sint=e'(cost+sint), (dy/dt)’=e”(cos®t+2sintcost+sin’t)=e*(1+
2sintcost). So, s=[7Ve”(1—2sintcost)+e”(1+sintcost)dt=[]V2e dt=V2e']]=V2e" -1).

Find the arc length of the curve x=3In(1+¢), y=tan ‘¢, from ¢=0 to ¢=1.

I de/di=1/(1+¢), (dx/dt)’ =011+ dyldt=1/(1+¢%), (dy/dt)>=1/(1+)>. Hence,

‘\/ 2 1 1

= + =| ——=adt

s fo a+2Y  (Q+8) d L Vit g

The substitution ¢=tan, dt=sec’0dd yields [J'*sec@df=In|sec@+tand|]7"*=In|VZ+1|—-Inl=
In(VZ+1).

Find the arc length of x=2cosf+cos20+1, y=2sinf+sin28, for 0=6 =<2

I dx/de = —2sin 6 — 2sin 26, (dx/d@)* = 4(sin® @ + 2sin 6 sin 20 +sin” 20).  dy/do =2 cos 6 + 2 cos 26,
(dy!d@)* = 4(cos” 6 + 2 cos 0 cos 20 + cos” 26). So,

s = [2"\/(dx/d8)? + (dy/d6)* do = [2" 2V/2 + 2sin 0 sin 26 + 2 cos 0 cos 26 d§ = 2V2 [>" /T + cos 8 db.

[Note that  sin 6 sin 26 + cos 8 cos 20 =cos (20 — ) =cos .] Since 1+ cos 8 =2cos’(/2), VI+cosf=
V2 |cos (8/2)]. Thus, we have: 2V2[[T VZcos (0/2) d6 + [2™ — V2 cos (6/2) do]=4{2sin (6/2) |7 —
25sin (/2) I27} = 8[(1 - 0) — (0 — 1)] = 16.
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Find the arc length of x=4¢% y=4§(6:+9)*% from =0 to t=4.

I dxidi=t,  dyldi=(6t+9)"%  (dxldt)’ =1,  (dyldt)=6t+9. So, s=[ VF+6t+9di=
o (e+3)dt=(3+36) ] =8+12=20.

Find the arc length of x=a cos® @, y=a sin®6, from 6=0 to 6=a/2.

I dx/do=-3acos’ 9sin6, (dx/d6)*=9a’cos*0sin’6, dy/dd=3asin’6@cosf, (dy/de) =9a’sin"6-
cos’@.  Thus, s=3a[J'*Vcos* 0sin’ 6 +sin® 0 cos® 9 d8 = 3a ['* \/cos® 8 sin® 8 (cos” @ + sin” §) d@ =

3a [ cos 8 sin 6 d = 3a(} sin® ) ]7'% = 370 a-0)= -—29-.

Find the arc length of x=cos¢+tsint, y=sint—~tcost, from t=xw/6 to t=w/4.

I dx/di=—sint+sint+tcost=rtcost, dy/dt=cost—cost+tsint=tsint. Hence,
2 )
T ks ™

n/4 w/4 1 w/4 1 2 2 571_2
. 2 2 2 2 - — 242 = — =)= — (9 —4) = —
S_L/s t?cos’ t+ ¥ sin’ tdt Lw tdt 5t ]m 2(16 36) 283 ©-4 783

Find the length of one arch of the cycloid x=a(0 —sin8), y=a(l—cosf), 0=<0=2m7.

I dx/do=a(1-cos9), dy/dd=asiné. So, s=[2"a\/(1-cosB)’+sin’0d6=[2"aVZ—2cos6df=
o™ 2asin (6/2) do = 4a(—cos (8/2)) |2 = —4a(—1-1) = 8a.

Find the arc lengthof x=u, y=u"? O=u=}$.

I dx/du=1, dyldu=3u'’ Hence, s=[3"V1+ Judu=4% 31+ 2u)*?)i?=408-1)=%.

[¢]
Find the arc length of x=Insin8, y=0, w/6=0=<s/2.

I dx/do=cot6, dyldd=1. Hence, s=[72Vcot’8+1ds = [T/Zcsc6df = Inlcscd—cotd|]l:=
[n1-In(2-V3)] = ~In(2-V3) =In(2+V3).

Rework Problem 34.33 in polar coordinates (r, 8), where r=\/x"+y" tan@=y/x.

I On the given curve, Vx*+y*=1Ve(cos’1+sinf)=¢' and y/x=tant. Thus, replacing f by 6. we
have as the equation of the curve in polar coordinates: r=¢° or @=Inr (alogarithmicspiral). Using the
arc-length formula s = [°\/(dr/do) +r* d6, we retrieve s= [T Ve +¢e° df=[TV2e® dd=V2e™ —1).

VECTOR-VALUED FUNCTIONS

34.43

34.45

If F(u)=(f(u), g(u)) is a two-dimensional vector function, lim F(u) = (Lim f(u), lim g(u)), where the
limit on the left exists if and only if the limits on the right exist. Taking this as the definition of vector con-
vergence, show that F'(u) = (f'(u), g'(w)).

I F)= tim FEHB0=F@ _ L (et A, gl Ad)) = (), 800)

Au—0 Au Au—0 Au
_ i St AW~ f(w), g(u + Au) — g)) _ lim (f(u +Aw) ~flu)  glu+Au)— g(u))
Au—0 Au Au—0 Au ’ Au
This last limit is, by the definition, equal to ( lim flu + Au) — f1) , lim w) =(f'(u), g'(w)).
Au—0 Au Au—0 Au

If R(9)=(rcos#,rsin@), withfixed r>0, show that R’(8) LR(6).

I By Problem 34.43, R'(@)=(—rsind,rcos ). Then R(8)-R'(8)=(rcos@,rsin@) (—rsinf, rcosf)=
—r*cos 0sin 6 + r*sin 6 cos 6 = 0.

Show that, if R(u) traces out a curve, then R’(x) is a tangent vector pointing in the direction of motion along the
curve.

I RefertoFig.34-13. Let OP=R(u) and OQ=R(u+Au). Then PQ=R(u+Au)—R(u) and
1 — R(u+Au)—R(u) . = S .
v PQ=—————>. As Au—0, Q approaches P, and the direction of PQ (which is the dir-

u
ection of PQ/Au) approaches the direction of R’(u), which is thus a tangent vector at P.
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34.53

34.54
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$\u\

Fig. 34-13

Show that, if R(?) traces out a curve and the parameter ¢ represents time, then R(z) is the velocity vector, that is, its
direction is the direction of motion and its length is the speed.

I By Problem 34.45, we already know that R'(¢) has the direction of the tangent vector along the curve. By
Problem 34.43, R'(¢t) = (dx/dt, dy/dt), since R(t)=(x(t), y(t)). Hence, |R'(2)|=V(dx/dt)*+ (dy/dt)*=
ds/dt, where s is the arc length along the curve (measured from some fixed point on the curve). But ds/dt is the
speed. [The “speed” is how fast the end of the position vector R(¢) is moving, which is the rate of change of its
position s along the curve.]

If R(s) is a vector function tracing out a curve and the parameter s is the arc length, show that the tangent vector
R’(s) is a unit vector, that is, it has constant length 1.

t wor|(%.2)- (&) (2] -4

For the curve R(¢) = (¢, #°), find the tangent vector v=R’(¢), the speed, the unit tangent vector T, and the
acceleration vector a=R"(r).

I v=(1,2r) and a=(0,2). Thespeedis |v|=V1+(2t)’=V1+4s and the unit tangent vector T=

V/IV|=( 1 2t )
Vi+4r Vi+a?/

Find the unit tangent vector for the circle R =(a cos 6, a sin 8).

I R'(6)=(—asin 6, acos ). |R(9)|=Va*sin’ 6 + a* cos> § = a. Hence, T=R'(8)/|R'(8)| = (—sin 6, cos 6).

Find the unit tangent vector for the curve R(8) = (¢, e~ °).

I R@)=(—¢°). [R@)=Ve’ +e=Ve" +1/e”. Hence, the unit tangent vector
1 e’ 1
T=1——= R'(#) = ———=(e°, —¢ °) = —=—=— (e*, - 1).
Ry K= e ey €D

Find the tangent vector v and acceleration vector a for the ellipse R(t) = (acost, bsint), and show that a is
opposite in direction to R(#) and of the same length.

I v=R'(t)=(-asint,bcost), a=R"'(t)=(—acost, —bsint)=—(acost, bsint)=—R().

Find the magnitude and direction of the velocity vector for R(f) = (', e —de' +3) at ¢=0.

I R()=(e"' 26" —de')=¢'(1,2¢'+4). When (=0, R'(0)=(1,-2), [R(0)]=V3, and the vector
R’(0) is in the fourth quadrant, with an angle 6 =tan~' (—2)= —63°26'.

Find the velocity and acceleration vectors for R(t)=(2—1,2t>—¢) at t=1.

I R()=(~1,61*), R'(t)=(0,12r). Hence, R'(1)=(-1,6) and R'(1)= (0, 12).

(ij .R(zf) = f(u)F(u), show that R'(u)= f(W)F'(u)+ f'(w)F(x), analogous to the product formuia for ordinary
erivatives.
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I R(u+Au)—R(u) = flu + Au)F(u + Au) — f(W)Fu) = [ f(u + Au) — f(u)]F(u + Au) + f(W)[F(u + Au) — F(u)).
Hence,

R(u + AAuz “R(w) _ flu+ A:l)l — fw) F(u + Au) +f(u)[ggﬁ°t‘%)——£@}—>f’(u)F(u) + f)F' ()

as Au—0.

If R(t)=F(nt,sint), calculate R'(r).
I By Problem 34.54, R'(t)= £(1/t,cos t) + 2t(In ¢, sin ¢) = (1 + 2¢ In 2, t(cos ¢ + 2 sin 1)).
If R(?) = (sinr)(e', 1), -calculate R"(¢).

I Applying Problem 34.54 twice,  R'(t) = (sin £)(¢’, 1) + (cos 1)(e’, 1),  R"(¢t) = (sin r)(e’, 0) + (cos £)(e’, 1) +
(cos t)(e, 1) — (sin £)(e’, t) = (2¢" cos t,2 cos t — tsin ).

If h(u)=F(u)-G(u), show that h'(u)=F(u)-G'(u)+F'(u)-G(u), another analogue of the product for-
mula for derivatives.
I h(u + Au) — h(u) _ F(u + Au) - G(u + Au) — F(u) - G(u)
Au Au
_ [F(u+ Aw) —F(u)]- G(u + Au) + F(u) - [G(u + Au) — G(u)]
Au

_ F(u+Au)-F(u)
B Au
—>F'(u)-G(u) + F(u)-G'(u) as Au—0

G(u + Au) — G(u)

-G(u+ Au) +F(u) - Au

If F()=(,In1) and G()=(e, %), find %[F(t)-G(t)].
I By Problem 34.57, 5? [F(t)-G(O)]=(t, Int)- (', 26) + (1, 1/1)- (', ) =te' + 2t Int + e +t.

If [R(#)| is a constant ¢>0, show that the tangent vector R'(t) is perpendicular to the position vector R(z).

I R@)-R@)=|ROPP = So, % [R(2)-R(£)] =0. But, by Problem 34.57, % [R(D)-R@]=R@E)-R'(t) +
R'(1)-R(1)=2R()-R'(t). Hence, R(#)-R'(r)=0.

Give a geometric argument for the result of Problem 34.59.

I 1If |R(t)|=c+#0, then the endpoint of R(f) moves on the circle of radius ¢ with center at the origin. At
each point of a circle, the tangent line is perpendicular to the radius vector.

d
For any vector function F(u) and scalar function A(u), prove a chain rule: Tu F(h(w)) = h'(u)F’'(h(w)).

I Let F(u)=(f(w), g(u)). Then F(h(w))=(f(h(u)), g(h(u))). Hence, by Problem 34.43 and the regu-

lor chain rule. - [F(h(0)] = (o fOh), - g(h(u))) = (F' (DA (W), g (REDA'0) = A f (W),
/() = I (W)F ().

Let F(u)=(cosu,sin2u) andlet G(t)=F(). Find G'(2).

I ¥'(u)=(-sinu,2cos2u). By Problem 34.61, G'(t)= % (tF'(¢%) = 2t(—sin ¢, 2 cos 21°).

Let F(u)=(x’ u*) andlet G(f)=F(e™"). Find G'(¢).

I F'(u)=(3u% 4u4’). By Problem 34.61, G'(t)= ‘% (e IF'(e™)=—e'(Be ¥, de )= —e""(3e, 4).
At t=2, F(t)=i+j and F'(£)=2i—3j. Find % [PF()] at t=2.

I By Problem 34.54, —‘% [CF()) = CF'(¢) + 2tF(f). At =2, ad—t [£PF()] = 4(2i — 3j) + 4(i + j) = 12i — 8j.



282 [] CHAPTER 34

34.65

34.67

34.69

34.70

34.71

34.72

At t=-1, G(©)=(3,0) and G'(1)=(2,3). Find % [PG()) at t=-1.

I By Problem 34.54, —;i, (PG =G'(t) +3°G(t). At r=-1, dﬁr [°G()] = —(2,3) +3(3,0) = (7, -3).
Prove the converse of Problem 34.59.

1 By Problem 34.57, % [R(6)-R()]=2R(#)-R'(r). Hence, R(:)'R'(1)=0 implies R(t)-R(t)=c> for
some positive constant c. Then [R(t)| = VR(1)-R() = c.

Give an example to show that if R(¢) is a unit vector, then R’(¢) need not be a unit vector (nor even a vector of
constant length).

I Consider R(#)=(cos £, sin#*). Then

[R(t)| =1. However, R'(f)=(~2tsint’2rcost?) and |R'(t)] = Var’sin® 1 + 42 cos® 1 = 2.

If F(u)=A forall 4, show that F'(#)=0, and, conversely,if F'(u)=0 for all u, then F(u) is a constant
vector.

I Let Fu)=(f(w),gw). If fuy=a, and gu)=a, forallu,then F'(u)=(f"(u), g )=
(0,0)=0. Conversely, if F'(u)=0 for all u, then f'(u)=0 and g'(u)=0 for all u, and, therefore,
f(u) and g(u) are constants, and, thus, F(u) is constant.

Show that,if B##0, then R(f)=A+B represents a straight line and has constant velocity vector and zero
acceleration vector.

I 1t is clear from the parallelogram law (Fig. 34-14) that R(7) generates the line & that passes through the
endpoint of A and is parallel to B. We have:

o d d, . dB _
R()=~ (A)+ - (1B)=0+(— +B=0+10+B=B

Further, R'(f)=dB/dt=0.

Fig. 34-14
As a converse to Problem 34.69, show that if R’(v) =B#0 for all u, then R(u)=A+ uB, a straight line.

I Llet R(w=(fw,gw) and B=(b,,b,). Then f'(u)=b, and g'(u)=>b,. Hence, flu)=
bu+a, and gu)=bu+a, So, Rw=({bu+a, bu+a,)=A+uB.

If R'(w)=0 for all u, show that R(w)=A + uB, either a constant function or a straight line.

I By Problem 34.68, R'(x) is a constant, B. If B =0, then R(u) is a constant, again by Problem 34.68. If
B#0, then R(u) has the form A + uB, by Problem 34.70.

Show that the angle 8 between the position vector R(t) = (e’ cos ¢, ¢ sint) and the velocity vector R'(f) is 7/4.

I R()=¢'(cost,sinr). By the product formula, R'(f)=e'(—sint,cos )+ e'(cos ¢, sin t) = e'(cos £ —sin 1,
cos t + sin r). Therefore, |IR(?)| = €'|(cos tsin £)| =€’ and [R(£)] = '|(cos ¢ —sin ¢, cos £ + sin )| =
eVeos’t—2costsint+sin® t+cos’ t+2costsint +sin’ t=eV2Z  (in agreement with  ds/dr=V2e' as
calculated in Problem 34.33). Now, R(t)-R'(t) = e'(cos 1, sin ) - e'(cos t — sin ¢, cos ¢ + sin t) = e*'(cos”  —
costsint+sintcost+sin’f)=¢*. But, R(@)-R'()=|R@)||R'()|cos8, e =e-V2e-cosh cosb=
1V2, 6=m/4
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Derive the following quotient rule:

4 [G(u)] fW)G'(W) — f()G)

de L f(u) [f(u)]

_ f)G'(w) - f(w)G(w)
(A’

Assume that an object moves on a circle of radius r with constant speed v >0. Show that the acceleration
vector is directed toward the center of the circle and has length v’/r.

4a [G(u) LACYNPS

I By the product rule, ) ] 7 [ o) G(u)] f(u) G'(u) - [ f(u)]

I The position vector R(¢) satisfies |[R(¢)|=r and |R(f)]=v. Let@be the angle from the positive x-axis to
R(¢) and let s be the corresponding arc length on the circle. Then s=rf, and, since the object moves
with constant speed v, s=wvt. Hence, 0=uvt/r. We can write R(f)= r(cos 6,sin 8). By the chain rule,

R'(f) = r(—sin 6, cos 6) i r(—sin 6, cos 8) 9— = p(—sin 6, cos 6). Again by the chain rule, R(f) =
.. de . v’ v?
v(—cos 6 —sin 8) prin —v(cos 6, sin 0) L —5 (rcos 8, rsin@)=— — R(t) Hence, the acccleraticzm vector

R'(1) points in the opposite direction to R(t) that is, toward the center of the circle, and |R(¢)| = v_z R(O| =
r

2
= r=uvYr.
Zor=vlr
Let R(?) = (cos (we'/2),sin(we’2)). Determine R(0), v(0), and a(0), and show these vectors in a diagram.

I Let 6=meY2; thus, R(t)=(cosd,sing). By the chain rule, v(¢)=R'(r)=(-sin 6, cos é) ? =
0(—sin 6,cos #), and

. do  do , 2 . . 2
a(t) = E = §(—cos 8, —sin §) T + T (—sin 6, cos 8) = —8*(cos 6, sin §) + 8(—sin 6, cos 8) = —8°R(¢) + 8v(¢t)

2

When =0, 6=7/2, and R(0)=(0,1), v(0)="5’(—1,0), a(0)=——7:—(0,1)+§~’5’(—1,0)=
——%—(1,2). See Fig. 34-15.
v(0)

R(0)

’\
S
¥

Fig. 34-15
Let R(#) = (10cos2#¢, 10sin2wt). Find the acceleration vector.

I let 6=2mt. Then do/dt=2n and R(f)=10(cos#8,sin®). By the chain rule, v(t)=R'(¢t)=
10(—sin 6, cos 6) —0 =20m(—sin §,cos §). By the chain rule again, the acceleration vector a(t) =dv/dt=
20m(—cos 8, —sin 0) = ~407%(cos 6, sin 8) = —47°R(1). Note that this is a special case of Problem 34.74.

Let R(:)=(r, 1/t). Find v(t), the speed |v(¢)|, and a(f). Describe what happens as ¢— +x,
I vi)=Q,-1/1%), [v@©)|=V1+@Q/t*), and a(r)=(0,2/¢’). As t—>+x, the direction of R(s) ap-

proaches that of the positive x-axis and its length approaches +o. The velocity vector approaches the unit vector
i=(1,0), and the speed approaches 1. The acceleration vector always points along the positive y-axis, and its
length approaches 0.

Let R(t)=(t+cost, t—sint). Show that the acceleration vector has constant length.

I R ()=(1-sint,1—cost), and R’(t)=(—cost,sint). Hence, |R'(t)]=Vcos’t+sin’t=1.

Prove that, if the acceleration vector is always perpendicular to the velocity vector, then the speed is constant.

I This follows from Problem 34.66, substituting R’(¢) for R(¢).
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Prove the converse of Problem 34.79: If the speed is constant, then the velocity and acceleration vectors are
perpendicular.
I This is a special case of Problem 34.59 if we substitute R'(¢) for R(r).

Let T(¢) be the unit tangent vector to a curve R(¢). Show that, wherever T'(1)#0, the principal unit normal
vector N=T'/|{T'| is perpendicular to T.

I The argument of Problem 34.59 applies to any differentiable vector function. Therefore, T-T'=0, which
in turn implies T-N=0 wherever N is defined (i.e., wherever |T'|>0).

Show that the principal unit normal vector N(¢) (Problem 34.81) points in the direction in which T(¢) is turning as ¢
increases.

T +A)~-T(
I Since N(¢) has the same direction as T’, we need prove the result only for T'. T'(f) = Alim0 (——A)t———(—l =

lim0 A For small Ar, AT/At has approximately the same direction as T'(¢), and, when A¢>0, AT and
At—

AT/At have the same direction. If we place T(t + At) and T(¢) with their tails at the origin, AT is the vector
from the head of T(¢) to the head of T(¢ + Ar). Figure 34-16 shows that AT points in the direction in which T is
turning (to the right in this case).

y y

T T(t 4 A1)
/ T(1)
é :\-AT

Tt + a0 Fig. 34-16

If R(¢)=(rcost, rsint), where trepresents time, show that the principal unit normal vector N(¢) has the same
direction as the acceleration vector.

I R'(t)=r(-sint,cosr) and [R'(t))=r. So, T(t)=R/|R'|=(-sint,cost). Hence, T'(f)=(~cost,

—sinf) and |T'(¢)|=1. Thus, N()=T'(r)=—(cost,sint)=— % R. In this case, by Problem 34.74, N(¢)

has the same direction as the acceleration vector. Note that N(¢) is pointing in the direction in which T(¢) is
turning, that is, “inside” the curve.

Compute N(¢) for the curve R(z) = (2 cos £, 2 sin ).

I R'(t)=(—4tsin 7, 4t cos ) = 4(—sin £, cos 7). So, |R'(6)]=4|]. Thus, T()= ﬁT (—sin £ cos 7).
¢ . 27 .

Hence, T'(t)= T (—2tcos t% —2tsin *) = — Tl (cos £,sin ). So, |T'(¢)]=2|¢), and, therefore, N(r)=

T'(¢)/|T'(t)| = —(cos £, sin £*). Again, N(¢) has the same direction as the acceleration vector, that is, it points

toward the center of the circle traced out by R(¢).

Show that when arc length s is chosen as the curve parameter, the principal unit normal vector has the simple
expression N(s) = R"(5)/|R"(s)].

I By Problem 34.47, T(s)=R'(s), and so T'(s)=R’(s) and N(s)=T'(s)/|T'(s)| = R"(s)/|R"(s)| [ex-
cept where R"(s) =0].

Show that, for the cycloid R(z) = a(t —sin t, 1 — cos ¢), where ¢ is the time, the acceleration vector is not parallel
to the principal unit normal vector.

I R'()=a(l—cost,sint), |R(¢)=a\/(1—-cost)>+sin’t=aVZ—2cost=aVZV1i—-cost. Then

V2 1 ,
T() = -5 ——f\/ﬁ (1 —cos t,sin t)
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V2 [ sin ¢ ]
! — —__-—-_1 t t
and T(t) = ,———-—-CO (sin ¢, cos £) — 2 d=cos )" (1—cost,sint)
V2 1 1 V2 1 .
T3 Voo BEAS = - === (sint,cos 1~ 1
Vi [Gint,cos 1) — 4 (sint, 1 +cos )] = N T (sint,cost—1)

Thus N(r) has the direction of (sint,cosz—1). However, the acceleration vector R"(f) = a(sin ¢, cos 7).

At a given point on a curve, does the unit tangent vector depend on the direction in which the curve is being swept
out?

I We let S(t)=R(—1). Then S(f) traces the same curve as R(t), but in the reverse direction. S'(r)=
—R'(—f) and |S'(r)] =|R'(—¢)]. Let T*(t) be the unit tangent vector for the curve S(¢). Then T*(¢)=
S'(0)/1S'(1)] = —R(—1)/|R'(=1)] = —=T(—1). Hence, at each point, the direction of the unit tangent vector has
been reversed.

At a given point on a curve, does the principal unit normal vector depend on the direction in which the curve is
being swept out?
I Use the same notation as in Problem 34.87. Let N*(¢) be the principal unit normal vector on the reversed

curve S$(¢). Since T*(t) = -T(-1), P T*(¢) =T'(—t), by the chain rule. Hence,

N*() = ———— 2 7+() = n

'dt T*(t)\

Thus, the principal unit vector is not changed by reversing the direction along a curve.

1 " . — —
o V=N

Let ¢ be the angle between the velocity vector and the positive x-axis. Show that |dT/d¢|=1.

§ Since T is a unit vector in the same direction as the velocity vector, T = (cos ¢. sin ¢). Hence,
dT/d¢ = (—sin ¢,cos ¢) and |dT/dp|=1.

Show that there is a scalar function f(r) such that N'(r) = f(£)T(¢), and find a formula for f(¢).

I Parameterize the curve as R(¢) = (¢, £°).

Then R'(0)=(1,37), [R'@)|=V1+9 T(r)=—1~\/._‘1:_—9—;(1,3t2).
t

/ 1 18¢°
T (t) = \/1_—:.9_?- (0, 61) - (1_+9‘;4—)7'2- (1, 3[2)

So, T'(0)=0 and, therefore, N(0) is not defined.

Show that there is a scalar function f(¢) such that N'(t) = f(¢1)T(¢), and find a formula for f(¢).

§ Since N(¢) is a unit vector, Problem 34.59 shows that N'(f) L N(¢). Since T(t) LN(), N’(¢) and T(¢)
must be parallel (remember that we are in two dimensions). Hence, there is a scalar function f(r) such that

TI
N'(¢) = f(1)T(¢). Since N(t)-T(t)=0, the product rule yields N-T'+N':T=0, N :-T=- ﬁ;'- -T' =
—|T’|. Hence, —|T'|=N"T=f)T-T=f(), since T-T=|T|’=1. When =s=arc length, the
scalar f measures the curvature of R(s); see Problem 34.105.

~(dvld
Show that T’(t)=w.

I T()=(1/v)R'(t). By the product rule,

1 dv

TW=3 R"(‘) = 5 R)=-3 [UR"(I) -= R’( )] _ va—(dv/dr)v

02
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Generalize the result of Problem 34.83 to any motion at constant speed.

I 1f dvidt=0, Problem 34.92 gives T'=(1/v)aor N=(1/v)|T'|a.

Define the curvature k and radius of curvature p of a curve R(¢).

I As in Problem 34.89, let ¢ denote the angle between the velocity vector R'(f) and the positive x-axis. The
curvature « is defined as d¢/ds, where s is the arc length. The curvature measures how fast the tangent vector
turns as a point moves along the curve. The radius of curvature is defined as p = |1/x].

For a circle of radius 4, traced out in the counterclockwise direction, show that the curvature is 1/a, and the radius
of curvature is a, the radius of the circle.

I 1f (x,, y,) is the center of the circle, then R(t)=(x,+acost, y,+ asint) traces out the circle, where ¢ is
the angle from the positive x-axis to R(#) — (x4, ¥,). Then R'(t)=a(—sint,cost), and ds/dt=a. The
acost
—asint

angle ¢ made by the positive x-axis with R'(¢) is tan_'( )=tan"l (—cott), or that angle + .

Hence,

dé _
ds 1+c0t t

Q=

dat  dt
————— (csc? ) R
So, «k=1/a, and by definition, the radius of curvature is a.

Find the curvature of a straight line R(f)=A + B.

I R'()=B. Since R'(¢) is constant, ¢ is constant, and, therefore, & = d¢/ds =0.

Show that, for a curve y = f(x), the curvature is given by the formula « =y"/{1 +(y')’]*’°. (We assume
that ds/dx>0, thatis, the arc length increases with x.)

I Since y’ is the slope of the tangent line, tang =y’ Hence, differentiating with respect to s,
sec? ¢ (d/ds) = y"/(ds/dx). But, sec>dp=1+tan’* ¢=1+(y'), and ds/dx=[1+(y')’]"> Thus,
_dé _y+(y)] _ Y

Cds T (Y17 D)7

Find the curvature of the parabola y =x” at the point (0, 0).

I y =2x and y"=2. Hence, by Problem 34.97, «=2/(1+4x’)*% When x=0, x=2.

Find the curvature of the hyperbola xy=1 at (1,1).

I y'=-1/x and y"=2/x’. By Problem 34.97,
2 2 & 2x’
-3

= N+ 2 +1)y7? = o+ 1)
When x=1, «=2/2V2=V2/2.

(y ~ y%)
(€33 Jg(y) 7

indicate differentiation with respect to ¢, and we assume that ¥ >0 and s§>0

Given a curve in parametric form  R(¢) = (x(¢), y(¢)), show that «= (Here, the dots

I Substitute the results of Problem 34.19 into the formula of Problem 34.97.

Find the curvature at the point 8 = = of the cycloid R(8) = a(6 —sin 8, 1 — cos 6).
I Use the formula of Problem 34.100, taking ttobe . Then xX=a(l-cosf), y=asinf, x=asin,
y=acos0, (%)°+ () =a*(1-cos@)*+a’sin’>0=a’(2—2cos@). Then

_a(l—cosf)acos@ —asinfasing _ 1 cos@—1 1 1

2V2a*(1 - cos 6)°"* T 2V2a (1-cos8)2  2V2a Vi-cos6
When 8=a, k=-1/4a.
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Find the radius of curvature of y=Inx at x=e.
I y'=1/x, y'=-1/x and [1+(¥y')VP?=[1+1/x")])*=x*+1)"% x> By Problem 34.97,
—(1/x%) x

= (xz + 1)3/2/.\73 == (xz T 1):4/2

When x=e, «x=-e/(’+1)"" and p=(+1)"%e.

Find the curvature of R(f) = (cos®t,sin’ £) at ¢=x/4.

I Use Problem 34.100. %=-3cos’ tsint, y =3sin’ tcost, %= ~3(cos® t —2sin’ tcos 1) =
~3cosi(3cos’ t—2). y=3(—sin>t+2cos’ tsint)=3sin#3cos’ 1—1). [(£)*+(¥)’]'* =(9cos* tsin’ 1 +
9sin® r cos” £)*'? = (9 cos” tsin® £)*'> =27 cos® tsin® &. Now, ¥y — y¥ = (—3 cos’ ¢sin £)(3sin f)(3cos® r— 1) —
(3sin? tcos 1)(—3 cos £)(3cos® t —2) = —9cos’ tsin® t. k= —9cos” tsin’ #/27 cos® tsin® t = — 1/(3 cos tsin t).
When r=mw/4, k=-%.

For what value of x is the radius of curvature of y=e* smallest?

I y =y"=¢" By Problem 34.97, «=e%(1+¢*)*? and the radius of curvature p is (1+ e**)*'%e".
Then

dp _ € - 3(1+e¥)"?(2e™) —e"(1+ ™) (1+e7)’[3e™ - (1+e™)] _ (1+e™)' (2 - 1)

dx e e e*

Setting dp/dx=0, we find 2¢*=1, 2x=Ini=-In2, x=-(n2)/2. The first-derivative test shows
that this yields a relative (and, therefore, an absolute) minimum.

For a given curve R(¢), show that T'(t) = (v/p)N(2).

I By definition of N(¢), T'(f) =|T'(+)[N(). We must show that |T'(t)| =v/p. By the chainrule, T'(t)=

d¢ d.
—‘-;2 By Problem 34.89, |dT/d¢|=1. Hence, |T'(t)|=|d¢/dl]. But, d¢ _ 4o ds and, therefore,

ar

do dt ds dt’
do||ds| ,

\7"’ !2%“5" Since « = dg/ds, |d/ds|=1/p. Thus, [T'(c)|=u/p.

Assume that, for a curve R(f), v=ds/dt>0. Then the acceleration vector a can be represented as the
following linear combination of the perpendicular vectors T and N:  a = (d’s/dr*)T + (v/p)N. The coefficients
of T and N are called, respectwely, the tangential and normal components of the acceleration vector. (Since
the normal component v*/p is positive, the acceleration vector points “inside” the curve, just as N does.)

I By definition of T, T=R'()/v. So, R'(#)=vT. By the product rule, R'(t)=vT’ + (dv/d)T. By
Problem 34.105, T'=(v/p)N. Hence, a=R"(t)=(d’/dt*)T + (v¥/p)N.

Find the tangential and normal components of the acceleration vector for the curve R(t) = (¢', ¢*') (a motion
along the parabola y = x?).

I R =(c,2e"), R'=(e"4e¥). v=|R|=Ve* +4¢* =e'V1+4e”. Hence,

£, 2t t 2t
D_de e oViTaer =8t VT Tee = VT 166

dt  V1+4e” V1 +4e*
Since R" = (dv/dt)T + (v¥p)N, and T and N are perpendicular, the Pythagorean theorem yields

IR"|> = (dv/dt)* + (v*/p)>. Hence,

24 2¢ 2 242
8¢ +1) v

1+ 16¢7) = S8 L1 +(—>
e ) 1+4¢* p

2\ 2 2t 2 2t
+
So, (%) = e*(1+16¢%) - (18: e i = o [(14166¥)(1 +4¢%) — (64e" + 1667 +1)]
e21 2y _ 4e4t

T irae YT T
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34.108

Thus, v*/p=2€*/V1+4e* Thisis the normal component, and we already found the tangential component as
e'(8¢” +1)/V1+4e*. Note that we avoided a direct computation of v*/p, which is usually tedious.

Find the tangential and normal components of the acceleration vector for the curve R = (¢ 7).

dv 1 8t+367°

a2 Vartor

I R =(2,3%), R'=(2,60)=2(1,3t). Then v=|R|=V4r+9" Hence,

+ 2
%\;iz—tz————:gét—z. [R"| =2V1+9r. By the Pythagorean theorem, |R'|> =|dv/di]* + (v/p)> Hence,
v’ )2 4£(2 +9¢4)* 4 361
—) =41+9%) - = +92)(47 + 9%y — A2+ 9%) ] =
< p A9 - = vor ~“ar+or [(1+90) SRRLACRELRN hbeery:

So, v¥p=6Jt]/V4+9¢ is the normal component of the acceleration vector, and we already found the
tangential component as 22 + 9£°)/V 4¢* + 9¢".
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CHAPTER 35
Polar Coordinates

Write the relations between polar coordinates (r, 8) and rectangular coordinates (x, y).

I x=rcos8, y=rsing; or, inversely, r*=x>+y’ tan@=y/x. See Fig. 35-1. Note that, because
cos(@+ m)=-cos@® and sin(0+ 7)=—siné, (r,0) and (—r, 6+ 7) represent the same point (x, y).

\)

Fig. 35-1

Give all possible polar representations of the point with rectangular coordinates (1, 0).
I (1,27n) for all integers #, and (—1,(2n +1)#) for all integers n.

Give all possible polar representations of the point with rectangular coordinates (1, 1).

I (v3, Z+2mn) forallintegersn, and (—V3, 37 +2mn) for all integers n.
3 & 4

Find the rectangular coordinates of the point with polar coordinates (2, 7/6).

I x=2cos(w/6)=2-(V3/2)=V3, y=2sin(#/6)=2-1=1. Thus, in rectangular coordinates, the point
is (V3,1).

Find the rectangular coordinates of the point with polar coordinates (—4, 7/3).

I x=-4cos(w/3)=-4-1=-2. y=—4sin(n/3)= —4(V3/2) = —2V3. Thus, in rectangular coordinates,
the point is (—2, —2V3).

Find the rectangular coordinates of the point with polar coordinates (3, 37/4).

I x=3cos(3n/4)=3-(-V2/2)=-3V2/2. y=3sin(3n/4)=3-(V2/2)=3V2/2. Thus, in rectangular
coordinates, the point is (—3V2/2, 3V2/2).

Describe the graph of the polar equation r=2.

I x*+y*=r*=4. Thus, the graph is the circle of radius 2 with center at the pole.

Describe the graph of the polar equation r=—2.

I x*+y’>=r*=4. Thus, the graph is the circle of radius 2 with center at the pole.

Describe the graph of the polar equation r= a.

I x*+y*=r*=a’> Hence, the graph is the circle of radius |a| with center at the pole.

Describe the graph of the polar equation 6= n/4.

I The graph is the line through the pole making an angle of 7/4 radian with the polar axis (Fig. 35-2). Note
that we obtain the points on that line below the x-axis because r can assume negative values.

289
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3.1

35.12

35.13

35.14

35.15

35.16

35.17

35.18

35.19

35.20

35.21

35.22

/4

Fig. 35-2

Describe the graph of the polar equation € =0.

I This is simply the line through the polar axis, or the x-axis in rectangular coordinates.

Write a polar equation for the y-axis.

I 0=m/2 yields the line perpendicular to the polar axis and going through the pole, which is the y-axis.

Describe the graph of the polar equation r=2sin 6.

I Muitiplying both sides by r, we obtain r’>=2rsin0, x*+y* =2y, x*+y*-2y=0, X*+(y—-17>=1.
Thus, the graph is the circle with center at (0, 1) and radius 1.

Describe the graph of the polar equation r=4cos .

I Muitiplying both sides by 7, we obtain r>=4rcosf, x*+y’=4x, x’—4x+y°=0, (x-2)°+y’=4.
Thus, the graph is the circle with center at (2, 0) and radius 2.

Describe the graph of the polar equation r = tan 0 sec 6.

I r=sin6/cos®0, rcos®’@=sin6, r’cos’@=rsing, x*>=y. Thus, the graph is a parabola.
Describe the graph of the polar equation r=6/V 9~ 5sin” 6.

’2 r =36/(9-5 sin® 9), r’(9—5sin’ 0) =36, 9r* —5r’sin’ 6=36, 9(x*>+ y>)—Sy’ =36, 9x*+4y> =36,

% + %— =1. The graph is an ellipse.

Describe the graph of the polar equation r= —10cos 6.

I Multiply both sides by r:  r*=—-10rcos8, x*+y*=-10x, x*+10x+y*=0, (x+5)°+y*=25.
Thus, the graph is the circle with center (—5, 0) and radius 5.

Describe the graph of the polar equation r = 6(sin  + cos @).

I Multiply both sides by r: r>=6rsin8 +6rcosd, x*+y>’=6y+6x, x’—6x+y>—6y=0, (x—3) "+
(y —3)*=18. Thus, the graph is the circle with center at (3, 3) and radius 3V?2.

Describe the graph of the polar equation r=35csc 6.

I r=5/sin6, rsin@=5, y=5. Thus, the graph is a horizontal line.

Describe the graph of the polar equation r = -3 sec 6.

I r=-3/cos8, rcos§=-3, x=-3. Hence, the graph is a vertical line.

Change the rectangular equation x*>+ y*>=16 into a polar equation.

I #=16, r=4 (or r=-4).

Change the rectangular equation x”—y®>=1 into a polar equation.

I rcos’6—r’sin®@=1, r’(cos’6—sin’6)=1, r’cos26=1, r*=sec26.
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Transform the rectangular equation xy =4 into a polar equation.

J rcos0-rsin0=4, r’sinfcos0=4, r’(sin20)/2=4, r>=8csc26.

Transform the rectangular equation x =3 into a polar equation.

I rcos0=3, r=3seco.

Transform the rectangular equation x +2y =3 into a polar equation.

I rcos6+2rsin@=3, ricos®+2sin8)=3, r=3/(cos8 +2sin0).

Find a rectangular equation equivalent to the polar equation 6 = =/3.

I tané=tan(#/3)=V3. Hence, y/x=V3, y=V3x

Find a rectangular equation equivalent to the polar equation r=tan 6.

I Vx> +y =yix, X*+y*=yix’ Y =x*(*+y?), y'=x'+x%% y(1-x)=x y*=xY(1-xd).
Show that the point with polar coordinates (3, 37/4) lies on the curve r=3sin26.

I Observe that r=3, 6=3n/4 do not satisfy the equation r=3sin26. However (Problem 35.1), the
point with polar coordinates (3, 37/4) also has polar coordinates (—3,7w/4), and r=-3, 6=T7w/4 satisfy
the equation r=3sin26, since 3sin2(7#/4)=3sin(77/2)=3(-1)=-3.

Show that the point with polar coordinates (3, 37/2) lies on the curve with the polar equation r° = 9sin 6.

I Notice that r=3, 6=3#/2 do not satisfy the equation r*>=9sin6. However, the point with polar
coordinates (3,3#/2) also has polar coordinates (—3, w/2), and r=-3, 6= =/2 satisfy the equation
r*=9sing, since (-3)*=9-1.

Sketch the graph of r=1+cos 6.

{1 See Fig. 35-3. At 8=0, r=2. As@increasesto w/2, rdecreasestol. As @increases to m, r decreases
to 0. Then, as 6 increases to 37/2, r increases to 1, and finally, as @ increases to 2, r increases to 2. After
0 =2m, the curve repeats itself. The graph is called a cardioid.

0'0 /2 T 3w/2 27
rl2 1 0o 1 2

[
—

—
—

Fig. 35-3 Fig. 35-4

Sketch the graph of r=1+2cosé.

I SeeFig. 35-4. As 6 goes from 0 to /2, r decreases from 3 to 1. As 6 increases further to 277/3, r decreases
to0. As #goeson to m, r decreases to —1, and then, as 6 moves up to 47r/3, r goes back upto 0. As § moves on
to 37/2, r goes up to 1, and, finally, as 6 increases to 2, r grows to 3. This kind of graph is called a limacon.

[/} I 0 w2 27/3 T 41/3 37/2 27
rl3 1 0 -1 0 1 3
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35.32  Sketch the graph of 7 = cos26.

I The construction of the graph, Fig. 35-5, is indicated in the table of values. Note that some values of 8 yield
two values of r, and some yield none at all (when cos 28 is negative). The graph repeats from 8== to
0 =2x. The graph is called a lemniscate.

(/] ' 0 wl4 37/4 T
r| *1 o 0 +1
J
\ /
\ /7
AN /7
N /7 A
\\ ,
N /
LN /7
N /7
/
// \\
7 AN
/ \
Vs \\
yd N Fig. 35-5 Fig. 35-6

35.33  Sketch the graph of r=sin24.

I The accompanying table of values yields Fig. 35-6. The graph is called a four-leaved rose.

(/] l 0 /4 wl2 37/4 T S5uw/4 37/2 Tm/4 27
rlo 1 0 -1 0 1 0 -1 0

35.34  Sketch the graph of r=1-cosé.

I The graph of r=f(6 — a)is the graph of r=f() rotated counterclockwise through a radians. Thus, a
rotation of Fig. 35-3 through = radians gives the graph of r=1+cos(8 — 7)=1—cos 6.

35.35  Sketch the graph of r=1-—sin6.
I Rotate Fig. 35-3 through 37/2 radians (or —#/2 radians): r=1+cos (8 —3w/2)=1—siné.

35.36  Sketch the graph of r=1+sin#.
I Rotate Fig. 35-3 through #/2 radians: r=1+cos (8 — #/2) =1+sin 6.

35.37  Sketch the graph of r*=sin26.
I Rotate Fig. 35-5 through #/4 radians: r* =cos 2(§ — 7/4) = cos (26 — 7/2) =sin 26.

35.38  Sketch the graph of r=4+2cos#.

I See Fig. 35-7. This figure is also called a limacon (but with a “dimple” instead of a loop).

0 I 0 /2 T 37/2 2@
rl e 4 2 4 6
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Fig. 35-7

Sketch the graph of r=2+4cos#.
I Scale up Fig. 35-4 by the factor 2.

Sketch the graph of r=4—2siné.
I Rotate Fig. 35-7 through 37/2 (or —n/2) radians: r=4+2cos (6 —37/2)=4~2siné.

Sketch the graph of r=2asiné.

§ See Problem 35.13. A geometrical construction is shown in Fig. 35-8, for the case a > 0.

2af A

Fig. 358 Fig. 35-9

Sketch the graph of r* =sin 6.

I As shown in Fig. 35-9, the curve is a lemniscate.

6 ] /2 T 2m

0
rlo = 0o - 0

Sketch the graph of r =2+ cos26.

I 1 is never negative. The graph, Fig. 35-10, is symmetric with respect to the pole, since cos2(6 + 7) =
cos 26.

6|0 w4 w2 3u/4 w Su/d 3a/2 w4 2n
rl 3 2 1 2 3 2 1 2 3



294 [] CHAPTER 35

Fig. 35-10 Fig. 35-11
35.44  Sketch the graph of r=sin(6/2).

I See Fig. 35-11. From 6=0 to 6 =2m, we obtaina “cardioid”, and then, from 0=2% to 6=4m,
the reflection of the first “cardioid” in the y-axis.

[} I 0 w2 T 3#/2 2 5#/2 37 Tml2 44
rlo vaz 1 vinz o V22 -1 V312 0

35.45  Sketch the graph of r=cos’ (6/2).

I r=cos®(6/2)=(1+cos8)/2. Hence, the graph is a contraction toward the pole by a factor of §, of
Fig. 35-3.

35.46  Sketch the graph of r=tané.

I The behavior of tan @ is shown in the table of values. Recall that tan@— + as 6->(w/2)7, and
tand— —7 as 6—(w/2)". See Fig. 35-12.

@ I 0 wl4d— 7/2<3xw/4 T Smld—->37/2«<Tw/4 2@

r I 0 1— 40, ~oe—1 0 1—> 400, —0e -1 0

\

Fig. 35-12 Fig. 35-13
35.47  Sketch the graph of r=sin36.

I 1t is convenient to use increments in 8 of /6 to construct Fig. 35-13. Note that the graph repeats itself after
0 = mw. The result is a three-leaved rose.

0 | 0 w6 /3 wi2 27/3 Swi6 T
rl oo 1 0 -1 0 1 0
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Sketch the graph of r=sin46.

I Figure 35-14 shows an eight-leaved rose. Use increments of /8 in 6.

(i} 0 /8 wl/4 3nw/8 w2 5w/8 3n/4 Tmwl8 T 97/8 Sw/4 117/8
r 0 1 0 -1 0 1 0 -1 0 1 0 -1
\
0 37/2 137/8 Tml4 157/8 27
r 0 1 0 -1 0
Fig. 35-14

Find the largest value of y on the cardioid r=2(1+ cos §).

I y=rsino=2(1+cos6)sing. Hence, dy/de=2[(1+cosf)cosf—sin’0]. Setting dy/d6=0, we
find (1+cos@)cos@=sin"6, cosf+cos’d=1—cos’, 2cos’d+cosf—1=0, (2cosf~1)(cosf+1)=
0, cosd=1 or cosf=—1. Hence, we get the critical numbers 7, 7/3,57/3. If we calculate y for these
values and for the,endpoints 0 and 2, the largest value 3V/3/2 is assumed when 6 = /3.

Find all points of intersection of the curves r=1+sin>6 and r=—1—sin’4.

I 1f we try to solve the equations simultancously, we obtain 2sin* 6 =—2, sin®6=—1, which is never
satisfied. However, there are, in fact, infinitely many points of intersection because the curves are identical.
Assume (r, ) satisfies r=1+sin’6. The point (r,0) is identical with the point (—1-—sin?8, 6+ =),
which satisfies the equation r=-1-sin’@ [because sin® (6 + =) = sin® 6].

r =4V3sin 6.

I For the same (r,8), 4V3sin@=4cosh, tan6=1//3, and, therefore, 8#=m/6 or 6=7x%/6. So,
these points of intersection are (2V3, 7/6) and (-2V3,7#/6). However, notice that these points are identical.
So, we have just one point of intersection thus far. Considering intersection points where (r, 8) satisfies one
equation and (—r, 8 + =) satisfies the other equation, we obtain no new solutions. However, observe that both
curves pass through the pole. Hence, this is a second point of intersection. (The curves are actually two
intersecting circles.)

Find the points of intersection of the curves r=4cos# and

r=V2sin# and r*=cos?26.

I Solving simultaneously, we have  2sin> 0 =cos26, 2sin>6=1-2sin>6, 4sin’0 = 1, sin*6=1%,
sin@==x1. Hence, we obtain the solutions 6= 7/6,57/6,7w/6, 117/ 6, and the corresponding points
(V212, 716), (V212,5716), (~V2/2,77/6), (~V2/2,117/6). However, the first and third of these points are
identical, as are the second and fourth. So, we have obtained two intersection points. If we use (7, 9) for the
first equation and (-7, 8+ m) for the second equation, we obtain the same pair of equations as before.
Notice that both curves pass through the pole (when r =0), which is a third point of intersection.

Find the points of intersection of the curves
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35.60

35.61

Find the intersection points of the curves r’>=4cos28 and r’=4sin26.

I From 4cos26=4sin 26, we obtain tan20=1, 20= /4 or 5mw/4. The latter is impossible, since
4cos(5m/4)<0 and cannot equal r> Hence, 6=m/8, r’=2V2Z, r==2%* Putting (-r, 6+ m)
in the second equation, we obtain the same equation as before and no new points are found. However, both
curves pass through the pole r =0, which is a third point of intersection.

Find the points of intersection of the curves r=1 and r=-1.

I As r=1 and r=-1 bothrepresentthecircle x>+ y’>=1, there are an infinity of intersection points.

Find the area enclosed by the cardioid r =1+ cos 8.

I As was shown in Problem 35.30, the curve is traced out for § =0 to 6 =2#. The general formula for the
areais 3 ;2 r’d6. In this case, we have

2w 2m 27
A=-1- (1+cos«9)2d0=lj (1+2c050+c0520)d0=~f [1+2cos @+ L(1+cos28)] do
2Jo 2 Jo 2 Jo
, 3
=%(0+25in0+%(0+%sin20))];,”=%(377-)=—2—7r

Find the area inside the inner loop of the limacon r=1+2cos¥é.

I Problem 35.31 shows that the inner loop is traced out from 6 =353m/6 to 6=7w/6. So, the area

1 Tnl6 1 Twl6 1 nlé
A=3 r’de =z (1+4c030+4c0528)d0=—f_ [1+4cos@+2(1+cos20)] do
2 Jsnis 2 Jswie 2 Jsnie
. , ™ 1[(1m V3\ (5w V3
-t@o+asinoran2o) || =3 [(F -2+ )~ (Fr2-F) =1+ vey -2

Find the area inside one loop of the lemniscate r’ = cos 26.

I From Problem 35.32, we sce that the area of one loop is double the area in the first quadrant. The latter area
is swept out from 6=0 to 6=m/4. Hence, the required area is 2-% f7'*cos20do=}sin20)7"" =
1 =1

:(1-0)= 3.

Find the area inside one petal of the four-leaved rose r =sin 26.

I From Problem 35.33, we see that the area of one petal is swept out from 6 =0 to 6= w/2. Hence, the
area is

1 w2 s ~1J‘n/21__cos40 . L ]ﬂ/2_1(2>_z
-Z-J; sin 20d0—§ ) —T—d()—4(8 1 sin40) . —1\3)=%

Find the area inside the limacon r=4+2cos#.

I From Problem 35.38, we see that the area is swept out from 6=0 to 6=2m So, the area is
$ [ (16 +16cos 6 +4cos’ ) de = L [Z"[16+ 16cos @ +2(1 +cos20)] df = (186 + 16sin @ +sin260) )" =
1 —

Find the area inside the limacon r=1+2cos@, but outside its inner loop.

I From Problem 35.31, we see that it suffices to double the area above the x-axis. The latter can be obtained
by subtracting the area above the x-axis and inside the loop from the area outside the loop. Since the desired
area outside the loop is swept out from 6=0 to 6=2#/3 and the desired area inside the loop is swept
out from =7 to 6=4x/3, we obtain 2(} [’ do— 1 (1" r’de)=[2""*(1+4cos 8 + cos® 8) db —
JIP (1+4cos@+4cos’9)do = [ [1+4cos 6+2(1+cos20)] do — [2*[1+4cos 6 +2(1 + cos 20)] db =
(36 +\4}§in 0+sin20)]37"° — (30 +4sin 8 +sin20) |77 = 27 +2V3 - V3~ [(47w - 2V3+ WV3I) - (3n)] =
T +3V3.

Find the area inside r =2+ cos 26.

f From Problem 35.43, we see that the area is swept out from #=0 to 6 =27 Hence, the area is
2" [4+4c0s20 +cos*20)d0 = 4 [2[4+4cos6+ 1(1+cos48)]dd = 1(360+2sin260 + §sindd) )" =
1 =

$(9m)=97/2.
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Find the area inside r = cos® (6/2).

I By Problem 35.45, we see that the area is swept out from 6=0 to 6 =2m Hence, the area is

2 1+cosa> 1 5
2f cos —dB——f (—2—— d()-g ) (1+2cos 6 +cos” 8) d

37

-—j'§"[1+2coso+ 3(1+c0os20)] dd = 4(30 +2sin 8 + }sin26) 3" = I( 31r)=?

Find the area sweptoutby r=tan@ from 6=0 to 8==/4.

I See Fig. 35-12. The area is 3} fg'*tan® 0d6 =1} f7'* (sec® 9 —1) do = § (tan  — 08) ]7"* = i[1 — (w/4)).

Find the area of one petal of the three-leaved rose r = sin 36.

I By Problem 35.47, one petal is swept out from 6 =0 to 6= /3. Hence, the areais % L [7'?sin® 36 do =
173 4(1~cos68) do = 1(0 — L sin60) 7% = Y(w/3) = =/12.

Find the area inside one petal of the eight-leaved rose r =sin 46.
’ From Problem 35.48, one petal is swept out from 6=0 to 8= =n/4. Hence, the area is
1[7%sin®40do =4 [7* (1 —cos88)df = 1(6 — }sin80)]7"* = L(w/4) = w/16.

Find the area inside the cardioid r=1+cos# and outside the circle r=1.

I in Fig. 35-15, area ABC=area OBC —area OAC is one-half the required area. Thus, the area is
2-4 "/2[(1+c030) ~(1)’]1d6 = [7'*(2cos® +cos’0)do = "’2[2cos(9+5(1+c0520)]d0 = (i0+
2sin @ + }sin20) )77 = (w/4) + 2.

Fig. 35-15 Fig. 35-16

Find the area common to the circle r=3cosd and the cardioid r=1+cosé.

I 1n Fig. 35-16, area AOB consists of two parts, one swept out by the radius vector r=1+cos8 as 4 varies
from O to #/3 and the other swept out by r=3cos8 as 0 varies from /3 to w/2. Hence, the area is

w2

1
ZEJ; (1+coso)2d0+2 f 9 cos’ Gdef [1+2cose+2(1+c0520)]d0+9f 3(1+cos28) do

=(36+2sin 6+ 1sin28) 137 + $(8 + 1sin20) 73

(3o D) 35 (5 P

Find the area bounded by the curve r=2cos8, 0=6=m.

I A=4{f74cos’0do=2f7 3(1+cos26)df=(8+ 1sin28)]; == This could have been obtained more
easily by noting that the region is a circle of radius 1.
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Find the area inside the circle r=sin@ and outside the cardioid r=1—cos#.

I For 0<@=m/2, sinf®6=1-cos’0=1—cosf=(1—cosB)’, so that sin6=1—-cosd and the de-
sired area is as shown in Fig. 35-17.

A

1 w/2 w/2
EJ:) [sinz()—(l—coso)z]d0=%ﬁ) (2c050—1—00520)d0=%(25in0—0——-sm20)]0

Ty _1_T
2-7)-1-7

Fig. 35-17

Find the area swept out by the Archimedean spiral r=60 from =0 to 0=27.

I Theareadis L [l"0°do=161"=LQn)=4n"

Find the area swept out by the equiangular spiral r=¢° from =0 to §=2=.

I A=1(l"e®do=1e”]2"= (e~ 1).

Find the centroid of the region inside the first-quadrant loop of the rose r=sin26 (Fig. 35-6).

I The area Ais L [7?sin’20d0=1% [7'° 5(1—cos40)do=14(0—} sm 40) ]"’2 /8. The general
formulas for the centroid (x, y) are Ax =3 [ r3 cos 8 d and Ay = f:’ r sm 6 d8, where A is the
area. In this case, we have (#/8)x=1} [J'%sin®26 cos 8 do = 3 5”2 sin® 4 cos* @ do =4 ["/2 1-cos’ 0)
cos* @sin@ dd = & [7'* (cos* @ sin @ — cos® 0sm0) d9 = §(—Lcos’@+1icos’0)]77 = —§(-1

Hence, x= 128/10511- By symmetry, y=128/105x.

7) = 105

Find the centroid of the right half of the cardioid r=1+sin8. (See Problem 35.36.)

I By Problem 35.55 (and a rotation), the area A is 37/4. The reglon in question is swept out from 6=-=x/2
to  @=m/2. Hence, Bm/d)x=131{""7,(1 +sm 6 cos@do=1-1(1+sing)*]7?,= &(16)=4%. Thus,

£ =16/97. In a similar manner, one finds y=2.

Sketch the graph of #° =1 +sin 6.

I Sce Fig. 35-18; there are two loops inside a larger oval.

0 l 0 w2 T 37/2 27
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V2

Fig. 35-18
Find the area between the inner and outer ovals of r>=1+sin# in the first quadrant (see Fig. 35-18).

I The area inside the outer oval is

1 (72 . P 2
AO=EL (1+sin@)do=3(0 —cos )]y =-2-[——( 1)]
The area inside the inner oval is the same as
3m/2 s 1137 o—2
A, = 2] (1+sin@)do=4(0~cos6)].” 5[——(71-%-1)] 4

m+2 w2

—_—— = ]

4 4

Hence A —A,=

Find the arc length of the spiral r=6 from 6=0 to 6=1.

I The general arc length formula is :12 \r* +(dr/d8)* d6. In this case, dr/d§ =1, and we have L =

JoVe*+1do. Letting 6 =tanu, df=sec’udu, we obtain [J'*sec’ udu= L(secutanu +In]|secu+
tanu|)]7* = {[VZ+In (V2 +1)].

Find the arc length of the spiral r=¢° from =0 to #=In2.
I drido=e". Hence, L=[?Ve’ +e*do=[r>V2ie"dd=V2e17°=V2Q2-1)=V2

Find the length of the cardioid r=1—cosf (Problem 35.34).

I dridé =siné. So, L=fV({ —cos8) +sin*0do=[2"V2~2cos6db=V2[2"VI—cos 6 df =
V2 [Z7 V2sin (0/2) df =2(—2cos (8/2)) |i" = —4(-1—1)=8.

Find the length of r=6> from 6=0 to 6=V5.
I aride=26 L=["Ve*+49°do=["6Ve +ado=1-2(6>+4) | =4(27-8)=%.

Find the length of r=e"”? from 6=0 to 6=2m
1 dridg=1e”> Then

2

27 2w
L=] VETidan=] —‘2@ ¢ do = —\2—3 @) | =viEe -1

Find the arc lengthof =1/ from 6=1 to 6=V3.

" V3 1.1 VivVer+1 R
I drid9=-1/6". Then L=ﬁ \’F+?d0:f ——— df. Let 6=tanu, df=sec" udu. We
get
w/3 w3
fm sec u csc’ udu=f (sec u + csc u cot u) du = (In |sec u + tan u} — csc u)]
2+V3
=@+ -—]— +1)- V7] = =
me+va) - Z]-meaen-va=m 23 i va- 2
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Find the arc length of r=cos’(6/2) (Problem 35.45).

I dride = —cos(6/2)sin(6/2). Then §2" \cos* (0/2) +cos” (8/2) sin® (8/2) d8 = [;" |cos (8/2)| d6 =
{7 cos (8/2) d6 — [2" cos (8/2) du =2 sin (0/2) ]0 —25sin (8/2) 2" = 2[(1 - 0) - (0 — 1)} = 4.

Find the arc length of r=sin®(6/3) from 6=0 to 6=37/2.

I dr/d6 =sin’® (8/3) cos (0/3) Then L=["" \/sin" (8/3) + sin® (8/3) cos” 0 df = [;™'* sin® (8/3) do =
™2 L1 - cos (20/3)] do = £(6 — 3 sin (20/3)) |37 = $§(3m/2) =3m/4.

Find the area of the surface generated by revolving the upper half of the cardioid r=1—cos8 about the polar
axis.

I The general formula for revolution about the polar axis is S=2m [ rsin@Vr' +(dr/do)’ do
(= [2myds, the disk formula). In this case, the calculation in Problem 35.78 shows that \/r® + (dridey =
2sin (6/2). Hence, §=2a [7(1—cos@)sinf-2sin(8/2) df = 4= fo2sin® (8/2)- 2 sin (8/2) cos (6/2) -
sin (8/2) do = 167 [ sin* (8/2) cos (8/2) d8 = 167(3 sin® (8/2)) g = 167(3) = 32#7/5.

Find the surface area generated by revolving the lemniscate r°>=cos28 (Fig. 35-5) about the polar axis.

I The required area is twice that generated by revolving the first-quadrant arc. r° + (dr/df8)’ =cos26 +
[(—sin20)/r}> =1/r>. So, the surface area S=2-27 f¢ “rsin6-(1/r)dd =4z [7'*sin 6 d9 =272~ VI).

Find the surface area generated by revolving the lemniscate r’=cos20 about the 90°line.

I The general form for revolutions about the 90>lineis S = [ 2arx ds =24 [g2 rcos 8 \/r” + (dr/d6)* df. As
in Problem 35.85, the required area is twice that generated by revolving the first-quadrant arc. Thus,
§S=22mw 7" rcos6-(1/r)d8 =4x 7' cos 8 d§ =2V2m.

Describe the graph of r=2sin8 +4cos 6.

I Multlply both sides by : r’=2rsinf +4rcosf, x +y>=2y+4x, x° —4x+y> =2y =0, (x-—2)z +
(y —1)>=5. Thus, the graph is a circle with center (2. 1) and radius \/_ Because (=2)° + (—1)>=5, the
circle passes through the pole.

Find the centroid of the arc of the circle r=2sin@+4cosf from 8=0to §==/2.

I The general formulas for the centroid of an arc are xL = J's rcos @\ r* +(dr/d8)’ d¢ and L =

fo rsin @ \/r* + (dr/d8)’ d6, where L is the arc length. In this case, the arc happens to be half of a circle of
radius V3, and, thus, its arc length L =aV5. Since dr/d6 = 2coso 4sin® and r’+ (dride)’ =20,
we have: V5% =4V3 505" (sin@cos+2cos’ 8) do =4V5(Lsin® 0 + Lsin260) |72 =2V5(wr+1), and
X = 2Am+D/im wV55 = 4V5[7"(sin®@+2sinfcos@)dd = 4V5((8/2)— %sin26 +sin’ )77 =
4V5[(w/4)+ 1], and §= (7 +4)/4.

Derive an expression for tan ¢, where ¢ is the angle made by the tangent line to the curve r=f(6) with the
positive x-axis.

I Let a prime denote differentiation with respect to §. Then tan¢ =dy/dx=y'/x'. Since y=rsin,

y'=rcos@+r'sinf. Since x=rcos8, x'=-rsinf+r cosd. Thus,
rcos@ +r'siné r+r'tan @

tan ¢ = - S = ;

—rsin@+r'cos@ —rtan@+r

Find the slope of the tangent line to the spiral r=6 at 6= /3.
I r =1. Hence, by Problem 35.89, with tan 6 =V3,

m=tan = m/3+V3 _ m+3V3
-(m/3)V3+1 -aV3+3
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Find the equation of the tangent line to the cardioid r=1—cos@ at 6= /2.

I r =sin6. Hence, by Problem 35.89, the slope m=—r'/r=—{=-1. When 8==/2, x=0 and
y=1. So, an equation of the line is y—1=-x, x+y=1; in polar coordinates, the line is r(cos 8 +
sin@)=1 or r=1/(cos@ +sin@).

Show that, if 8, is such that r= f(8,) =0, then the direction of the tangent line to the curve r=f() at the
pole (0, 8,) is 6,.
I At(0,8), r=0 and r'=f'(). If r'#0, then, by the formula of Problem 35.89,

0+siné, -f'(8,)

tan ¢ = 0+cos @, -f'(8,)

=tan 6,
andso, ¢=6,. If r=0,

tan ¢ = lim sin 6 - f'(6)

o—o, COS 8- f'(6) =tan,

and again ¢ =#6,.

Find the slope of the three-leaved rose r=cos36 at the pole (see Fig. 35-19).

I When r=0, cos30=0. Then 36=m/2,37/2, 0or57/2, and 0= /6, w/2, or 5w/6. By Problem
35.92, tan¢ =1/V3, o, or —1/V3, respectively.

Y

/ Fig. 35-19

Find the slope of r=1/8 when 6= #/3.
I For r=3/m and r' =-1/8>=-9/n> Problem 35.89 gives

B/m)-O/m*)WV3 W3- xq

NG = VA= (9/n?) V343

Investigate r=1+sin# for horizontal and vertical tangents.

(1+sinf)cos+cosfsinf _  cos6(1+2sin 6)
—(1+sin@)sin@+cos’d  (sinf+1)(2sinf—1)

For horizontal tangents, set tan¢ =0 and solve: cos@=0 or 1+2sin®=0. Hence, 6is n/2, 3n/2,
Twl6,0r 117r/6. For @ = /2, thereis a horizontal tangent at (2, #/2). For 6=7w/6and 117/6, there
are horizontal tangents at (3, 77/6) and (3, 117/6). For 6=3w/2, the denominator of tan ¢ also is 0, and,
by Probiem 35.92, there is a vertical tangent at the pole. For the other vertical tangents, we set the denominator
(sinf +1)(2sin @ — 1) =0 and cbtain the additional cases 6 = #/6and 5#/6. These yield vertical tangents at
(3, w/6) and (3,57/6). See Fig. 35-20.

1 tan ¢ =
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Fig. 35-20

Find the slope of r=2+sin@ when 6= 7n/6.

3 +(V3/2)(1V3)
I BypP : == DR
By Problem 35.89, the slope m ~3(1V3) + (V3/2) 3V3

Find the slope of r=sin’ (6/3) when 6= /2.

I When 6=n/2, r'=sin®(9/3)=1 and r=1}. Hence, by Problem 35.89, tan¢ =—r'/r=~2.
Show that the angle ¢ from the radius vector O—I; to the tangent line at a point P(r, 8) (Fig. 35-21) is given by
tan ¢ =r/r', where r'=dr/de.

I By Problem 35.89,

tang —tan® _ (r+r'tan@)/(—rtan@+r)—tand _ r(l+tan’ @) _
l+tandtand 1+[(r+r'tand)/(-rtan@+r)]-tan6 r(1+tan’6)

tan ¢ =tan (¢ — 0) =

,
7

provided cos 8 #0. A limiting process yields the same result as cos § — 0.

0 7 / -
Fig. 35-21

Find tan ¢ (see Problem 35.98) for r=2+4cos§ at 6= x/3.
I At 9=7/3, r=2+1=%, and r'=-sinf=-V3/2, so tany =rir'=-5/V3.

Find tan ¢ (see Problem 35.98) for r=2sin36 at 6= w/4.
I At 60=m/4, r=2(1/V2)=V2, and r =6cos30=6(-1/V2)=~3V2. Hence, tany =r/r'=-1%.

Show that, at each point of r=ae®, the radius vector makes a fixed angle with the tangent line. (That is why
the curve r=ae® is called an equiangular spiral.)

I ' =ace®. Hence, by Problem 35.98, tany¢ =r/r'=1/c. So, ¢ =tan '(1/c).
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Show that the angle ¢ that the radius vector to any point of the cardioid r=a(l1 —cos8) makes with the curve
is one-half the angle 6 that the radius vector makes with the polar axis.

I r=asing. By Problem 3598, tany =r/r'=(1—cos6)/sin 6 =2sin® (8/2)/[2sin (8/2) cos (6/2)] =
tan (6/2). Hence ¢ =86/2.

For the spiral of Archimedes, r=af (6 =0), show that the angle ¢ between the radius vector and the tangent
lineis w/4 when 6=1 and ¢—>7/2 as 66—+

I r=a By Problem 3598, tan¢y=r/r'=6. When 6=1, tan¢=1 and ¢=n/4. As 66— +x,
tan ¢y >+ and ¢— 7w/2.

Prove the converse of Problem 35.102.
sin 6

dr
If ¢=16, sot '~ tan 10 = (1 — ' f_ S L
1 ¢ =16, sothat r/r'=tan}0=(1-cos)/sin6, then | — e

[a=const.], r=a(l—cos?¥).

do, Inr=In[a(l— cos )]

Find the intersection points of the curves r=sin8 and r=cos 6.

I Setting sin 0 =cos 8, we obtain the intersection point (V2/2, 7w/4). Substituting (—r, 8 + 7) for(r, 6)
in either equation yields no additional points. However, both curves pass through the pole, which is, therefore, a
second intersection point. [In fact, the curves are two circles of radius 3, with centers (0, §) and (4,0),
respectively. ]

Find the angle { at which the curves r=sin@ and r=cos#é intersect at the point (V2/2, m/4).

I Clearly, (= ¢, — ¢,, where ¢, and ¢, are the angles between the common radius vector and the two
tangent lines. Hence, tan {=tan (¢, — ¢,) = (tan ¢, —tan ¢,)/(1 + tan ¢, tan ¢,). For r=sin6, r'=
cos @ and, therefore, by Problem 3598, tan¢, =r/r'=tan(w/4)=1. For r=cosf, r'=-—sinf and
tan ¢, = r/r' = —tan (w/4) = —1. Hence, tan{¢=[1-(-1)]/[1+1(—~1)]=». Therefore, ¢= /2.

Find the angles of intersection of the curves r=3cosd and r=1+cosé.

[} Solving the two equations simultaneously yields cos § = 3, and, therefore, 6 =u/3,5#/3, with r=3.
No other points lie on both curves except the pole. For r=3cosf, r'=-3sin6 and tany, =—coté.
For r=1+cosf, r'=-siné and tany,=—(1+cos@)/sinf Here, ¢, and ¢, are, as usual, the angles
between the radius vector and the tangent lines. The angle { between the curves is ¢, — ¢,, and, therefore,
tan { = (tan ¢, —tan ,)/(1 + tan ¢, tan ¢,). Now,at 6=x/3, tan¢,=-1/V3, tan¢,=V3, and
tan ¢ =[(-1/V3) + V3]/[1 + (-1/V3)(-V3)]=1/V3. Hence, {=w/6. By symmetry, the angle at
(3,5w/3) also is /6. The circle r=3cos8 passes through the pole when 6= 7/2, and the cardioid
passes through the pole when 6 = . Hence, by Problem 35.92, those are the directions of the tangent lines,
and, therefore, the curves are orthogonal at the pole.

For a curve r=f(8), show that the curvature «=[r’+2(r')> —r")/[r’ +(r')’]"?, where r'=
dridé and r"=d’r/do>
I By definition, « =d¢/ds. But, ¢=6+y¢ (Fig. 35-21) and

db_do dy_do dvdo_db(, dv)

ds ds ds ds do ds ds do

We know by Problem 35.98 that tan ¢ = r/r’. Hence, by differentiation,

) ﬂ a (r,)z - I__ 2 il/: _ (ru)Z -
VBT Gy [1+(5) 1% - )
ay _ Y -r 1+ dy _ A 2(r) -
a 'y +r o ()Y +r

But, we know that ds/do =\/r> + (r')>. Hence,

_ d_:[/)_@dﬁ Ay -
K= (1 + de/ de - [rZ + (rr)Z]JIZ
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35.109 Compute the curvature of r =2 +sin 6.

I r =cos6, r'=-sing. By the formula of Problem 35.108,

_(2+5in )’ +2cos’§ —(2+sin 6)(=sin8) _ _6(1 +sin §)
[(2 + sin 6) + cos” 8]** (5 +4sin6)*"”

35.110 Show that the spirals r=6 and r=1/0 intersect orthogonally at (1, 1).

I For r=6, r'=1, and tang,=rlr'=0=1. For r=1/8, r=-1/>= -1, and tan ¢, = —1.
Hence, tan (¢, ~¢,)=[1-(-D}/[1 +(1)(~1)]=». Hence, ¢, — i =m/2.

35.111 Prove the converse of Problem 35.101.

I 1f rir=1/c, then [(drir)=[cdd, Inr=c8+Ina [a=const], r=ae® Note that c=0
gives a circle, a degenerate spiral that maintains the fixed angle /2 with its radii.

35.112  Show that, if a point moves at a constant speed v along the equiangular spiral r=ae®, then the radius r
changes at a constant rate.

_a (@) (%)
I vTa T dt) tr\a

But, along the curve, dr/dt= ace®(d0/dr) = cr(d@/dt); hence

_ /(é:)xi(ﬂ)l_é: 1+ (%)
VEN\ar A N\dr! T odr c?

or dridt=uv/\1+(1/c®)=const.




CHAPTER 36
Infinite Sequences

In Problems 36.1-36.18, write a formula for the nth term a,, of the sequence and determine its limit (if it exists). Itis
understood that n=1,2,3,....

36.1

36.10

1,4, 41 L
9253585 065+«

1 . 1
i1 a”-—'zn_1 Clearly, ..ET»F= .
1,-1,1, -1,
I a,=(-1)""" There is no limit.

lim 1 =0.

n—+o N

[ ) a=1.
n

1,0,1,0,1,0,....

I o, =301+

111 1
224569 By » e
1 1
I a,=—. lm =—=0.
" 2n n—+x N
1 1 1
1,3,3,4,
I a,=>—. Iim =0.
" 2n—1 ne+o 20— 1
1 2 3 4 5
2,354,555 6>
n n
I o= . lim = lim (1—
" n+ 1 n—s+o B+ 1 n—+w

1 a,.=(—1)"”%. lim a,=0.

n—s+ow

LGB
1 an:(n+1)".

n

n—»+o n—s+o

2 3 4
Inf,In3,In%,....

+
I o -2 1 +

Clearly there is no limit.

1 )_
n+1 =1

n
lim a,= lim <1+;) =e, since

lim (1 + 1) =e.
x—+® b 4

lim ln(l + %) =1n1=0. Note that this depends on the continuity of Inx at x=1.
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36.11

36.12

36.13

36.16

36.17

36.18

36.21

0.9, 0.99, 0.999, 0.9999, . . ..

1 . _
I an—l—T(—);. ,,E,"f,,an‘l'

2 4 8 16 32
192 6> 245 120

2" 2 2 2 2 2 2 222211 1 2 1 .
1 “"'Z’E For n>4, 13335 ;<T§§Z§§5_§2n_4 Since
Jm 35 =0, lim a,=0
¢ @ @ a
17276724 120°

a’ . a" a a a a a a

= > . > it S e
I a, 7+ Let k be the least integer =2[al. For n>«k, =133 pa il I"l
a" a a a a a a : 1 " al”
me "; Each of m R m',..., ;l_ 1S <°2’. Therefore, ;" <F
=<0 as n—x So lim q,=0.
2 Farqrom
12 6 24 120
1y 43 275 2565 3125
1

i1 an=2;=1-g ----- 25-1——->0. Hence, lim a,=0.

n n n n n i

1,V2,V3,Va,....

I o, =Vi=n'""=¢"""-¢"=1. Here we have used the fact that lim (Inn)/n=0, which follows by
L’Hbpital’s rule.

cos 1, cos (r/2), cos (mw/3), cos (7/4), . ...
I a, =cos(n/n)—cos0=1.

In Problems 36.19-36.45, determine whether the given sequence converges, and, if it does, find the limit.

a, =sin (nw/4).

I The sequence takes on the values V2/2,1,V2/2,0, -V2/2, =1, =V2/2,0, and then keeps repeating in this
manner. Hence, there is no limit.

a,=nle".

I As L'Hbpital’s rule yields lim xle*=0, lim n/e"=0.

n-»>+wo
a,=(Inn)/n.

I The sequence converges to 0 (see Problem 36.15).



36.22

36.25

36.26

36.27

36.29

36.31

36.32

_3n-2

@ Tn+5"
I ogim 372 3-2m 3
it TR +S et T7+5/n T

4n+5

q, = —g————
"o -2n+3

I In general, the same method that was used for rational functions (like

e = 2n 3 e 1-2/n2 43/ 1

+
Divide by the highest power in the denominator.  lim dn+5
_2n°-3n+20
= TS 12
I iim 2n°=3n+20 _ 2n—3/n3+20/n"__+°0
n—»+ax 5n4+2 n—s 4o 5+2/n4 )
a,=V1/n*, where k>0.
1 1 1 .
] anznk/n=e(k/n)lnn_)2(_)=1’ since — —0
sin n
a,= .
n
1
I Since Isinn[SI,laHIS;. Therefore, lim a, =0.
a,=vVn+1-+vn.
Va+l+vn 1
Vvn+1-— ={(vn+1- = .
I Vn VR =(Vn W)\/n+1+\/ﬁ \/n+1+\/ﬁ—*0
n+5
4, = — e,
" Van*+n
g ots _i4smt 11
Van*+n Va+1in® V4 2
3 5 Pl
2n” —n“+4
a,=—-s——
" n“+1
Vo' —n+4 V2in—1in" +4/in° 0
2 = 2 - - =0
n+1 1+1/n 1
a,=In(n+1)~Inn.
+
I n(r+1)-Inn=mnZ 1=ln(l+%)—>ln1=0.
—_— 2”
8,= 35
2n _ 2”/3'! _ (%)n 0’.
V' 5=1=5m =15 10
an=2nsin£.
n
I tim 2nsin T =27 tim S8 o fim 00 o 1= 2a
n-—»+o n n—s+w T 0—0" 0
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4x+5
X —-2x+5

4/n* +5/n° 0
n n _=0‘

) can be used here.
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_ Vnsin (nle")

36.33 a, 1
VA VA o
[ |a,,|sn+1—-1-+—m—>0. Hence, ,.l_l,Taa"_O'
3634 o = m(*100)
n
In(n+100) In(n+100) n+100 _In(n + 100) ( 100) _ . . Inx
1 - ~— 7100 = Th 7100 1+ " —0-1=0, since xl_lglmT-O.
10
36.35 a"=';,,.
n 010\ [ n(In2)/107* .X
1 o) () [0 o, e s, 20
36.36 a4 =VA(VATa- V).
Vnta+vn _ vn a a

I vi(Vn+ta-va)=va(Vrn+a—Vnh)-

1 4
36.37 an=n[(a+;) —a“].

a+1/n)*~a' . .
I o = (—ﬁ%m — the derivative of x* at x=a, thatis, 4a’

Viita+vA vVnta+van % Vitam+1l 2

36.38 a,=Va"+b", where 0<a<b.

I s, =\/b"(@"b" +1)=b\/(a/b)" +1—b.

+ n
36‘39 n = (nnn*ll)
1 an=(n+l) -1=(1+1) -1—»e-0=0.
n n n/ n
_(n+tDlnn-nln(n+1)
3640 a,= o7 .
Inn—nin(n+1)+1 +1)]" i
] a,,=n nn—nin(n+)+inn _In[n/(n+1)] +1=ln1/(1+1/n) +1>0+1=1, since
Inn Inn Inn

36.41 an=<1+ 12) .
n

36.42 a,,=(1+ i) .
n

1 \2172
1o =[(1+4)"] —en

36.43 a,=tanhn.

n




36.45

36.47

36.49

36.50

36.51

INFINITE SEQUENCES [ 309

1
a,= ———.
" Vi +1-n
I o= 1 Vri+1+n _ nz+1+n_)+oo
n+l-n n+l+n ‘
Ty i

a,=nr" where |r|<1.

n

I By the method of Problem 36.35, |a,|—0; hence, a,—>0.

. . . 3n+5 _3
Give a rigorous proof that nl_l,lllm Tn—4-7
. . 3n+5 3
J Let :£>0. We must find an integer k such that, if n=k, then Tn—4 7 <eg Now,
3n+5_:_3)=,21n+35—21n+12 __ 4 But 47 < @_7_5> 1 o7 _4>£©
Tn—-4"7 7(7n —4) T(Tn—4) TIn—48) T4 " Tn-a""" Te
47 1(47 . 1/47
Tn>—+4&n> s\ - +4). Sochoose k to be the least integer that exceeds = | — +4).
Te T\T7e — 7 \Te

Prove that a convergent sequence must be bounded.

I Assume lim a,=L. Then there exists an integer k such that, if n=k, then la, — L|<1. By the

n—s+®
triangle ipequality, |a,|=|(a,— L)+ L|=<|a, - L|+|L|<|L|+1. Let M =the maximum of the numbers
la,],{a,), ..., la.l,|L|+1. Then la,|<M foralln.

Give an example to show that the converse of the theorem in Problem 36.47 is false.
I Sece Problem 36.2.

If lirix a,=L and lir{l b,=K, prove that lin+1 (a,+b,)=L+K.
I Assume &>0. Since lima,=L, there must be an integer n, such that, if n= n, la,—L|i<e/2.
Likewise, there exists an integer n, such that, if n=n,, then |b,— K|<e&/2. Let n, be the maximum
of n,and n,. If n=n, we conclude by the triangle inequality that [(a,+ b,)— (L + K)|=|(a,— L) +
b, - K)|=|a,-Li+lb,—K|<e/2+e/2=¢.

If lirg a,=L and lirg b,=K, prove that lim a,b, = LK.
I By Problem 36.47, there exists a positive number M such that |a,|=M foralln. There exists an integer
n, such that, if n=n,, then |a,— L|<e/2|K|. This applies when K#0; when K=0, let n,=1.
In either case, if n=n,, |K|la,~L|<e/2. Also choose n, so that, if n=n,, then |b, — K|<e/2M
(and, therefore, M|b, — K|<e/2). Let n, be the maximum of n, and n,. If n=z=n,, |ab,— LK|=
|a,(b, ~ K) + K(a, = L)| = |a,(b,— K)|+|K(a,—= L) = l|a,||b,~K|+|K||a,~L| = M|b,— K|+
|K||la,~ L|<e/2+&/2=¢.
. . a *t--+a,
If lim q,=L, showthat lim ————2 =1L,

n—+o n—+ow n

I Assume &>0. There exists an integer n, such that,if n=n,, then la, — L| < % Let n, be such that
(@, =L)+---+(a, —-L)|

" <z Let n, be the maximum of n, and n,. If n>n,,
a,+---+a, Ll_ a,+---+a,—nL| |(a,—L)+---+(a,~ L)
n B n a n
B S O 3 B R L LY

a n n

|(a1‘L)+---+(a,,l-—L)| n(el2) & ¢
= + <z + 5 =€

n, n 22
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36.52

36.53

36.54

36.55

36.56

36.57

36.58

36.59

36.60

36.61

Show that a sequence may converge in the mean (Problem 36.51) without converging in the ordinary sense.

f See Problem 36.2.

If lim a,=L andeach a,>0 (sothat L=0), provethat lim vaa, —a,=L.

n—s+wo

n 1
I Let b,=Ina,. Then Ilim b,=InL. So ln\/a1a2---an=%lnala2-~-an=;E‘,bn—ﬂnL, by

n—s+o

Problem 36.51. Hence, Vaa, - a,-> L. (The proof assumed only that L >0. The result also can be
proved when L =0 by a slight variation in the argument.)

Show that a, =2n/(3n+1) is an increasing sequence.

2n+ 2n + +
(nt1) _2n+2 Then, a,,<a,,+1¢>§‘,;2“:_1<%©6n2+8n<6n2+8n+2. The

J 1T 3 1) 41 3n+4

last inequality is obvious.

Determine whether a, = (5n —2)/(4n + 1) is increasing, decreasing, or neither.

I _S(n+1)-2 5n+3 Then < <::’Sn--2<5n+3
b1 T Y+ ) +41 dn+s e T TES
& —-5<20n. The last inequality is obvious, and, therefore, the sequence is increasing.

&2W0n”>—3n—-2<20n*+17n+3

Determine whether a, =3"/(1+3") is increasing, decreasing, or neither.

X Th <y, < Sl P I TS P
- 1+3n+1‘ en, an an+1 1+3" 1+3n+1 1+3" 1+3n+1 .

Since the last inequality is true, the sequence is increasing.

, an+1

Determine whether the sequence a, = n!/2" is increasing, decreasing, or neither.

St Dl ntl
n+1 2" 2n+l 2

+ 1!
i1 an+1=(n2n+11). Then, a,<a

&2<n+1. Thus, the sequence is in-

creasing for n>1.

Determine whether the sequence a, =n/2" is increasing, decreasing, or neither.

I n+1 n _n+l n+1
a"+l=F. Then, an<an+1<=>§;<—2n—“<:>n<

&2n<n+1&n<l. Thus, the sequence is
decreasing.

Determine whether the sequence a, = (n> —1)/n is increasing, decreasing, or neither.
_(n+1)’-1_n’+2n n*-1 _n’+2n

1 . T <a —_—<
@na n+1 n+1 hen, a,<a,,, &= n+1

—n — 1< n’ Hence, the sequence is increasing.

onrr+nf-n-1<n’+2n*e

Determine whether the sequence a, =n"/n! is increasing, decreasing, or neither.

_(n+1)™ nt_ ()" A , .
I a . = TESNE Then aq,<a,,, & 1 < D) & n"<(n+1)". Since the last inequality holds,
the sequence is increasing.

. 1-3-5- - -(2n-1) . , . . .
Determine whether the sequence a, = 2n-1) is increasing, decreasing, or neither.

2:4-6- -+ -(2n)

_1-3-5- - -(2n+1) a,., 2n+1 .

I a,. - 246 - (2n+2) Then, ——-2n—+—2<1. So a,,,<a, and the sequence is

decreasing.



36.62

36.65
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Show that the sequence of Problem 36.61 is convergent.

I Since the sequence is decreasing and bounded below by 0, it must converge. (In general, any bounded
monotonic sequence converges.)

. 1-3:-5-----2n-1) . . . . .
Determine whether the sequence a, = > n'( ) is increasing, decreasing, or neither.

J %o 2n+1 _2n+1
a 2n+1) 2n+2

n

<1l. So a

<a, and the sequence is decreasing.

n+1 n

We know that lirP (0.99)" =0. How large must n be taken so that (0.99)" <0.001?

I We must have (35)"<1/10°, nlog ¥ <log(1/10°), n(log99—2)<-3, n(2-1log99)>3. From a
table of common logarithms, log99=1.9956. So n(0.0044)>3, »n>3/0.0044=681.7. So n should be
at least 682.

2n
Let f(x)= liq} —l—j_—xz,, For which x is f(x) defined?
2n | 1 if |x]>1

I lim — == lim ———=1{3 if [x|=1
n—+o 1+ x n—s+e 1/x" + 1 0 if le<1




CHAPTER 37
Infinite Series

37.1

37.2

37.3

374

37.5

37.6

37.7

37.8

37.9

312

Prove that, if I a, converges, then lim a, =0.
n—s +
-1

I Let S=2 a, Then a,= 2 a,— > a,—S—S=0.

n
n=0 k=1 k=1

Show that the harmonic series L1/n=1+}+ 1 +--- diverges.

I 1>3, 3=, 3+i>3=4, I+i+i+i>8=1, J+h++k>E=}, etc There
. . "1
fore, u1+%+%+%+ >4+l ntm, Alternatively, by the integral test, ;dx=
1
lim —dx= lim (lnx]})= lim lnu=+°°.]
u->+0 J1 X U—» 400 L— 4 oo

Does lilil a, =0 imply that ¥ a, converges?
I No. The harmonic series £ 1/n (Problem 37.2) is a counterexample.

1

Let §,=a+ar+---+ar"”, with r#1. Show that S,,=-~———a(r =D,

r—1
I rs,=ar+ar’+---+ar" '+ar" S,=a+ar+ar*+---+ar""". Hence, (r—1)S,=ar"—a=a(r" ~1).

Thus, S, = a_(r__—‘ll.
r—1

Let a##0. Show that the infinite geometric series 2, ar" = if |r|<1 and divergesif |r|=1.
n=0

a
1_
a

- 1-r’
|S,|—>+», since |r|"—>+w. If r=1, theseriesis a+a+a+---, which diverges since a##0. If
r=—1, theseriesis a—a+a—a+---, which oscillates between a and 0.

I By Problem 37.4, sn=5§5~:1—)‘ It i<, S—>———-a,(:1)=

n

since r"—0; if |r|>1,

w

1
Evaluate 2—n=1+%+%+...'
n=0

1 By Problem 37.5, with r= %, 2 l= 1 =2.

n=02n 1—%
o _ 1.1 1
Evaluate ZO —— =1 3+9 27+

wh sl 1 3
I By Problem 37.5, with r= -z, go ¥ SIS D4

Show that the infinite decimal 0.9999- - - is equal to 1.

I 0.999~-=2+—9—+—9-+---=j=1, by Problem 37.5, with r= .

Evaluate the infinite repeating decimal d = 0.215626262- - - .

62 62 62

=0.215+ —= + — + —
I s 10° 10" 10°
62/10° 62 Hence. d= 25 62 _ 21,347
1-1/10°  99,000° ’ 1000 © 99,000 99,000

. 1 62 62 62
+ oo, . e — + —_— + J—— + “e e =
By Problem 37.5, with =1 TR




37.10

7.1

37.12

37.13

37.14

37.15

37.16

37.17

37.18
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I tigate th i ——-1-—-+L+..L+...+__.1_+
nvestigate the senes 12 7.3 33 n(n+1)

111 _
] WD) " n Al Hence, the partial sum

_ _1) (l-l) (l_.l_) (l_ 1 )_ _ 1
s,,—(l )TG3t 3t G e/ T st

The series converges to 1. (The method used here is called “telescoping.”)

Std th _1_ L ._1__ . +++
udy the series 773+ 375t 55 * Gn-1)(2n +1)

( ) Sos=l(l_1)+l<1_l)++1(__l —_ 1 )_
(2n—1)(2n+1) 2n—1 2n+1' " 2\1 3/ °2\3 5 2\2n—-1 2n+1/"
1 1 1

~(1-——)—+ 5 Thus, the series converges to%.

2 2n+1

Find the sum of the series 4—1+ P det.

I This is a geometric series with ratio r=—3% and first term a=4. Hence, it converges to T‘—z*_%) =
3

Test the convergence of 1+ 3+ 53+ % +---

I This is a geometric series with ratio r= 3 >1. Hence, it is divergent.

Test the convergence of 3+ 3+ +5+-.-

f The series has the general term a,= 2::13 (starting with n=0), but lima, =lim ?:—i//’rt =2#0.
Hence, by Problem 37.1, the series diverges.

Investigate the series —13 ZL + LS 1-1* +o

I Rewrite the series as (% 51—5 + ) + % (—1—1—5 + 2—13 + - ) = % + % )= %, by Problems 37.11

and 37.10.
Test the convergence of 3+V3+V3+V3+---

I a,=V3=3""=¢"%"_¢°=150. Hence, by Problem 37.1, the series diverges.

©

. 1 1 1 L
Study the series "2::1 nntd) 15 2 3 + 7

1 _l(l_ 1) . _1(1_1) 1<1_1)
n(n+td) 4\n n+al So the partial sum S"—4 175 +4 576 PR
( 2
- —

1
_1_<1+1+1+1)+1 1 - 1 _ 1 _ 1 )
4 2 3 4 4 n+l n+2 n+3 n+4

. 1 1 1 1

Study the series ,,g]n(n+1)(n+2)=1-2-3+2~3-4+3~4-5+'

1 R 1 =1<1_1)_<1_1)=1<1+1)_
n(n+1)(n+2) n(n+2) (n+1)n+2) 2\n n+2 n+l n+2 2\n n+2
1 1 1/1 1 1 1 1/(1 1 1 1 1/1 1 1
™ 13ms () r3a=13t 1) 5453 (378) 1
L 1<1+L)——1— The partial sum 1—-1—<1)+ 1 (—1)+ ! (l)—>——
2 n+2 n+1’ 2 21\2 n+1 2 n+2\2 2

n(n + 1)(n +2)

4
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37.19

37.20

37.21

37.22

37.23

37.24

37.25

37.26

. c n 1 2 3
Study the series El(n+1)!—§?+3—!+a+---
on 1 1 i (i_l) (1_1) . [}__;]_
I o= ai Gy Henees thepartialsum {7 — o)+ {5y = 57)+ o+ | o7~ oy =
-Gyt
. S 1 1 1 1
Studythesenes glm—ﬁ+ﬁ+m+“'
1 _1< 11 )
I' @y =i\ e/ S
_l(l_l) l(l_l) l(;_ 1 )_1( 1 ) 1
S=3\17s5) a5 o)t i\ e/ T A/
- _1yt+1? 2n+1
Evaluate El( 1) —n(n+1)'
2n+1 1 1 . (1 1) (1 1) (1 1) (1 1) ..
=__+ . —_ —_] = —_ — . N . —_ —_ e
Wt D) n TRl So the partial sum 1+2 2+3 + 3+4 44—5 + is either
1 1 ( 1 1 ) . .
1 pane 1 P + P +n+2' In either case, the partial sum approaches 1.
o 2n+1
Evaluate zl m
2n +1 1 1 . (1 1) (1 l) [1 1 ]
—_———— = e — =l-—-—=}4+|= - — + 4+ =
nP(n+17° n* (n+1) The partial sum S, ={7 2? 22 3 n* (n+1y
1-——F5—-1
(n+1y
Evaliate 3 S=e+ &t &t St
valuate ,,=1n3_e sty ta

1 %5 — +o; 5o, by Problem 37.1, the series diverges.

3

1
Evaluate 21 m

1 1 vi—-vn-—1 .
\/r_z+\/n—1_\/ﬁ+\/n—1'\/——\/n—l_\/_—vn-l' The partial sum (V1-V0)+(V2-V1)+

coo+(Vi—Vn—1)=vn-—+o. The series diverges.

- 1
Find the sum S= ), 3 and show that it is correct by exhibiting a formula which, foreach >0, specifies
n=0
an integer m for which |S, — S[<e& holdsforall n>m (where S, is the nth partial sum).

o 1, . . . . 1 3
1 > 37 Is a geometric series with ratio r=1} and first term a=1. Sothesum §= -1~ > In fact,
n=0 R
1 1 Gy-1 3/ 1\
assume &>0. Then, by Problem 374, S =1+ 3 +---+ 1171 "2 1- 3 ) Now, |S,—S|=
3 3 1 1 1 1t In2e
5—5 1—? =~2_—3;-Tl' We want -2-—‘—3—,;-:1*<8, '2—£<3 y —ln28<(n—1)ln3, n3 n—1
In2
Choose m to be the least positive integer that exceeds — _lr;_;
Determine the value of the infinite decimal 0.666 + - - -.
6 6 6 . . . . . 1 6
666 =+ —5 s e =% =5, ,
I 0.666---= 0 + 10 + 10 + is a geometric series with ratio r= and first term a= Hence
6
. 10 2
the sum is D=z

1-% 3
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37.28

37.29

37.30

37.31

37.32

37.33

37.34
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x

1 1 1
Evaluate 2. 2506 =706 * o1 *
2 ;:ll—(ﬁ is the harmonic series minus the first 99 terms. However, convergence or divergence is not
n=0

affected by deletion or addition of any finite number of terms. Since the harmonic series is divergent (by
Problem 37.2), so is the given series.

Evaluate ,.21 3n = 5

S0 1
I 2=

O\l'-‘
+

1 <1 . . S . . .
3 - > —. Since the harmonic series is divergent, so is the given series.
o n

Evaluate 2 ln

n=1

I hin/(n+Dl=lhn-In(rn+1), and S,=(lnl1-l2)+(In2-n3)+---+{lnn-In(n+1)]=
—In(n +1)— —oo. Thus, the given series diverges.

Evaluate 2, e "=1+e '+e 2+
n=0

] '{his is a geometric series with ratio r=1/e<1 and first term & =1. Hence, it converges to
e

1—1le e-1°
~ (1 1 )
Evaluate §0<2n + 57 )
|
I This series converges because it is the sum of two convergent series, z 3 and 2 5 (both are
n=0
. . . . - 1 1 5
geometric series with ratio  r<<1). > 7 = 1-1 =2, and 2 = 1 i< Hence, the sum of the
n=0 ) n=0 -3

given series is 2+ 3 = 2.

(Zeno’s paradox) Achilles (A) and a tortoise (T') have a race. T gets a 1000-ft head start, but A runs at 10 ft/s
while the tortoise only does 0.01 ft/s. When A reaches T’s starting point, T has moved a short distance ahead.
When A reaches that point, T again has moved a short distance ahead, etc. Zeno claimed that A would never
catch T. Show that this is not so.

I When A reaches T’s starting point, 100s have passed and T has moved 0.01 X 100 =1ft. A covers that
additional 1 ftin 0.1s, but 7 has moved 0.01 X0.1=0.001ft further. A needs 0.0001 s to cover that distance,
but T meanwhile has moved 0.01 x 0.0001 = 0.000001 ft; andsoon. The limit of the distance between A and
T approaches 0. The time involved is 100 + 0.1 + 0.0001 + 0. 0000001 + -+ -, which is a geometric series with
firstterm a=100 andratio r= . Itssumis 100/(1 — % ). Thus, Achilles catches up with (and then
passes) the tortoise in a little over 100 s, just as we knew he would The seeming paradox arises from the artificial
division of the event into infinitely many shorter and shorter steps.

A rubber ball falls from an initial height of 10 m; whenever it hits the ground, it bounces up two-thirds of the
previous height. What is the total distance covered by the ball before it comes to rest?

i1 The distanceis 10+ 2[10(3) + 10(3)’ +10(3)* + - --]. In brackets is a geometric series with ratio 2 and first
term % its sum is 3 /(1 — 3) =20, for a distance of 10 + 2(20) = 50 m.

ES

3
Investigate -
& z, 542

I 3/(5° +2)<5/5" = 1/5""". So this series of positive terms is term by term less than the convergent

geometric series > T
n=1

. . 1 1 5
cannot directly compute the sum of the series. We can only say that the sum is less than > TSI %
n=1 5

Hence, by the comparison test, the given series is convergent. However, we
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x

. 1 .
Determine whether Z 2—,,_—3 1s convergent.

n=1
I 1/(2"-3)<1/2""" forall n=3 (since 2"7'<2"-3&3<2"-2""'=2""1). Hence, beginning with

the third term, the given series is term by term less than the convergent series >

——7, and, therefore,
n=3 2

converges.

SR 11
If 0<p=1, show that the series z —,,—1+——~+—+--~ is divergent.

x

T . .
I 1/n"=1/n since n”=n. Therefore, by the comparison test and the fact that > - s divergent,
n=1

|
Z 7 is divergent.

£

. 1.
Determine whether — is convergent.

n=0 N
I For n=1, l/nt=1/(1-2- --- my=1/(1-2-2. 2)=1/2""". Hence, 2 — s convergent, by
comparison with the convergent series > o1 The sum (=€) of the given serles is <1+ E 2,,1 ;=
1+2=3. "
) - 1 .
Determine whether ), ———77 is convergent.

= (n3 + 10)1/4

I 1/(n*+10)=1/2n> for n=3 (since n*>10 for n=3). Therefore, 1/(n’+10)""*=1/2""n>"

1
Thus, the given series is divergent by comparison with 7178 > 31 77 (see Problem 37.36).
n=1 N

State the integral test.

I Let > a, be a series of positive terms such that there is a continuous, decreasing function f(x) for which
f(n)=a, for all positive integers n=n,. Then L a, converges if and only if the improper integral _f:o flx) dx
converges.

< |
For p>1, show that the so-called p-series 2 7 converges. (Compare with Problem 37.36.)

n:d u "
se the integral test (Problem 37.39), wit x)=1/x" — = lim == lim —— —=| =
I Use the integral test (Problem 37.39), with Uxr | 5= i lj’,f i 11px"1*l
1 1 1 = U~ +x u— +x -
ul—lmxl—-p(u"“_l)=p—l' Hence, z,l? converges.
Det 1 hether 2 ——1—— nverges
etermine whethe 2 Winn converges.
I Use the integral test with f()=——1—
se the integ 0= e

71 . “ 1 . ]“ .
= = = —_ = +m‘
L Tinx dx ulm}x  Tinx dx = lim In (In x) s .,th [In (In &) — In (In 2)]

Hence, 2 __ﬁ diverges.

n=2 1

State the limit comparison test.

I Let L a,and £ b, be series of positive terms.
CaseI. If lim a,/b,=L>0, then I a, converges if and only if X b, converges.

Case Il. If hm a,/b, =0 and L b, converges, then I a, converges.

n—+x

Caselll. If lim a,/b,=+ and Lb, diverges, then L a, diverges.

n—s+%
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If X a, and E b, are series of positive terms and liq} a,/b,=0, show byexample that I ¢, may converge and
L b, not converge. "

I Let a,=1/n* and b,=1/n. lim a,/b, = lim 1/n=0. But, L 1/n® converges and I 1/n diverges.

n—s+o0
o

. 1
D —————
etermine whether >, Vs converges.

n=1

3
I Use the limit comparison test with the convergent p-series > ‘3177 Then lim N +3

3 il n N V
lim = lim \/——————— =1. Therefore, the given series is convergent
noto Vp® 43 amte V143/n° 7 ’ gent-

o

Determine whether Z

n=1

3 is convergent.

o

1 1 . . 1 .
{ Use the comparison test: 3" = 35 The geometric series > 3 I convergent. Hence, the given

n=1

series is convergent.

w©

n

Determine whether ——— is convergent.
E L 2nt +1 &
I Intuitively, we ignore the 1 in the denominator, so we use the limit comparison test with the divergent series
3 4 4
n’/(2n" +1) . n . 1 . C
. im ——— = lim = lim ———— = =. Hence, the given series is divergent.

2 1/n ,.ETm 1/n nevm 20t 41 nmre 24+ 1/n° 2 & g

. ~ Inn
Determine whether 2, i1 convergent.

n=2 N 1

. . . . (nn)/(n*+1
I Use the limit comparison test with the convergent p-series X, 1/n' lim (nnm)itn” +1) 1) /,(13 o ) _
3/2
.. n’lnn . 1 Inn ( erA e 1 . Inn . 1/n . 2
nk‘?w L JBm 1FiE a2 0 \since, by L'HOpital’s rule, "lltilw T ,.1_‘,‘.?@ —% pev i nl—‘}{‘a = =

0). Therefore, the given series is convergent.

. - 1
Determine whether s convergent.

n=1
1. . ! = he seri b i ith th t tri
poiar < 7 for n=3. Hence, the series converges, by comparison wi e convergent geometric
. e 1
series 2, .
n=1 €

. — lnn
Determine whether —,  converges.
n=1

1 . . . 1-1
I Use the integral test with f(x)= % [Note that f(x) is decreasing, since f'(x)= xznx <0 for
x> e.] . l‘_}cf dx = lim J; lli—f dx= lim {{(Inx)*]4}= lim 1(In u)® = +». Therefore, the given series
diverges.
Determine whether 22 n(in 1)’ converges.

. . ® dx . j o odx . ( 1 ]“)

— 2 —_— e = —_— = _—— =

I Use the lmtcgrall test w1;h f(x) =1/x(In x)". fz *(in )’ ul_l)xyw 2 ¥(nx) .,l_lffm e

lim [ - (m - ln_2>] =2 Hence, the series converges.

u—>+oo

Give an example of a series that is conditionally convergent (that is, convergent but not absolutely convergent).

ed _1 n+1 1 1 1 . . .

1 > % =1- 3 + 373 + .-+ is convergent by the alternating series test (the terms are alternately
n=1 o _~1 n+1 el

positive and negative, and their magnitudes decrease to zero). But > —(-—'—3———

n=1

1.
=2 n diverges.

n=1
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State the ratio test for a series L a,,.

I Assume a,#0 for n=n,.
Case I. 1f llm la,, /a,| <1, the series is absolutely convergent.

Case II. If lxm la,,,/a, I>1 the series is divergent.

n+1

Case III. If hm la,../a,| =1, nothing can be said about convergence or divergence.

= 2
) n .
Determine whether ), poR convergent.

n=1
+1)Ye! ' +1) 1 1\2
/a,|= lim -(—n——i-)—,,e;—=hm(—n-—2—)——=lim (1+_>.l=l<1‘
n—s -+ / n— -+ n e n—s+x n e e

Hence, the series converges. (The integral test is also applicable.)

n+1

I Apply the ratio test.  lim |a

) ~ tan”'
Determine whether 2 3
n=1 R+ 1

is convergent.

. . . T 1 tan" n _ w/2
I Use the comparison test with the convergent p-series 2 > pel Clearty, POy < e Hence, the
n
given series converges. (The integral test is also applicable.)

®

- n +
Determine whether 1 - % + —§— _ 2 + - E (—M

m is convergent.
3?3 = 3 &

I By the ratio test, the series is absolutely convergent; so it is certainly convergent.

oc

. . nt1
Determine whether "E=0( 1) P

converges.

I Aithough the terms are alternatively positive and negative, the alternating series test does not apply. since

n+1 . 1+1/n 1

lim = lim ————— = = #0. Since the nth term does not approach 0, the series is not convergent.
e 2n 41 =241/ 2 pp g

Find the error if the sum of the first three terms is used as an approximation to the sum of the alternating series

S (- 1)"” -~

n=1

I The error is less than the magnitude of the first term omitted. Thus, the approximation is 1—3+ 3} =
2, andtheerrorislessthan}. Hence, the actual value V satisfies % <V < {3. [N.B. It can be shown that
=1n2=0.693.]

8

p—

1 1
=-1+ 3"tz correctto three decimal places.

Find the sum of the infinite series

=2

I We want an error <0.0005. Hence, we must find the least n so that 1/n!<0.0005= 5dg; that is,
n!>2000. Since 6!'=720 and 7!=5040, the desired value of n is 7. So we must use —-1+35—-1+

% — 0 + 70 = — 3% =~ —0.628. [The actual value ise™' —1.]
(G292 1) 1 1 1 . .
Approximate the sum 2 =1-- —1—3 vy + -+ to two decimal places using the method based on

the alternating series test. Check your answer by finding the actual sum.

I We must find the least n such that 1/4" <0.005= 55, that is, 200<4”", or n=4. So, if we use
—- L4+ L - L =3 the error will be less than 0.0005. Since 2 =0.796-:-, our approximation is 0.80.
To check, note that the given series is a geometric series with ratio — %, and, therefore, the sum of the series is
1 4 . L
_l‘—_(:)_ =35= 0.8. Thus, our approximation is actually the exact value of the sum.

n+l

1
Estimate the error when 2 %— =1~

n=1

+ .-+ is approximated by its first 10 terms.

I The error is less than the magnitude of the first term omitted, which is 1/ 117 = 0.0083.
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How many terms must be used to approximate the sum of the series in Problem 37.60 correctly to one decimal
place?

I We must have 1/n*<0.05=4%, or 20<n® n=5. Thus, we must use the first four terms 1- 4+
5§~ 6= —5 =(.79. Hence, correct to one decimal place, the sum is 0.8.

Estimate the error when the series 1— 1+ 1 —31+--- is approximated by its first 50 terms.

I a,=(-1)"""7(2n—1). The error will be less than the magnitude of the first term omitted: 1/[2(51) — 1} =
1. Notice how poor the guaranteed approximation is for such a large number of terms.

. . 1 1
Estimate the number of terms of the series 1 — —4 3

1 L
4— required for an approximation of the sum
which will be correct to four decimal places.

I We must have 1/n°<0.00005= 545, n*>20,000, n=12. Hence, we should use the first 11 terms.

Show that, if L a, converges by the integral test for a function f(x), the error R, if we use the first n terms,
satisfies  [7,, f(x) dx <R, <[ f(x) dx.

I R =a,, +a,,+ . If we approximate by the lower rectangles in Fig. 37-1, then R, < ["*' f (x) dx +
{722 f(x)dx +---=[7 f(x)dx. If we use the upper rectangles, R, > ["}? f(x) dx + f,',’:s f(x) dx + -
e f(x) dx.

1~

[

n+l

Fig. 37-1

Estimate the error when e is approximated by the first 10 terms.
n

n=t1

. _L]")_._(_l__l)_l_ o
f By Problem 37.64, R, < f 01 _“1313”< 2% Juo =Jim —{—~-2)=1% 0.025.  In addition,

&) e A -
fl i = lim ( = |) = dm - (o 44)— 27 =0.0227. Hence, the error lies between 0.023 and

u— +% u—+x

. - 1 .
How many terms are necessary to approximate 2 pE correctly to three decimal places?

- " 1 1
I By Problem 37.64, the error R, <f % = liry <§x_12 ] )= lirlx - E(ul - —) = —L To get
1/2n* <0.005= 555, we need 100<n® n>10. So atleast 11 terms are required.

What is the error if we approximate a convergent geometric series > ar” by the first nterms a +ar+---+
n—1
ar"?

I Theerroris ar"+ar""'+---, ageometric series with sum ar"/(1— r).
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o

1 .
If we approximate the geometric series > 7= 1+ % + % + -+ by means of the first 10 terms, what will the
error be? "
13,10
. (3) 11
I By Problem 37.67, the error is T=5"-
1-1 45
- 1
For the convergent p-series > 7P (p>1), show that the error R, after n terms is less than (-————11—)—;71-
n=1 P n
I By Problem 37.64, R, <j % _ lim E,, = lim { ! x"’“] }= lim — ( 1_1 - 1_1) =
1 1 r xP u—+w Jn X U—r+ o l—p n u—t+m ] P u®f n?
p-1n"
n+1 2
Study the convergence of 2 -1
. . . *Y(n + 1)
I Use the ratio test. lim_ la,../a,|= lim 2——5,(-%1—'——)— = lim ——— =0. Therefore, the series is abso-
lutely convergent. )
. >~ n!
Determine whether Eo 2n)! converges.
I Use the ratio test.
+ 1)! + D]
im %41 = m (n+1)/[2(n+1)] _ n+1 - lim 1/n+1/n? 9__0‘
a—tw | Q, P n!/(2n)! Jm Q2n+1)Q2n+2) ne+e 2+1/n)(2+2/n) 4
Hence, the series converges.
Determine whether 2, n(3)" converges.
n=1
+ 1 n+1
I Use the ratio test. i |%st|= g @FEDGT o at1 3 g(1+1)=-3‘-<1.
et | @, n—too ( ) neto 1 4 novw 4 n 4

Hence, the series converges.
—p2
Is E n"e™™ convergent?

. _n? 20y - .
I Yes. Since Inx/xsl/le<i, we have n"e ™ =1/" """/ <1/e""VD = (1/vE)", so the given
series is dominated by a convergent geometric series.

© o s /
Determine whether (-1 %{——Q converges.

n=1
sin (m/n) 1 . . . .

1 —n—i— el Hence, the series is absolutely convergent by comparison with the convergent p-series

- 1

r|2=l nz

1 1 1
Study the convergence of 1-— 2 + Feiabre + e,
( l)n+1 1 1 . .

I The series is 2 - Note that, for n=2, PRl So, by comparison with the convergent

n=1
@

geometric series > > the series is absolutely convergent.

n=1
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22+1  3°+1 4°+1
Study the convergence of 1-— 731 + Pl £l
+1 . . . .
I This is the series 2 (- 1)"+1 n 1 By the alternating series test, it is convergent. By the limit
+1)/(n° +1 . 2+1 1+1/n® -~
comparison test with ¥ 1/n, lim (LL lim n(—’g————) = li _r13 =1. Since 2 1
> n?+1 n—to 1/n n—reo po+1] n—te 14+ 1/n aahn
is divergent, > 11 diverges. Hence, the given series is conditionally convergent.
n=1 1

Prove the following special case of the ratio test: A series of positive terms I g, is convergentif lim «, ., /a,
n—+o
=L<1.

I Choose rsothat L <r<1. There exists an integer k such that,if n=k, then |a,,,/a,~L|<r-L,
and, therefore, a,,,/a,=|L+(a,,,/a,— L)|<L+la,,,la, L|<L+(r—L)~r So, if n>k a,,,la,
<r. Hence, a, /o <r, ak+1<rak, ak+2/ak+l<r A, <ra . <rag...; @10, <T,

@, m<r"a,. Hence, by comparison with the convergent geometric series ra, + r’a, + r’a, + -, the series

> a,=a,,, +a,,+--- isconvergent, and, therefore, the given series is convergent (since it is obtained
i=k+1
from a convergent sequence by addition of a finite number of terms).

£

n

Test Ex T DR+ )T 3) for convergence.

I Use thse limit comparison test with the convergent p-series > lz nl(n 1)(1r;+2) (n +3)
n 1 n=1 n

—>1. Hence, the given series converges.

(n+D(n+2)(n+3) (Q+1/n)(1+2/n)(1+3/n)

w©

3
n
Test 21 W for convergence.
+ 3 n+1
I Use the ratio test. lim 2*! = fim QL—M
n— +o an n—+o n /(ln 2) n—+w

Ine=1. Therefore, the series diverges.

= lim (1+1)3-i-—1—>1 ince In2
n ln2 = ln2 , SInce n2<

o

3
n
Test "2:,‘ W for convergence.
+ )" (n+ 1! _ "
I Use the ratio test. lim Gnv1 _ (n )" /n ) lim {1+ 1 =e>1. Therefore, the
n

n
n—>tw g, n—>+oo n"/n! n—s+o

series converges.

od n
Test 2 ‘—‘ for convergence.

a . +1)*"*Y(n+1 i 1\"
I Use the ratio test. lin+1 ;—“ = h+ (n+1) ,./n(,n ! 11{1 (1 + ;) =e>1. Therefore, the

series diverges. "

1 1 1

2 et

+

. . 1
Determine the nth term of and test for convergence the series z

J The nth term is 1/(3n + 1)~ Use the limit comparison test with the convergent p-series I 1/n°
+1)
fim LGP lim (

Flair® 1/n?

2 1 2
) = l’+ ( ) =3 Therefore, the given series converges.

3n+1 3+1/n

1 1 1

. .1
Determine the nth term of and test for convergence the series 5 + 377 + 2= + 7= i

I The nth term is 1/(n+1)(n+2)---(2n). The nth term is less than 1/2 2:--2=1/2". Hence, the

series is convergent by comparison with the convergent geometric series E >

n=1
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2,3, 4

Determine the nth term of and test for convergence the series —3 2.4 733

T
46

I The nth term is (n+1)/n(n+2). Use the limit comparison test with the divergent series I 1/n.

. on+l/n(n+2) . a+l . 1+1/n _ ) .
,.!l.'?x i/n = lm - = bm == 1. Hence, the given series diverges.
. . 1 2 3 4
Determine the nth term of and test for convergence the series 3 + 3 + e + 3 +---
: " 1 1 .
I The nth term is n/(n+1)". Observe that —(—’;_an = < —. Hence, the series converges by
n

comparison with the convergent p-series £ 1/n°

Determine the nth term of and test for convergence the series 1+ 2+ 4+ & +---.

§ The nth term is (n+1)/(n*+1). Use the limit comparison test with the divergent series % 1/n.

,.ET;: (n+ 1)1//(:2 +1) = "l_i}?x nr(z’: : 11) = "i+x 11:—11//::2 = % =1. Therefore, the given series is divergent.
Determine the nth term of and test for convergence the series % + %——% 52 ; 161 52' 84 1? 21; 2
I The nth term is 5541(1(331”1 % The ratio test yields

i e G = i e = i T =3 <

Hence, the series converges.

Determine the nth term of and test for convergence the series 3+ 5+ 5+ & + -

I The nth term is  (2n+1)/(n® + n). Use the limit comparison test with the convergent p-series T 1/n°

3 2 + 2+1/ L.
(_2_1:%_1)_/(_@2) = lim w = lim n(2n + 1) = lim ”2 =72. Hence, the series is con-

nl—l-r-?x 1/712 n—>+x n(nz + 1) n—+x nz +1 === 1+1/n

vergent.

Determine the nth term of and test for convergence the series 3 + & + g + 3% + -

I The nth term is (2n+1)/(n+1)n>. Use the limit comparison test with the convergent p-series T 1/n°.

+ 3 + 2+1/ . .
lim (2n 1;;(’; * Dn = lim 2nn+ 11 = lim ﬁ =2. Hence, the given series converges.
n-s+x n n—+x Ny + %

2 3 4
+

1
Determine the nth term of and test for ¢ rgence the series + — + +
' " ¥ converg -1 ¥-2 -3 -4

I The nth term is n/[(n+1)° —n] Use the limit comparison test with the divergent series I 1/a.
n/{(n+ 1) -n] _ n’ . 1

lim lim ———— ltm —————— =1. Hence, the given series is divergent.
am 1/n te A nt 1 nete 1+ 1/n + 1/ g &

Prove the root test: A series of positive terms I a, converges if  lim va, <1 and divergesif lim va, > 1.
n—s+x

rn—s+x

I Assume llm Va,=L<1. Choose r so that L <r<1. Then there exists an integer k such that, if
n=k, Va, <7 r and, therefore, a,<r"._Hence, the series a, +a,,,+ -+ is convergent by comparison
with the convergent geometric series > r". So the given series is convergent. Assume now that

lim v/a, =L>1. Choosersothat L>r>1. Then there exists an integer k such that, if_n=k, va,>r,

n—+x
and, therefore, a,>r". Thus, by comparison with the divergent geometric series 2 , the series

a,+a,, +--- isdivergent, and, therefore, the given series is divergent.
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x

1
Test nz=2 m for convergence.

n . 1 -
I Use the root test (Problem 37.91). limv/a, = 11:11 = 0. Therefore, the series converges.

x n+t

Test z e for convergence.

n=1

I Use the root test (Problem 37.91). limva, = lim V2(2"n"™) = lim_ V2(2/n)=1-0=0. Therefore. the
series converges.

x

1 n
Test 2, <1 + ;1—) for convergence.

n=1

I The root test gives no information, since  lim v/@, =1. However, lim a,=e#0. Hence, the series
. P+ n—s+%
diverges, by Problem 37.1.

. . 1
Determine the nth term of and test for convergence the series -~ =:—5+>+—— - =+

I o, =(-1)"[n/(n+ 1]/ /n*)=(-1)"""[1/n*(n +1)]. Since |a,|=1/n*(n+1)<1/n’, the given series
is absolutely convergent by comparison with the convergent p-series £ 1/n°,

. . 2
Determine the nth term of and test for convergence the series 5 — < - = o= +

I a,=(-1)"""[(n+1)/(n+2)](1/n). The alternating series test implies that the series is convergent.
However, it is only conditionally convergent. By the limit comparison test with X 1/n,

. (n+)/n+2)n . on+l . 1+1/n .
Jim_ T = lim — 5 = Mmoo = 1. Hence, X |a,| diverges.
. 2’ 27
Determine the nth term of and test for convergence the series 2 — 3 + STt
20 . . . (20 4+ 1)!
I a,=2"""(2n-1)l.  Use the ratio test. lim 22t = fim 27—,,_1/—(2”—2‘ = 0.

12n—1)! wot= Zn@n+1)

n—+x @, s +x 2

Therefore, the series is absolutely convergent.

4 . 9 16
2°+1 3*+1 4 +1

. . 1
Determine the nth term of and test for convergence the series 3

I a2 =(-1)"""n¥(n’+1). The series converges by the alternating series test. It is only conditionall
" . 5 g y y

convergent, since > la,|= > 11 diverges, by the limit comparison test with the divergent series L 1/n.
n=1N
n(nt+1) n’ .
lim ———= = lim = lim ———s =
n—s+x 1/n n—s+x n3+1 n— = 1+1/'l3

Determine the nth term of and test for convergence the series 2— 3+ 3 — 3 +---.

I a,=(-1)"""(n+1)/n. Thisis divergent, since limla,|=10.

1

—————  for convergence.
In(n+1) g

Test the series >, (—1)""!
n=1

I This series converges by the alternating series test. However, it is only conditionally convergent, since

- 1 . . .
2 ln(n—+1) is divergent. To see this, note that 1/Inn>1/n and use the comparison test with the
1

di;'ergent series £ 1/n.
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Determine the nth term of and test for convergence the series L - L + —1- - ———1—- + L +
8 VZ Ve VIZ V2 @ V30

I a,=(-1)""""/n(n+1). Convergence follows by the alternating series test. However, applying the

1WVnn+1)

) . . . . n I n _
limit comp_alrlson test with £ 1/n we see tha; nl_l*rnm iin = nl_lglm e ,.l_l.tilm \/——-—n ]
,.l_i,Tw \/ 15 1/n =1. Therefore, Z —;m diverges, and the given series is conditionally convergent.
1 1 1 1
i tht f and test f th i — =t = - ==+ —— +
Determine the nth term of and test for convergence the series 1 EI= I e T
= (1Y ()3 . . a, ., T l/[(n+1)'] 1 -
I a,=(-1)"""(n!)’. Use the ratio test lim_ -t lim_ VD = lim_ TS 0. Hence,

the series is absolutely convergent.
Show by example that the sum of two divergent series can be convergent.

I One trivial example is £ 1/n+X(—1/n)=0. Another example is Z1/n+Z(1-n)/n*=%1/n% Of
course, the sum of two divergent series of nonnegative terms must be divergent.

Show how to rearrange the terms of the conditionally convergent series 1—3 +3 — 3+ -+ so as to obtain a
series whose sum is 1.

I Use the first n, positive terms until the sum is >1. Then use the first n, negative terms until the sum becomes
<1. Then repeat with more positive terms until the sum becomes >1, then more negative terms until the sum
becomes <1 etc Since the difference between the partial sums and 1 is less than the last term used, the new
series 1+3—-3+3—-4+3+§—--- convergestol. (Note that the series of positive terms 1+ 3+ 1+

and the series of negatlve terms 3+ 3+ % +--- are both divergent, so the described procedure always
can be carried out.)

had n

Test 2, —=5 for convergence.
n

n=1

I Use the root test. lim_ va, = lim ,.—1— . lim % lim 3 =1:0=0. (We know that lim Vi =

rl—>+oe‘\/7i n n—+o\/{§ no+eo R

by Problem 36.15.) Hence the series converges.

Show that the root test gives no information when lim v/a, =1.

n—s+oo

I Let a,=1/n. I1/nis divergent and lim V@, = lim 1A/A=1. On the other hand, let a,=1/n"
Then £ 1/n? is convergent and lin+1 va, = liT 1/} =1.

Show that the ratio test gives no information when lim|a,,,/a,|=1.

. 1/(n+1 .
I Let =1/n. Then L 1/n is divergent, but lim |21 = Yintl) _ lim — =
1 " n—+w a, n—> -+ 1/n n—+o n+1

lim W =1.  On the other hand, let a,=1/n> Then £ 1/n° converges, but lim %l‘ =
n—+ow n—+o
i YD’ ( n )2_1. ( 1 )2_1 "
M T \nr 1) TR AT R T

o0 1 2
Determine whether Z (r;;’) converges.

n=1

2y (In n)’/n® _ (nn)* _ . 2lnn-(1/n) _
I Use the limit corrllp/):nson test wllth L1l/n "1_15100 T ngrnm el lim W =
lim_ 4 =4 lim By v 8 lim_ —7 = 0. (We have used L’Hbpital’s rule twice.) Since X 1/n*'* con-
verges, so does the given series.
+

Determine whether 2 M converges.

n!
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a,., 3N+ (n+ 1) (n+1) 3 n’+2n+2
——=l=1 ~ 3 = lim ——— =
1 e 3"(1+ n*)/n! e n+l  1+n
=0-1=0. Hence, the series is absolutely convergent.

I Use the ratio test. lim
lim 3 1+2/n+2/n?

n—te n+1 1/n* +1

Show that, in Fig. 37-2, the areas in the rectangles and above y =1/x add up to 2 number y between 3 and 1.
(y is called Euler’s constant.)

I The area in question is less than the sum S of the indicated rectangles. S=3i+(3-H+({ -+ =1
So the area is finite and <1. On the other hand, the area is greater than the sum of the triangles (half the

n

rectangles), which is . Note that y= lim (E % ~in n). It is an unsolved problem as to whether vy is
A t® gy

rational.

Fig. 37-2
If T a, is divergent and I b, is convergent, show that L (a,—b,) is divergent.

I Assume I (a,—b,) isconvergent. Then, La,=Lb,+L(a,—b,) is convergent, contrary to
hypothesis.

Determine whether 2 [;ll- - (%—) ] converges.
n=1

I The given series is the difference of a divergent and a convergent series, and is, therefore, by Problem 37.111,
divergent.

Find the values of x for which the series 1+ x+x’>+--- converges, and express the sum as a function of x.

I This is a geometric series with ratio x. Therefore, it converges for |x|<1. Thesumis 1/(1-x). Thus,
for [x[<1, 1/(1-x)=1+x+x>+---=2 x"
n=0

Find the values of x for which the series x +x°>+x’+.-- converges, and express the sum as a function of x.

I This is a geometric series with ratio x> Hence, it converges for |x’|<1, thatis, for |x|<1. By the
formula a/(1—-r) for the sum of a geometric series, the sum is x/(1 — x*).

Find the values of x for which the series 1/x + 1/x*+1/x* +--- converges and express the sum as a function of
x.

I This is a geometric series with ratio 1/x. It converges for |1/x|<1, thatis, for [x|>1. The sum is
1/x

1-1/x x-1'

Find the values of x for which the series Inx+ (Inx)*+(Inx)’+--- converges and express the sum as a
function of x.

I This is a geometric series with ratio Inx. It converges for |Inx|<1, —1<Inx<1, l/e<x<e. The
sumis (Inx)/(1—Inx).



CHAPTER 38
Power Series

In Probiems 38.1~38.24, find the interval of convergence of the given power series. Use the ratio test, unless otherwise
instructed.

38.1 Lx"n.
n+1 +
1 tim W = lim_ x| - i 1= lim {x]| T iR |x|. Therefore, the series converges absolutely
for |x|<1, anddivergesfor |x|>1. When x=1, we have the divergent harmonic series £ 1/n. When
x=-1, theseriesis I (—1)"/n, which converges by the alternating series test. Hence, the series converges

for —-1=x<1.
38.2 T x"/n’

N CR.2  e ( n )2_ . ( 1 )2_ .
[ tim TR Jlim x| 1) = Jim_ {x] 51 = |x|. Thus, the series converges absolute-

ly for |x|<1, and diverges for |x]>1. When x=1, we have the convergent p-series T 1/n’> When
x=—1, the series converges by the alternating series test. Hence, the power series convergesfor —1=x=1.

38.3 L x"/n!.
I lim |x_|’:’_/5n+—l)' = li -—lji =(. Therefore, the series converges for all x.
gy 1x|"In! n—+=n+1
38.4 L nix"
1 im_ % = lim_ [x|(n + 1) =+ (except when x=0). Thus, the series converges only for
x=0.

38.5 L x"2",

f This is a geometric series with ratio x/2. Hence, we have convergence for |x/2]<1, |x|<2, and
divergence for |[x|>2. When x=2, we have L1, which diverges. When x=-2, we have L (-1)",
which is divergent. Hence, the power series converges for —2<x <2.

38.6 Lx"(n-2").
" +1)2"! x| n x| 1 x|
’ li Ix_l_—____ = |i — = ]j - ==
n—l}?x len/rtZ" n-lwl?w 2 n+ 1 ,._I.Tx 2 1 + 1/" 2 )

|x| <2, anddivergence for |x|>2. When x =2, we obtain the divergent harmonicseries. When x= -2,
we have the convergent alternating series L (—1)"/n. Therefore, the power series converges for —2=x<2.

Thus, we have convergence for

38.7 L nx".
I i (n+Dx"™ 1) _ .
lim ~————— = lim |x|[|1+ ~)=|x|. So we have convergence for |x|<1, and divergence for
n—+x nlxl n— +o n
|Jx|>1. When x=1, the divergent series L n arises. When x= -1, we have the divergent series

Z(—1)'n. Therefore, the series converges for —1<x<1.

38.8 L 3"x"/n4",
A P LT I o B Y K S .31 3
i1 lim_ 3 Tx[In 4" = lim_ P jx| = lim 1151 jx| = y |x]. Thus, we have convergence

n—s+x

for |x|<4%, and divergence for |x|>4. For x=3%, we obtain the divergent series £ 1/n, and, for

x 3, we obtain the convergent alternating series T (—~1)"/n. Therefore, the power series converges for
- x <

wis
[/
wWin
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L(ax)", a>0.

l n+1
I iim T " a|x|. So we have convergence for [x|<1/a, and divergence for [x|>1/a. When
x=1/a, we obtain the divergent series L 1, and, when x=—1/a, we obtain the divergent series Z (—1)".

Therefore, the power series converges for —1/a<x<1/a.

Zn(x—-1)"

I A translation in Problem 38.7 shows that the power series converges for 0<x <2.
E x"
+1)
I lim "G+ 1) + 1] im |x| Ll lim |x| _Lrln
n—v= X" /(0 + 1) nore gt 2n 42 ne= ' 1+2/n+2/0°
gence for |x]<1, and divergence for |x|>1. When x=1, we get the convergent series L 1/(n” +1)
(by comparison with the convergent p-series L 1/n’); when x=—1, we have the convergent alternating
series I (—1)"/(n®+1). Therefore, the power series converges for —1=x=<1.

=|x|. Thus, we have conver-

£ (x +2)"VA.
o x+2ImtiVe+1 _
1 Jim_ TTravE Jim_ lx +2| \/ = lim_ |x +2] T+in l/ =|x +2|. Sowe have convergence

[x+2|<1, -1<x+2<1, —3<x< 1, and divergence for x<-3 or x>-1. For x=-1,
we have the divergent series L 1/~ (Problem 37.36), and, for x = —3, we have the convergent alternating
series L (—1)"'(1/vA). Hence, the power series converges for —3=x<-1.

S

2n

@m)!”
§ou. BHCnEr P .
L BRI Jim en i@ ) - 0. Thus, the power series converges for all x.
o« 2n+t
2 (- Gn+ 1)
Zn+3/ 2 +3 1 2
I lim u—(l’————) = ———-—lxl— 0. Hence, the power series converges for all x.

e | I2n+l/(2n+1)l n—»+x (2n+2)(2n+3)

"

2 X

In(rn+1)°
1+ln(1+n_1)
x| in (n +2) In(n+1) BT
I lim —————" = lim ———2 = |lim L C———
nre x|"In(n+1) n—.+:l |1 n(n+2) ,M,mlxll m(+2n ) |x]
Inn

Hence, we have convergence for |x|<1, and divergence for |[x|>1. For x=1, Z1l/In(n+1) is di-
vergent (Problem 37.100). For x=-1, IZ(-~1)YIn(n+1) converges by the alternating series test. There-
fore, the power series converges for —1=x <1,

Lx"n(n+1).

"“/(n+l)(n+2) 1

I iim P = i = «l.
e |x|n(n +1) Jim x| 2 2 Jm_ 357, = I
[x] <1 and divergence for |x|>1. When x==1, the series is convergent (by Problem 37.10). Hence,
the power series converges for —1sx=1.

Thus, we have convergence for

n

M
=|k
3

1

n+l/ + 1 n+1 1 1 1 .
1 lim lx‘—lx(lfl-'—{;—)— = lim_ |x| - AFiny vl =|x| 2 -0=0. Hence, the series converges for all x.
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38.18

38.19

38.20

38.21

38.22

38.23

38.24

38.25

38.26
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L x"/n5".
n+1 + n+1
1 tim_ M——l%ﬁ—)—s—— = lim_ |x|%-n—:l_—1- =|x|/5. Thus, the series converges for |x|<5 and di-

verges for |x|>5. For x=35, we get the divergent series L 1/n, and, for x = —5, we get the convergent
alternating series I (—1)"/n. Hence, the power series converges for —5=x<5.

T X7 (n + 1{(n +2)(n + 3).

P |22 (n + 2)(n + 3)(n + 4) - lim |xf? n+l TR 1+1/n
n—t= (x| (n+ 1) (n+2)(n+3) e n+td4 a—ve 1+4/n
gence for |x|<1 and divergence for |x|>1. For x =1, we get absolute convergence by Problem 37.18.

Hence, the series converges for ~1<x=<1.

2
=|x|> Hence, we have conver-

» xll
2 i ny’ ; use the root test for absolute convergence.
n=2
X .
I lim % =0; the series converges (absolutely) for all x.
n—+x

L x"(1+ n).

I i "Y1+ (n+ 1)) oy 1+ 1/n’+1

e T S Al T+(ntly -t I+ 1’ +(1+ 1/ny
verges for |x| <1, and diverges for |x|>1. For x==z=1, the series is absolutely convergent by limit
comparison with the convergent p-series T 1/n°. Therefore, the series converges for —1<x=1.

=|x|. Hence, the series con-

L (x+3)'n.

I A translation in Problem 38.1 shows that the power series converges for —4=x < —2.

I =

z = use the root test for absolute convergence.

x
1 lim in—’ =0; the series converges (absolutely) for all x. (The result also follows by comparison with the

n—s+x

series of Problem 38.20.)

x "

_x*
<2 n(ln n)?’
' - |xln+l/(n +1)[In (n +1)]" = lim Ix‘ n [ Inn ]2 _ |x'
n—+x |x|"/n(ln n)z n—+x In (n + 1)

Hence, we have convergence for [x|<1 and divergence for |x|>1. For x==1, we have absolute
convergence by Problem 37.50. Hence, the power series converges for —1=x=<1.

YA et Inn ]
[By L'Hopital’s rule, ]"P,c NCED) =1.| (compare Problem 38.15).
. . . (n")*
Find the radius of convergence of the power series > (2n)] x
n=1 *
[(n+ DP|x|"" Y 2n +2)! (n+1) [x|

1 lim_ ) k[T 2n)! ,,_.+==l x| GriD@Ensy 4 Therefore, the series converges for

|x| <4 and diverges for |x|>4. Hence, the radius of convergence is 4.

Prove that, if a power series L a,x” converges for x = b, then it converges absolutely for all x such that |x| <
1]

I Since T a,b” converges, hm la,b"| =0. Since a convergent sequence is bounded, there exists an M such

that |a,b"|=M for all n. "Let |x/b|=r<1. Then |a,x"|=]a,b"||x"/b"|=< Mr". Therefore, by com-
parison with the convergent geometric series L Mr”, T |a,x"| is convergent.
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Prove that, if the radius of convergence of T a,x" is R, then the radius of convergence of £ a,x*" is VR.

I Assume |ul|<VR. Then u’<R. Hence, ¥ a,(u®)" converges, and, therefore, I a,u’ converges.

_n

Now, assume |u|>VR. Then u’>>R, and, therefore, L a,(u’)" diverges. Thus, L a,u”" diverges.

1
Find the radius of convergence of 2 ((; ))|
' 2
1 By Problem 38. 25 the radius of convergence of 2 ((2 ))' x" is4. Hence, by Problem 38.27, the radius of
1
convergence of 2 g ))| is Va=2.

If lim Vla,]= L >0, show that the radius of convergence of £ a,x"is 1/L.

I Assume |x|<1/L. Then L<1/|x]. Choose r so that L<r<1/|x|. Then |rx|<1. Since

lim Wt;,,—\ = L, there exists an integer k such that, if n=k, then Vla, | <r, and, therefore, la, | <r"
f-fe;lr:e, for n=k, |ax"|<r"|x|"=|rx]". Thus, eventually, T |a,x"|is term by term less than the convergent
geometric series T |rx|” and is convergent by the comparison test. Now, on the other, hand, assume |x|>1/L.
Then L >1/|x|. Choose r so that L>r>1/|x|. Then |rx|>1. Since lim V/]a,|=L, there exists
an integer k such that, if n=k, then VI—_> r, and, therefore, |a |>r" "ﬁg;ce, for n=k, |ax"|>
r"|x|" = |rx|">1. Thus, we cannot have llm a,x"=0, and, therefore, ¥ a,x" cannot converge. (The

theorem also holds when L = 0: then the series converges for all x.)

. . = 1\"
Find the radius of convergence of 2 (1 + ’—l) x".

n=1
" 1 "
I lim Vla,|= tim (1 + ;) =e¢. Therefore, by Problem 38.29, the radius of convergence is 1/e.

Find the radius of convergence of the binomial series 1+ ? x + m(rln'; 1) x>+ m(m Ilz)(’; ~2) x4

f Use the ratio test.

i [m(m—=1)---(m = )| |x|""/(n + 1)1
e Imim—=1)---(m—n+ )| x|t R

| |m/n~1]

=l = lim x| S = x|

Hence, the radius of convergence is 1.

If £a,x" has a radius of convergence r, and if £ b, x" has a radius of convergence r,>r,, what is the
radius of convergence of the sum I (a, + b,)x"?

I For |x|<r,, both La,x" and £ b, x" are convergent, and, therefore, so is I (a, + b,)x". Now,
take x so that r, <|x|<r,. Then I a,x" diverges and L b, x" converges. Hence, I (a, +b,)x" diverges
(by Problem 37.111). Thus, the radius of convergence of I (a, + b, )x" isr,.

1%
Let k be a fixed positive integer. Find the radius of convergence of > é;:n))' x"
) _ + D x| Y (kn + k) (n+1)*
I the rat . [(n = i =
Use the ratiotest A T )l ! Jm W T D) o
(1+1/n)* x|

Jim_ x| (k+1/nm)(k+2/n)---(k + kin) _ k*°
is a special case of this result.)

Hence, the radius of convergence is k*. (Problem 38.25

! .
Show that ——— =1-x+x>—---= 2, (-1)x" for |x|<1.
1+x n=0

I Substitute ~x for x in Problem 37.113.

Show that s=1-x"+x* —---—2( 1)"x* for |x|<1.

1 n=0

§ Substitute x* for x in the series of Problem 38.34.
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3836 Show that tan~ x=x-% +% ... 3 CDF x| <1
R w that tan™ x=x - =2 o x| <1.
1 Integrate the power series of Problem 38.35 term by term, and note that tan™' 0=0.
38.37 Find a power series representation for (I_—I.XT
1 Method 1. By Problem 37.113, for |x|<1, % =1+x+x>+---= x". Differentiate this series
n=0
term by term. Then, for |x| <1, (1 1 e =142x+32 4= nx""'= D, (n+ x".
n=1 n=0
" . - - -
Method 2. —— - =(Z x")(Z x"'>= > ( > 1>x Z (k + 1)x*.
1-x 1-x n=0 m=0 k=0 “m+m=k =0
38.38  Find a power series representation for In(1+x) for |x|<1.
I By Problem 3834, for |x|<1, Hl_ =l-x+x'—---= E (—1)"x".  Integrate term by term:
2 1 . 1 n+1
1n(1+x)=x X + e z( ) nl z( )

273 0n+1

n=1

:

38.39  Show that e 2 for all x.

3

I Let f(x)= 2 F =1+x+> 37 ; By Problem 38.3, f(x) is defined for all x. Differentiate term
n=0
by term: f'(x)= E =2 x_ = f(x). Moreover, 0)=1. Hence, by Problem 24.72, xy=e¢"
y n=1 (n - 1)' n=0 n

38.40  Find a power series representation for e "

=

n x 1\ 2
!

. x 1 . X x°
Substitute —x for x: e =2(n') xX'=1l-x+ ===+ -
n=0 M

I By Problem 38.39, e"=§0 TREY

S

5
—x=/2

38.41 Find a power series representation for e

x _1,, 2 . x _1 n'_Zn

I By Problem 38.40, e¢™*= 2, U7 o Substitute X for x. Then e~ = > &
ale n! 2 a0 27 n!

38.42  Approximate 1/e correctly to two decimal places.
I ByProblem38.40, e *=1—-x+x/2!—x¥3!+---. Let x=1. Then lle=1-1+1/21—1/3"+---
Let us use the alternating series theorem here. We must ﬁnd the least n for which 1/n!<0.005= 555,
200<n!, n=6. Sowecanuse 1-1+Li—-1+ 4 -5 =% =03666---. Sol/e=0.37, correctto two
decimal places.

38.43  Find a power series representation for cosh x.

X + X et ”n n

' Using the series found in Problems 38.39 and 38.40, we have coshx= e_z__e_ =2 MTI) — =
Z xZn n=0 n.
n=0 (Zn)! )

38.44  Find a power series representation for sinh x.

I Since D (cosh x)=sinhx, we can differentiate the power series of Problem 38.43 to get sinhx=

an—1 2n+1

YL S

n=1 (2”“1)‘ n=0 (2n+1)!

. - . . - . . -— 2
38.45 Find a power series representation for the normal distribution function (¥ e dt.

n _ n 2n+1
Integrate: [ie > dr= Z(é?,f dr= 1) X .

-n

I ByProblem38.41, ¢ z( 1)
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Approximate f! e™"? di correctly to three decimal places.

1 -2 _ - (_1)" .. . .
I ByProblem38.45, [, e dt= Z:o TR 1) nF 1)’ This is an alternating series. Hence, we must find the

least n such that  1/n!12"(2n + 1) <0.0005 = s, 2000<n!2"(2rn+1), n=4. Sowemayuse 1-}+ -
3 = 1237 =0.855.

) n 1 2 3
> — = o 4
For a fixed integer k>1, evaluate 2=k + pE: + pE +
1 S -
! In Problem 38.37, we found that, for [x|<1, T 1+2x+3x%+---= > nx""". Hence,
- n=1
x - 1 1/k 1 2 3
s = x4+ 2+ 3+ = S { <1. Let x=+. = S e
= x+2x*+3x ) "zﬂnx or |x| et x=y. Then Y k+k2+k3+ ,
and the desired value is (k——T)E
Evaluate 1-3+2-+3-}+4-%+---
I 1o Problem 38.47, let k=2. Then g = (2~1) =2
Use power series to solve the differential equation y’ = —xy under the boundary condition that y =1 when
x=0.
I Let y=f(x)= > a,x". Differentiate: y'= > na,x""' = > (n+ Da,,,x". So 20 (n+a,, "=
n=0 n=1 n=0 n=
~-Xy=—Xx z ax"= > (—a)x""' = > (—a,_)x" Comparing coefficients, we get a, =0, and
n=0 n=1
(n+ l)a,,,,1 =-—q, ,. Since y=1 when x=0, we know that a,=1. Now, a,=a;=a,="- 'l= .
Also, 2a,=—a,=-1, a,= ~5- Then, 4a,=-a,, a,= 74 Further, 6a,=—a,, a;=- 246
o - -1 - _ -1 _
Slmllarly, 8a, —2" ag, %= 3168 and, in general, B0 T A6 Gny =2 So
-x%2
fx) = ”ZO( 1)" 577+ By Problem 38.41, fix)y=e*"

Find a power series representation for In (1 — x).

1 Substitute —x for x in the series of Problem 38.38: In(1-x)= 2 (1)t X" X) = > (=) % =

—-z =, for |x|<I1. " "
n=1 n
. . . 1+x
Find a power series representation for In ==
I By Problems 38 38 and 38 .50, for x| <1, 1 i =ln(1+x)~In(1—-x)= 2 (- 1)"+l SR .
S n= n= n
2 [( 1)n+l +1 ! !
. 1+x .
Use the power series for In . to approximate In 2.
1+x o x! 1+x 1 (1)"‘”
. — = =—, x=73. 2 =
I By Problem 38.51, lnl—x 202k+1 When 2= =< 73 So In2= kZO K+ 1

2l + LAY+ L4y +--+]. Using the first three terms, we get $% =0.6930. (The correct value to four
decimal places is 0.6931.)

. 1+x
Use the power series for In

1= U0 approximate In 3.

1+ 2k+1
I When 3=1 i L. As in Problem 38.52, In3= 222“1(;) =204+ ()P + (2 +

x=
=25+ & + ) = 35 =~ 1.0958. (The correct value to four places is 1.0986.)
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38.54

38.55

38.56

38.57

38.58

38.59

1/3
Approximate f —— to three decimal places.
pp o 1+x° %

I For |[x]<1,

1 o
o= Z (-D"x Hence, 5 = 2 (—1)"x3". Integrate term-
n=0

1/3 1 +co 1+x ne0
. dx (- ) Bt . . .
wise: | s 2  3n (5) . Since this is an alternating series, we look for the least n such that
1 oy -
EPERR <0.0005 = 5005, 2000 < (3n + 1)3***, We get n=2. Thus, we may use - 35 =2~
0.330.

Approximate tan~' 1 to two decimal places.

3 3 2n+1
I By Problem 38.36, tan"'x=2x— %— + 55— cee= z -1" 2n 1 for x| <1. Therefore,
tan™' { = 2 (1) 1 By the alternating serles theorem, we seek the least n for which

= 2n+ 1 22n+1'
1 .
W <0.005 = 200” 200< (2n +1)2°"*'. We obtain n=3. Thus, we can use % — % + 15 =
223 ~0.46.
480

Use power series to solve the differential equation y”"=4y with the boundary conditions y=0, y'=1
when x=0.

I let y= > a,x". Since y=0 when x=0, a,=0. leferentlate y' = 2 na,x"”'. Since y'=1
n=0 b ©
when x=0, a,=1. Differentiate again: y"= 2 n(n—1)ax"""= 2 (n +2)(n + 1)a,,,x". So > (n+
n=0
2)(n+1a, x"=4y=4 2 a,x". Therefore, (n + 2)(n +Da,.,= 4a.. Since a, =0, we get a,=a,=
4

n

4 4 4 4

ag=---=0. For odd subscnpts GB=374=35 3 Then, a5= 545 5 In general,
4k 22k © 22k 2k+1 1 hod (2 )2k+1 )
Aypo1 = kT - kT D Hence, y= kzo GET D) =3 §=: (2k+ R By Problem 38.44, sinhu=

et 2k+1
u

2 ———. Hence, y=}sinh2x.
ico (2k+1)!

Show directly that, if y"=-y, and y'=1 and y=0 when x=0, then y=sinx.

_ w9z _dz Q dz dz _ 1,
’1Let z=dy/dx. Then "L h Hence, prEa [zdz=—[ydy, Edz =
-3 y’+C, z=-y’+K. Since z=1 and y=0 when x=0, K=1. Thus, z’=1-}y? d—i=
d .- .
+V1-y? f\/.l_y_2=tfdx, sin”' y=#*x+C,. Since y=0 when x=0, C,=0. So sin'y=
-y
*x, y=sin(xx)=*sinx. Then y=sinx. (If y=-sinx, then y'=-cosx, and y'=-1 when
x=0.)
sl x2n+1
Show that smx=§0(—l) m
' E x2n+l i xZn
Let 1)" When x=0, y=0. By differentiation, y’'= —-1)" -=——. Hence,
y=2 0 G y” ) 2+1y "°(m)(2)'2+1
[ = n n+l X = n —
y'=1 when x=0. Further, Z( 1) g ——~(2n+1)! ,.Zo( 1) (2n+1)'
—y. Hence, by Problem 38.57, y=sinx.
Show that cosx = 2( 1) (2n)"
x2n+1 n
I By Problem 38.58, smx—Z( 1" CTESOIR Differentiate: cosx~2( 1) (2n)'
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. 1.1 1 = (=
Show that In2=1-3+ 3 -7 -2‘ .
I By Problem 38.38, In(1+x)= > (-1)"*" % for |x| <1. By the alternating series theorem, the series
n=1 n+1
converges when x=1. By Abel’s theorem, In2= 2 - 1) . [Abel’s theorem reads: flx)y=
> ax" for —r<x<r. If the series converges for Y =r, then hm f(x) exists and is equal to Z a,r"
n=0 n=0
m_ 1.1 1 = (="
Showthat z=1-3+z— 5+ _202n+1
x3 xS 7 2u+l

1 By Problem 38.36, tan 'x=x— Fry ot 2 - =—— 2n el r |x|<1. The series con-
verges for x =1, by the alternating series test. Hence by Abel s theorem (Problem 38.60), -:IT =tan"'1=
N _s L

3 °5 “n+ 1

Show that the converse of Abel’s theorem fails; that is, show thatif f(x) = > ax" for |x|<r, iftheseries

n=0
has radius of convergence r, and if lim f(x)=10b, then > a,r" does not necessarily converge.
fopu

1 S P
§ Consider f(x)= 2 {—1)"x", with radius of convergence 1. lir{x_ f(x)= 5 but 10" s
n= X n=0
not convergent.
Find a power series for sin” x.

2n x 22n 2n

1-cos2x o x
I sin’x= ———=. By Problem 38.59, cosx= —-1)" ———=. Hence, cos2x= z -1)" s
- 2 g2 2y Eo( ) @)t ,,:0( ) (2n)!
~cos2x =2, (-1)""! G Adding 1 eliminates the constant term -1, yielding 1-cos2x =
n=0 .
* 22nx2n 1 — cos 2x 22n 1 2n
-1 . So sin®x=—0" 1!
260" Gy - S e B
Find a power series for 3T
[ ] is th f th tri i ith first t _1 d ratio >:
p x/3 is the sum of the geometric series wi st term a=3 and ratio 3:
1 1x 1 (x) ~ X"
e =+ =) = —_ <3,
3%v33 + 313 P for x| <3
4
Find a power series for TIExi—’a?

I 1+2x-3x*=(1-x)(1+3x), and

4x _ 1 i

1+2x-3x 1-x 1+3x =

AM“

= i [1-(=3)1x" for |x]<}

Find power series solutions of the differential equation xy"+y' —y=0.

I Let y=2 ax" Then y' =2 nax"'=2, (n+1)a,, x" Further, y"= 2 n(n—1)a,x""% and

n=0 n=1 n=0 n=2
£

w'=3 an-1ax""'= 3 (n+na,, x". Now, 0=xy"+y' —y=(a,~a)+ 2 [(n+1)na,, +(n+
n=2 n=1 n=1
a, a a a
l)a,,, —a,}x". Therefore, a,=a, and (n+1)a,, =a, Hence, a,==3=-3, a,=-3==5"3,
20 2% 3¢ 253
_ay _ a, . _ % " <~ x"
fz4 RS and, in general, a, 1y Thus, y= "20 (n')2 x"=aq, 2 )y where a,
is an arbitrary constant.
( l)anu
Find the interval of convergence of 2 ‘W
Al + )2 Il
I Use the ratio test.  lim I = lim ——— =0. i
Jim 7 (nl) 2" Jim_ A+ 1) 0. Hence, the series converges for all

x. The function defined by this series is denoted Jy(x) and is called a Bessel function of the first kind of order
zero.
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hd 2n+1
Find the interval of convergence of ,Z:o -1y W .
) X+ DY+ 2)122 [x|? B
I Use the ratio test. "l_l’l’llx X Uni(n + 12 = Im_ TCECED) =0. Therefore, we have

convergence for all x. The function defined by this series is denoted J,(x) and is called a Bessel function of the
first kind of order one.

d
Show that p Jo(x) = ~J,(x), where J,(x) and J,(x) are the Bessel functions defined in Problems 38.67 and
38.68.

n_2n
I J,(x)= 2 (dd a0 . Differentiate:

n=0 ( ') 22”
Ly @n)en! I & (e
1o} = "Zl (n1)?2%" _,.21 -2 A a2 J,(x)

Find an ordinary differential equation of second order satisfied by J,(¢).

I Let x=-rY4 in the series of Problem 38.66; the resuzlt is, by Problem 38.67, J,(t). Thus, the above

d
change of variable must take the differential equation x g;{- + d—i —y =0 into a differential equation for
d 2d 2 d’
—J,(). Explicitty, X-@d_ 24 4 4y ~_211.(_%d_Y>= Z(_% dt{ +2 62)

dx  dzldt rde M T T T a\T T {
¢ 2

2
and the desired differential equation (Bessel’s equation of order zero) is (— —><— —)<— % ((ii—t’zv— + —22- dy ) -

4 ! dt

d’y
—
dr’

- ] —
Ql@“

+ty=0 (1)
2
Show that z =J,(t) satisfies Bessel’s equation of order 1: % + % % + (1 - tlz)z =0.

I By Problem 38.69, we obtain a differential equation for z = J,(¢) by letting % =~z in(1) of Problem

1 . ’
38.70: - %% -3z +y=0. Differentiating once more with respect to r: — ‘;Tf - % —“% + tlz z—2z=0 or
d’z  1dz ( 1) _
ar "1 a t\lmp)2=0

Find the power series expansion of by division.

1+x?

I Let Then 1=(1+x3) 2 ax"=a,+ax+ 2, (ak+ak_2)x". Hence. a,=1,
a, =0, and, for "I=coz 2, a,+a, ,=0, that is’,'zoak =Gy, Thu’;,=2 0=a;=a,=---. For even sub-
scripts, a,=-1, a,=1, ag=-1, and, in general, a,,=(—1)". Therefore, = E (-1)'x*" =
1-x>+x*—x*+x%+---. (Of course, this is obtained more easily by using a geometrlc serles )

Show that if f(x)= 2, a,x" for |x|<r and f(x) is an even function [that is, f(—x)=f(x)], then all
n=0

odd-order coefficients a,,., =0.

1 > ax" = 2 a,(-x)"= E (—1)"a,x". Equating coefficients, we see that, when n is odd, a,=-a,,
n=0

n=0
and, therefore a =0.

Show that if f(x)= 2 ax" for |x|<r, and f(x) is an odd function [that is, f(—x)= —f(x)], then all
even-order coefficients ~'a,, =0.

n ny

i1 Z ax"=— 2 %)= > (-1)"*'a,x". Equating coefficients, we see that, whenniseven, a,=—a
a
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For what values of x can sin x be replaced by x if the allowable error is 0.0005?

3 5 7 Zn +1

X x x . L .

I By Problem 3858, sinx=x- 3 + 5T 7| 2 -1y (2n T 1), Since this is an alternating
series, the error is less than the magnitude of the first term omltted If we only use x, the error is less than |x|/3!.
So we need to have [x|%3!<0.0005, |x|*<0.003, [x|<0.1441-

. . ex _ e—.\'
Use power series to evaluate lim —
x—0 sin x
ef—e™ L (l+x+x¥24--)- (1—x+x2/2!—--) 24+ X34
I :l:l—lftl) sin x _P—-o x—x3'+ x5 — _;lcl—»o 1—x¥6+-- _2'
Approximate [, (sin x)/x dx correctly to six decimal places.
3 s 2 4 6
2o ) sin x LE X
- _ — P e =
1 By}Problersn 38.587, sin x 1x 31 +15 7 f dx = J' 1 T 5' 7 ) dx
s—rpteaaat b=l yE e 5, -7 7, -+-. Note that 9-9!=3,265920, and, there-
' ' 1 1 ' " ' 1 1 1 .
fore, the next term, 901 < m Hence, it suffices to calculate 1-— 3730 + 551 71 which
yields 0.946083.
Use the multiplication of power series to verify that e*e * =1.

I Refer to Problems 38.39 and 38.40.

s

DR PR
?::0[“ —x n'm" ]xk
Y PO iy (1)

k=0 n(k — n)t
K

k—n
But the binomial theorem gives, for k=1, 0=(1-1)"= 2, (ﬁ)(l)"(—l)" "=kt 2 Gt i Hence
n=0

II
CammnN

i[»—

the coefficient of x* in (1) is zero, for all k=1; and we are left with e‘e ™ =1-x "(i '(k_ e

Find the first five terms of the power series for e* cos x by multiplication of power series.

[ e’=1+x+)2‘—!2+3—;+z—:+§—:+--- and cosx=1—;—:+§—-~. Hence, e‘cosx—(1+x+§+
;—:+Z—:+§+~--)(1—§+z—:—~-->=l+x—%xa—éx4—§1-6x5+~-~

Find the first five terms of the power series for e” sin x.

' e sin =(1+ +x_2+_x:+x_4+x_5+...)( _'f_+x_5+...>— + 2+l 3__1_ 5__1. S4...
x T TR TR SR TR TETETIX TR T

Find the first four terms of the power series for sec x.

4 6
x X

d 2

x°
I Let Then 1=cosx- 2 ax" (1 4| 6 + .- -)(ao +ax+ax’+

n=0 .

a,x’+---). Now we equate coefficients. From the constant coefﬁcxent 1=a,. From the coefficient of
x, O0=a,. From the coefficient of x’, 0=a,— ia,=a,— %; hence, a,=1. From the coefficient of
x>, 0=a,—%a,=a,. From the coefficient of x* 0=a,— %a,+ %a,=a,— L+ %; hence, a,=
5. From the coefficient of x°, 0=a, - {a, + %a, = a;. From the coefficient of x%, 0=a, — }a, + %a, —

. 5 2
75, =a,— 3 + 25 — 7:m; hence, a,=S5. Thus, secx=1+ x>+ Sx*+ Hhx®+---

Find the first four terms of the power series for "/ cos x by long division.

I Write the long division as follows:
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N
ku
+

14+x +x°

+

a\lkw wl

2
1+0-x—£2—+0-x3+---1+x

+

NI AT S TR W
+

+

3

+
o
o)

+

1+0-x-—

+

TR - N Ea
=+

x+x

=
+
o
><|
|
+

(5
N
=

w

w| &
|9
N

Hence, the power series for e”/cos x begins with 1+ x + x> + 2x¥/3.

38.83  Find the first three terms of the power series for tan x by long division.

I Arrange the division of sin x by cos x as follows:

|3 2 B
x + 3 +E,\ +
2 x4 6 x‘ xS x7
SR TR T A T TR TR
3 5 7
XXX
T T e
l ‘__l 5 7
3% 730 T ”
l 3 1_5__1__ 7
3V e TR
z 4
15 315
2 1
R
Hence, the power series for tan x begins with x + 4x* + Zx®
38.84  Evaluate the power series x +2x> +3x* + -+ ax" 4+ - - -,
1 By Problem 38.37, 1/(1-x)’=1+2x+3x>+---. Therefore, x/(1—x)>=x+2x*+3x*+ -,

38.85 Evaluate the power series , n’x".
n=1

I Let f(0)=2 n"=x 2 nx" ' = xg(x). Now, [ gx)dx= D, nx"= a xx)z, by Problem 38.84.
n=1 n=1 n=1 -
d x x+1 x(x+1)
H , = — = = .
ence, g(x) & A=3 (=2 and f(x) A=z

38.86  Write the first three terms of the power series for In sec x.

d
[ | E;(lnsecx)=tanx=x+§x3+ %x’+---, byProblem38.83. Therefore, Insecx=C +x¥2+ x¥12 +
x45+ -+, When x=0, Insecx=0. Hence, C=0. Thus, Insecx=x¥2+xY12+ x45+---.
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Let f(x)= 2 ax" Show that —— ~ f(x) = 2 (ag+a,+ - +a,)x"
n=0 n=0
1
I l_x(a(,+a1x+-~-+a,,x"+---)=(1+x+x2+--~+x"+~--)(a0+a,x+-~a,,x"+-~). The terms of

this product involving x" are ax” +ax-x""'+---+a, x"?-x*+a, x""'-x+a,x". Hence, the coef-
ficient of x" willbe a,+a,+---+a,.

In(1-x)
_— 1 N
I n(1-x)=-(x+x%2+x%3+---) by Problem 38.50. Hence, by Problem 38.87, the coefficient of x”" in

In(l—-x) . ( 1 1 1) In(1-x) o~ ( 1 1) "
PR, B A — —_— —_— PEPE — —————— T _+... —_— .
1 is 1+2+3+ + —|. Hence, T 2 1-!~2 + - )x

Find a power series for

n=1

Write the first four terms of a power series for (sin x)/(1 — x).

3 xS x2k+l
k
= D — — +
I sinx=x- 3,+ +(-1) GEF )]
(1 —x) will be the sum of the coefficients of the power series for sin x up through that of x”. Hence, we get

(inx)/(1-x)=x+x>+ x>+ x* +---

By Problem 38.87, the coefficient of x" in (sin x)/

Find the first five terms of a power series for (tan'l x)/(1—~x).

I tan 'x=x-x3+x15-x"17+--- for | |< y Problem 38.36. Hence, by Problem 38.87, we
1

obtain (tan™'x)/(1—x)=x+x"+3x*+ &x* + &¥° +

Find the first five terms of a power series for (cos x) /(1 — x).

1 cosx = 1—x%2'+ x*41 = x%6! + x*/8! — - .-, Hence, by Problem 38.87, (cosx)/(1—x)=1+x+ix"+
b+ Bxt e

Use the result of Problem 38.87 to evaluate ), (n+1)x"

n=0

I we anttoﬁnd Zax sothat a;+a +---+a,=n+1. A simple choiceis a,=1. Thus, from

= 1
bt +1 =—.
20 —; weo ain "ZSO (n+1)x" =

If fix)= i a,x", show that the even part of f(x), E(x)= 3{f(x) + f(—x)], is 2 a,.x**, and the odd
part of f(x), 0() = 4@ ~ =)L, 5 T @y ™

I f-x= i (-1)"a,x". Hence, flx)+f(—x)=2 Zi a, x**, and f(x) - f(-x)=2 zj Ay XK

Evaluate x%/2+xY4+ - +x*2k+---.

I This is the even part (sece Problem 38.93) of the series fxX)=—-In{1-x)=x+x72+x¥3+x%4+---
Hence the given series is equal to HA+ =4 ~-In(1-x)+In(1+0)]=3In[1+x)/(1-x)]=

In V(I +x)/(1-2x).

x 2n

Use Problem 38.93 to evaluate 2 x——.
a0 (2n)!

I This is the even part of e*, which is (e* + e *)/2=cosh x. (This problem was solved in the reverse direction
in Problem 38.43.)

Find llm _s__n::_- by power series methods.
I By Problem 38.58, sinx—x=—x"3!'+x%51-x"/7'+---. Hence, (sinx—x)/x’=-1/3!+x%5"—

x7t+ -+, and lim (sinx — x)/x*=—1/3t= -1,
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38.97

38.98

38.99

38.100

38.101

38.102

38.103

38.104

38.105

38.106

38.107

Evaluate x/2!+ x%3!+ x74! + x¥/51+ - -
I Let f(x)=x/2!+x30+ x4+ x*/51+ - - -, Then xf(x) = x¥21+ X3+ x4+ xS+ -+ - =
e*—x—1. Hence, f(x)=("—x—-1)/x.

Assume that the coefficients of a power series > a,x" repeat every k terms, thatis, a,,,=a, foralla.
a,tax+--+a,_x1r°

Show that its sum is

1-x*
I Let gx)=a,+ax+---+a,_x*" Then, 2 a,x" =g(x)+ g)x* + g(x)x™ + - - =gx)(1 + x* +
Fyoy= 1g£x) ~. The series converges for |x| <1
x* % x* x°
Evaluate 137 2.3 + 3445 +oeee
x2 x3 x* x* ¥ x X

I Let fo)= ~33 3 _ﬁ+”" Then f'(x)=x-— +3_Z =ln(1+x), by
Problem 38.38. Hence f(x)= fln(l+x)dx—(1+x)[ln(1+x)~—1]+C (1+x)ln(1+x)-x+C,.

When x=0, f(x)=0, and, therefore, C,=0. Thus, f(x)=(1+x)In(1+x)—x.

Evaluate x4+ x%8+x'/12+x'/16+---.
I By Problem 38.50, —-In(1-w)=u+u’2+u’3+u¥4+---. Hence, -In(1-x")=x"+x%2+
x'%3+ x'%4+---. Thus, the given series is —1 In (1 — x*).

Evaluate ¢(x)= 2, n’x".
n=1

I If f(x) is the function of Problem 38.85, then

[ X+ x ]_ (1-2’Cx+ D +3(" +x0)(1 - x)° _ x(x*+4x+1)
(a-xP°1 (1-x° - -y

d(x) = xf'(x) =

Evaluate ¢(x)= 2 (n+4)x"

n=0
ad - x 1 4 -3x

= " "= +4 = , where we have used Problem 38.84.
V= 2o +4 2 X = o S T
For the binomial series (Problem 38.31), f(x)=1+mx + (2 1) _'+m(m—1)~-n-'(m—n+1) x"+
-+, which is convergent for |x| <1, show that (1+ x)f'(x)= mf(x). '
1 f’(x)=m+m(m—1)x+---+m(m 2 _({; n )x"_1+---; xf'(xX)=mx+mm—-1x>+---+
mm—1)---(m-n+1) , e - .

RSN X"+, In (1+x)f'(x), the coefficient of x” will be

m(m—1)---(m—n+1)(m—n) mm—1)---(m—n+1)  mm-1)---(m—n+1)

n! o n! =m n!

Hence, (1+ x)f'(x)=mf(x).

Prove that the binomial series f(x) of Problem 38.103 is equal to (1 + x)™

1+ x)"f'(x) - 1+x)"!
I Let g(x)= (lfixi)m. Then, g'(x)= G5 ("()1 +"g2(f,)( X" —0, by Problem 38.103. Hence,
g(x) is a constant C. But f(x)=1 when x=0, and, therefore, C=1. Therefore, f(x)=(1+x)"
1 1o 13 o 13 @Qn-d)
Show that V1 3 3.4 346~ 7l

I Substitute —x for x and % for m in the binomial series of Problems 38.103 and 38.104.

Derive the seri ! —1+1 +_1;§ 2+—————1'3.5 ?

eriv eries i Xt s Xt e
I Substitute —x for x and ~ 1 for m in the binomial series of Problems 38.103 and 38.104. (Alternatively, take
the derivative of the series in Problem 38.105.)

lx_ 1-3%x 1-3-5
23 2 5 2-4-6

Obtain the series sin™' x = x

7
T <t
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L g1, 13, 135, L _i.lp
I By Problem 38.106, A= lt5tt5 0t gt o Therefore, — =l+5 04
1-3 , 1:3:5 5 -1 * 1 L1813 x° 1354
24 45

3 .
1 +24~6t+ - and sin x—o\/l_:?-dt——x

By means of the binomial series, approximate V33 correctly to three decimal places.

I V33=V32+1=2-V1+%. By Problem 38.104, (1+§)”5=1+§(§)+5(§2’ D 4y 4. since

the series alternates in sign, the error is less than the magnitude of the first term omitted. Now,

1-1 1
5( — ) (32> = 12.500 <0.0005. Thus, it suffices to use 1+ %3 = 1 ~1.006. Hence, V33 ~2.012.
Find the radius of convergence of 2 10,, x".
+ 1 ! n+1/10n+1 +
I Use the ratio test. lim (n+1) |x|n — = lim 2 1 x|— +o except for x=0. Hence, the
n->+o n!|x| /10 n—+o P

radius of convergence is zero.

n

Find the interval of convergence of D

n=0 n!
. o 27xM Y (m + 1) 2|x
I Use the ratio test.  lim | l,, ( ) = lim i =0. Hence, the series converges for all x.
n—> oo 2%|x}/n! n—to 1+ 1
( 1)n+1 n
Find the interval of convergence of 2

n=1 \/—-2"

A LES a
I Use the ratio test. ﬁl’P I—I—IW = lir{l % v i I ‘;l . Thus, the series converges for

{x| <2 and diverges for |x{>2. For x=2, we obtain a convergent alternating series. For x= -2,
we get a divergent p-series, —X 1/v/n.

= 1
Find the interval of convergence of > % x".
n=1
In(r+1)|xI""Y(n+1 In(n+1
I Use the ratio test.  lim (nt 1) - (nt1) _ lim Innt1) n_ |x| = |x|]. Hence, the series con-
n—s+o (Inn) |x|"/n n+x Inn n+1
vergesfor |x|<1 anddivergesfor |x|>1. When x=1, we obtainadivergent series, by the integral test.

When x=—1, we get a convergent alternating series.

Find the radius of convergence of the hypergeometric series

ab ata+Db(b+1) , ala+1)(a+2)b(b+1)b+2)
e vy F T 3te(c + 1)(c +2)
. IxI""'a(@+1)---(a+m)b(b+1)---(b+n)/{n+Dlc(c+1)---(c+n)
I Usetheratiotest.  lim o e o T b4 1) (b F n= Dnle(e 1) (e sn=1D) —
. (a+n)b+n)x| . A{a/n+1)(b/n+1)|x]
lim ————————— = lim
P n(c+n) n— oo c/n+1

=|x|. Hence, the radius of convergence is 1.

If infinitely many coefficients of a power series are nonzero integers, show that the radius of convergence r=1.

I Assume ¥ a x" converges for some |x|>1. Then, 1ir£, la,| |x|"=0. But, for infinitely many values of
n, la,||x|">1, contradicting liT la,| lx|" =0.

Denoting the sum of the hypergeometric series (Problem 38.113) by F(a, b; c;x), show that tan™'x=
xF(1, 3535 —x%).
(3 ()
I By Problem 38.113, xF(1,1;3;-x)=x— ( )3(2) X+ ( ;(!( Z()z
3 5 7 3 (3
x - %— + x? - x7 +---=tan ' x (see Problem 38.36).

D s WOGCNE) -,
3G

)
3)
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Find the Maclaurin series of e*.

I Let f(x)=¢" _Then f""(x)— e for all n=0. Hence, f'2(0)=1 forall n=0. Therefore, the
(n)

Maclaurin series 2 f (0) x" = Z F

n=0 n=0

Find the Maclaurin series for sin x.

I Let f(x)=sinx. Then, f(0)=sin0=0, f'(0)=cosO=1, f"(0)=~-sin0=0, f"'(O) =-cos0=—1,
5 7
and thereafter, the sequence of values 0, 1, 0, —1 keeps repeating. Thus, we obtain x ~ x + X2

gl I ]
E( Y G

Find the Taylor series for sin x about #/4.

I Let f(x)=sinx. Then f(w/4)=sin(w/4)=V2/2, f'(wl/4)=cos(m/4)=V2/2, f'(mi4)=—sin(7/4)=
-V2/2.  f"(wi4) = —cos(w/4)=—-V2/2, and, thereafter, this cycle of four values keeps repeating.
ﬁ {1 LXT /4 (x—m/4)’ (x-w/4y + (x — w/4)*
2 1! 2! 3! 4!

Thus, the Taylor series for sin x about Z is
(x-m/4)° (x-w/4)® (x-— 17/4)
st e T Bk

Calculate the Taylor series for 1/x about 1.

1 1 2 : 3.4
I Let f(x)= - Then, fl(x)=- et f'(x) = ek f(x)y=— 2x‘3 , fP)= 2 35 , and, in general,

fi")(x) -1 el So )= (-1)"nl. Thus, the Taylor series is > I—(::(‘—l)(x~1)"=
Z(_1)(x—1)"—1—(x—1)+(x—1)2—(x—1)3+---. S

n=0

Find the Maclaurin series for In (1~ x).
I Letf(x) =In(1—-x). Then, f(0)=0,f'(0)=—1,f"(0)=—1,f"(0)=—~1-2,f* =—1-2-3, and, in general

f(0)=~(n—1)! Thus, forn=1, f"(0)/n! = —1/n, and the Maclaurin seriesis —x— = — = — = — -~ .

Find the Taylor series for In x around 2.

fO%) = - 2x.43 , and, in general,

1 2
—2 3

frx) =
x
fOx)=(-1)"*" @ So f(2)=In2, and, for n=z=1, fOQ)=1)"" —(-’1—%,7-1-)—' Thus, the
SAK )
n§—:() n! *

I Let f(x)=Inx. Then, f’(x)=%, f'x)y= -

Taylor series is (x=2)"=In2+3(x-2)— s(x -2V + H(x -2 —---

cos x

Compute the first three nonzero terms of the Maclaurin series for e

1 Let f(x) =" Then, f' (x) =~ “sinx, f'(x)=e"" (sin’ X = cos x), f"'(") =¢“* " (sin x)(3 cos x +
1-sin*x),  f@(x) = e *[(—sin’ x)(3 + 2 cos x) + (3 cos x + 1 — sin” x)(cos x — sin ’x)]. Thus, f(0)=e,
f(0)=0, f(0)=-e, f"(0)=0, f“(0)=4e. Hence, the Maclaurin series is e(1 — ix*+ éx" +-40).
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Write the first nonzero terms of the Maclaurin series for sec x.

I Let f(x)=secx. Then, f'(x)=secxtanx, f'(x)=(secx)(1+2tan’x), f"(x)= (secx tan x)(5+ 6tan’ x),
FPx)=12sec’ xtan® x + (5 +6tan® x)(sec® x + tan’ xsecx). Thus, f(0)=1, f(0)=0, f(0)=1,
f"(0)=0, f=5. The Maclaurin seriesis 1+ $x>+ Fx*+---.

Find the first three nonzero terms of the Maclaurin series for tan x.

I Let f(x)=tanx. Then f'(x)=sec’x, f'(x)=2tanxsec’x, f"(x)=2(sec’x+2tan’x+2tan*x),
FP>x)=8(tanxsec’ x)(2+ 3tan’ x),  f©(x) =48 tan® x sec® x + 8(2 + 3 tan® x)(sec’ x + 2 tan” x + 2 tan* x).
So f(0)=0, f(O)=1, f(0)=0, f"(0)=2, f¥0)=0, f*(0)=16. Thus, the Maclaurin series is
x+ i+ &5+

Write the first three nonzero terms of the Maclaurin series for sin™' x.

I 1et f()=sin'x. f@O)=(1-x""%  f)=x(1-x>)"%  fx)=0-x)""*2x"+1).
FO)=3x(1-x")7"72x* +3),  fOx)=3(1-x)""*(3+24x* +8x"). Thus, f(0)=0, [(O)=1,
f0)y=0, f"O)=1, f0)=0, f*0)=9. Hence, the Maclaurin seriesis x + x> + Fx* +---.

_ @
If f(x)=2 a,(x—a)" for |x—a|<r, prove that ak R
n=0

series expansion about a, that power series must be the Taylor series for f(x) about a.

In other words, if f(x) has a power

I f(a)=a, It can be shown that thg power series converges Eniformly on |x-—a|=p<r, allowing

differentiation term by term: f'(x)= 2, na,(x—a)""", f'(x)=> n(n—Da,(x—a)""%..., %)=
x n=1 n=
> on(n=1)-[n=(k=Dla,(x—a)"™" Ifwelet x=a, f*a)=k(k-1)- ----1-a,=k!-a,. Hence,
1)
a, = T
. . . 1
Find the Maclaurin series for .
1+x
{ By Problem 38.34, we know that s =1l-x+x—---= z (-1)"x", for |x{<1. Hence, by
n=0
Problem 39.11, this must be the Maclaurin series for 1%
Find the Maclaurin series for tan”~ " x.
3 5 n_2n+1
(G ) S
I By Problem 38.36, we know that tan™' x=x — ? + ? —e = Z PERE for |x|<1. Hence,by
n=0

Problem 39.11, this must be the Maclaurin series for tan~' x. A direct calculation of the coefficients is tedious.

Find the Maclaurin series for cosh x.
il 2n
[} By Problem 38.43, coshx = 2 ﬁ , forallx. Hence, by Problem 39.11, this is the Maclaurin series for
n=0 .
cosh x.

Obtain the Maclaurin series for cos’ x.

1+cos2 ~ (—1)x*"
I cos’x= ——c—20—§--{. Now, by Problem 38.59, COS X = 2 ﬁ, and, therefore, cos2x =

2 2 n=0 (zn)'
2 ( 1) 2 " " S h l . _ 2 (_1)n22nx2n
2 (2n)' . ince the latter series has constant term 1, 1+cos2x=2+ 2 W’

1+ cos2 = (—1)72% "
——2——5 =1 2 (—)(2—'5-'—x— By Problem 39.11, this is the Maclaurin series for cos” x.
n=1 *

and
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39.16

39.17

39.18

39.19

39.20

39.21

39.22

. k12
Find the Taylor series for cos x about =

3
1 x 1 n - /3 2n
I cosx=cos[§+<x—g)] = cos%cos(x‘%r)_smgsm(x”g) - 52 )((xzn);” -
_ 2n+1 - .
Z D" = 7/3) . By Problem 39.11, we have the Taylor series for cos x about z

o (2n+ 1) 3

State Taylor’s formula with Lagrange’s form of the remainder and indicate how it is used to show that a function is
represented by its Taylor series.

I 1 f(x) and its first n derivatives are continuous on an open interval containing a, then, for any x in this interval,
there is a number ¢ between a and x such that

f&x)= f(a)+f(a)(x_a)+f"( a) f(u 1)( )

(x ) ( 1)|

(x—a)""' +R,(x)

(m
where R, (x)= O] ( ) (x —a)". If f(x) has continuous derivatives of all orders, then, for those x for which
11m R, (x)=0, f(x) is equal to its Taylor series.

Show that e” is represented by its Maclaurin series.

{(n) n
I Let x)=¢*.  Then the Lagrange remainder R (x)= 7 x"=é x_, for some ¢ between x
8 n! n!
and 0. Thus, e =<e"! and |R (x)]=e™ |x_| But lim x| =0, by Problem 36.13. Therefore,
" n! not+= nl y

x n

lim R,(x)=0 forallx. So e"isequal toits Maclaurin series > '—V—T (which was found in Problem 39.1).
Note that this was proved in a different manner in Problem 38.39. "

Find the interval on which sin x may be represented by its Maclaurin series.

£ )

I Let f(x)=sinx. Note that f*’(x) is either *sinx or *cos x, and, therefore, |R,(x)|=

Ix'n

T —0 (by Problem 36.13). Hence, sin x is equal to its Maclaurin series for all x. (See Problem 39.2.)

Show that In(1-x) is equal to its Maclaurin series for |x|<1.

I As you will find, employment of the Lagrange remainder establishes the desired representation only on the
subinterval —1<x=<3. However, appeal to Problems 38.50 and 39.11 immediately leads to the full result.

Show that e= 2 %

f We know that ¢* 2){1— Now let x=1.

How large may the angle x be taken if the values of cos x are to be computed using three terms of the Taylor series
about 7/3 and if the computation is to be correct to four decimal places?

I Since f®(x)=sinx, the Lagrange remainder |R,(x)| = |sm cl |x — /3> = &|x = 7/3]> = 0.00005.

Then, |x— w/3| <V/0.0003 ~0.0669. Hence, x can lie between 1r/3 + 0.0669 and =/3—0.0669. (0.0669
radian is about 3° 50".)
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For what range of x can cos x be replaced by the first three nonzero terms of its Maclaurin series to achieve four
decimal place accuracy?

I The first three nonzero terms of the Maclaurin series for cos x are 1—x%2+ x*24. We must have

|Ry(x)] <0.00005. Since |£9c)| = |=sincl=1, |Ry(x)|= Lol

a1 |x]* =|x|*120. Therefore we require
|x|*/120 < 0.00005, |x|° <0.006, |x|<?/0.006=0.3594.

Estimate the error when € =e'’? is approximated by the first four terms of the Maclaurin series for e*.

I Since e"=1+x+x¥2!+x%3!+ -+, we are approximating Veby 1+ 1+ ({1 + i)Y =1+i+}+

@
% =~1.64583. The error R, (x) is f 4'(0) (1)* for some cbetweenOandi. Now, f®(x)=e". The error

is /384, with 0<c<l. Now, e<e'’?
0.0052.

<2, since e<4. Hence, the error is less than 3% = s =

Use the Maclaurin series to estimate e to within two-decimal-place accuracy.

I We have e=1+1+1/21+1/31+1/41+---. Since f"(x)=¢", the error R, (x)=e%n! for some
number c such that 0<c<1. Since e <e <3, we require that 3/n‘ < 0.005, thatis, 600<n!. Hence,
wecanlet n=6. Theneisestimatedby 1+1+ 3§+ %+ %+ g5 = 58 =2.72 to two decimal places.

Find the Maclaurin series for cos x2

2n

I The Maclaurm senes for cos x is 2 (- 1)" which is valid for all x. Hence, the Maclaurin series for

' ’

cos x2 is 2 -1)" (2 0 which also holds for all x.
n=0
Estimate f,'*cos x* dx to three-decimal-place accuracy.
I By Problem 39.26, cosx>=1—x*2!+x%4! —x'’/6!+---. Integrate termwise:  f;'* cosx® dx =x —
1x° 1x ]”2 1 11(1)5 11(1)9 . . . .
T + sar e T3 572\5 + gai\z) — Since this is an alternating series, we must find the

9
first term that is less than 0.0005. Calculation shows that this term is ¢ o] (—) . Hence, we need use only
b~ o = 158 =0.497.

Estimate In 1.1 to within three-decimal-place accuracy.

I n(Q+x)=x—x¥2+xY3-x%4+--- for |x|<1. Thus, Inl1l.1=(0.1)— 1(0.1)*> + $(0.1)* = }(0.1)* +
This is an alternating series. We must find n so that (0.1)"/n =1/n10" <0.0005, or 2000< n10".
Hence, n=3. Therefore, we may use the first two terms: 0.1 —(0.1)*/2 =0.1 — 0.005 = 0.095.

Estimate f, vXsinxdx to within two-decimal-place accuracy.

I sinx=x-x31+x%51 - x7/’é' +.--.  Hence, \/E sin x=x"2—x""H3+ YS - XY+ .. and,

12 1 2 . . . .
therefore, fovVEsinxdx = 3739 + SR % ﬁ e This is an alternating series, and, since
<0.005, we may use the first two terms  — & = 3% ~0.38.

5113

If f(x)= i 2°x", find £(0).

™0
I Ingeneral, a, -1 (). So  fC¥(0) =33!a,, =3312%
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39.31

39.32

39.33

39.34

39.35

39.36

39.37

39.38

39.39

If f(x)=tan"'x, findf*(0).

£ 2n+1 (n)
1 E x . Since a, f (0)
=0

PR , fOP(0)=99!-a,. But ag=(-1)*4=-4%. Thus,

f‘”’(O)——( 1)/9 =—(98!).

Find fO°00) if f(x) = €*.

©

w1, 1 ., f9%0) 1
= "}::0 —7 %" Hence, f(x)= HE() pr x*, 001~ %00 = oyt Hence, f%°Y(0)=

50' )

A certain function f(x) satisfies f(0)=2, f'(0)=1, f(0)=4, f"(0)=12, and f™0)=0 if n>3.
Find a formula for f(x).

I The Maclaurin series for f(x) is the polynomial 2+ x + ;—, 2+ —2 X’ Thus, f(x)=2+x+2x>+2x>

Exhibit the nth nonzero term of the Maclaurin series for In (1 + x%).

I n(1+x)=x-x%2+x3—---+(-1)""x/n+--- for |x|<1l. Hence, In(1+x*)=x—x%2+
X34+ (=1)"""%*In+---. Thus, the nth nonzero termis (—1)""'x*/n.

. . _x?
Exhibit the nth nonzero term of the Maclaurin series for e

-3

® 2n
Then, e~ 2 x;__ The nth nonzero term is  (—1)""'x*""2 /(n - 1)!.

R’H

Find the Maclaurin series for x sin 3x.

n x2"+1 . - n 2n+1 x2"+1 .
sin x = 2 (-1) @n+ 1)' Hence, sin 3x-n§=:0 -1)*-3 (_2n+_1)!’ and xsin3x =
«© 2n+2
1\t q2n+1 X

Find the Taylor series for f(x) =2x>+4x—3 about 1.

I Method 1. f'(x)=4x+4, f'(x)=4, and f@)=0 for n>2. Thus, f(1)=3, f'(1)=8,
f'(1)=4, and f(x)=3+8(x—1)+2(x—1)>

Method 2. f(x) =2[(x - 1)+ 1] +4[(x-D+1]-3 =2x-1)*+4(x - 1) +2+4(x - 1) +4-3 =3 +8(x -
1) +2(x —1)°>. This is the Taylor series, by Problem 39.11.

Find the Taylor series for x* about —3.

I 2 =[-3+@x+3)

4-3-2 -3-2-1
=(-3)* +4(— 3)(x+3)+ ( 3)%(x +3)° + 153 A +3) +T;'—4(x+3)4
=81—108(x+3)+54(x+3) - 12(x + 3)° +(x+3).
Find the Maclaurin series for | V1+ x’ dx.
L1 (t—n+1
I By Problem 38.104, Vi+ =1+%x+~--+2(7 ) nfz 2+D) b Then,

3 1 o+ 3 ;-1 l"n‘*’l) el 3 1,
VIt =1+5x"+---+ p e and fVi+x dx=x+§x +-ret
1¢1
G- Gontl) 4, . -1 1°3°5- -0+ -@2n=3) 5.4

WG+ 1) + -+, The nth term may be rewritten as (—1) PmiGn + 1)

for n>1.
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to within two-decimal-place accuracy.

1/2 +
Estimate I In(+x) dx
0 x

In(1+ S o x Y2 n(1+ e
I For |x|<1, ¥ = (=1)"*! xT Hence, J; lx— x) 2 -p*! x ]
- n+ 1 n=1
( 12)2,, This is an alternating series. Therefore, we seek n for which 1/n%2" 50.005, 2005 n*2",
n=1 n

n=4. Hence, we may use - & +

foad

5 =0.45.

!

N
B

. 2 oy .
Approximate [, e™* dx to within two-decimal-place accuracy.

x n hd ann ) ( 1)n 2n+1 1 o ( l)n
1 —x o -
g - Hence, ¢ g » and fo e dx= Z ((271 + 1n! ]o) ,,20 @2n+ 1)nt"
Since this is an alternating series, we must find n such that m =0.005, 200=(2n+ 1n!, n=4.

Hence,weuse 1—1+ 4 —4=2%=0.74.

1
Find the Maclauri ies fe =
i e Maclaurin series for  f(x) R

I fx)= 1- el From L i x", we obtain ! 3 = i x>, andso f(x)= 1 -x L.
. 1- 1-x ;2 1-x 2o 7 1-x° 1-x°
z Z n+l
n=0 =0
If flx)= ! find f°9(0)

Zrx+1’ '

. £20)

I From the Maclaurin expansion found in Problem 39.42, =a,,=+1 (because 36 is divisible

. (36) 36!
by 3); hence, f°)(0) = 36!.

Prove that e is irrational.

I -5 u Los &0 By the alternati ies theorem 0<1—k§—)l(*1)"<—1_
e =2 ence =2 y the alternating series rem, e T & AR
IS CN ) I R U | (k —1)! STEDT o
— 1= — — A M A, — 1 —_
Therefore, 0<(k 1! l 20 | <p=3 for k=2 So 0<|F— (k 1)2‘0 <3
But (k—1)! 2 (b is an integer. If e were rational, then k could be chosen large enough so
k—-1)!
that (k - 1)'/e would be an integer.  Hence, for k large enough and suitably chosen, '(_e—) -

(k-1 3

n=0

would be an integer strictly between 0 and 3, which is impossible.

Find the Taylor series for cos x about #/2.

n+1
I cos x =sin (/2 — x) = —sin (x — 7/2). Since sin x = 2 -1 TESVE we have
COS X = E =1 (_x___”ﬁ)i:l
(2n+1)!

Find the Maclaurin series for In (2 + x).

I n2+x)=In2(1+x/2)]=In2+In(1+x/2). But In(l+x)= Z(L"H. Hence, ln(1+§)=

> & 1)"“ (2)"=i (‘;;:Hx". Thus, In(2+x)=I2+ i 1)"”

n=1 n=1
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39.47

39.48

39.49

39.50

Find the Taylor series for v about 2.

I vi=\2+G-2)=VIVi+[x— 2)/2]. Recall from Problem 38.104 that

\/1+x—1+i 2= 1) ”“‘"’“1) "
Hence VTG 27 =1+ 3 M0 oD oy
Thus, \/f—_-\/i+\/§i 1‘(1‘2)'(1“1)"-;; [1-2(n - 1) -2y

_\/‘+\/‘Z( -t 1303 So '(2"‘3) (x-2)"

Find the Maclaurin series for sin x cos x.

I sinxcosx=1sin2x. Now, sinx= "2::0 - (Ti% So sin2x= "2:0 (-1 % and,
therefore, a2 "230 (-1)" (2—’;2:'—1)' X!

Show that 1= "2::1 (n—:rll)—'

1 & =§0§' Hence, EZ: %— and, therefore, = i: x ‘l :0 (")(—+ii-)—‘
I:Iiow;xle—t 1 g(xi; iiix(e_(‘e:’i—)l) = 21 (:):_"_1)! . Tile—n(e f(ll)) = 'zl ("—‘:_1‘)_'- On the other hand, g(x)=
a( o )= = , and, thus, g(1)=————1———=1.

Find the Maclaurin series for 2"

In2
Therefore, 2°=¢"'"?= Z ([:1,) o
n=0

I 2=¢"2 Now, 2

31)1
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/ CHAPTER 40
Vectors in Space. Lines and Planes

Find the distance between the points (2, 4,7) and (1, 5, 10).

I The distance between any two points (x,, ¥,, z,) and (x,, y,, z,) is \/(x, =)+ (y, =) +(z, — 2,)°
Hence, the distance between (2,4,7) and (1,5,10) is V(2 —1)*+ (4-5) > +(7—- 10’ =VI+1+ 9= VII.

Find the distance between (~1, 2, 0) and (4, 3, —5).
I The distanceis V(=1-4)° +(2-3)° + [0~ (=5)]’ =V25 +1+25= V3L

Find the distance between a point (x, y, z) and the origin (0, 0, 0).

I The distanceis V(x =0+ (y —0)> +(z -0 = Vx> +y> + 22

Find the distance between (2, ~1, 4) and the origin.

I By Problem 40.3, the distance is V(2)° + (=1)>+ (4)°=Vd+ 1+ 16 = V2I.

Find the midpoint of the line segment connecting the points (4,3, 1) and (—2,5,7).

I The coordinates of the midpoint are the averages of the coordinates of the endpoints. In this case, the
. 4+(-2) 345 1+7
midpoint is 2 2 5= (1,4,4).

Find the equation of a sphere & of radius r and center (a, b, c).

I A point (x,y,z) is on & if and only if its distance from (a, b, c) is r, that is, if and only if
Vix—a)P +(y = b)Y +(z—c)*=r, or,equivalently, (x—a)’+(y—-b)+(z=c)’=r>

Find the equation of the sphere with radius 5 and center (2, ~1, 3).

I By Problem 40.6, the equation is (x —2)* + (y +1)* + (z — 3)> = 25.

Describe the surface with the equation x° + y* + 2° = 49,

I By Problem 40.6, this is the sphere with center (0, 0, 0) and radius 7.

Describe the graph of the equation x° + 4x + y*> + 2% — 82 =5,

I Complete the square in x and in z: (x+2)°+y*+(z—4)°=5+4+16=25. This is the equation of the
sphere with center (—2, 0, 4) and radius 5.

Show that every sphere has an equation of the form x*>+ y*+ 2>+ Ax+ By+ Cz+ D =0.

I The sphere with center (a, b, c) and radius r has the equation (x — a)*+ (y — b)* + (z — ¢)> = r>.  Expand-
ing, we obtain x*—2ax+a’+y’ —2by+b*+2z°—2cz+ > =r’, which is equivalent to x*+y’+2z°—
2ax —=2by —2cz + (a* + b> + ¢ — r*)=0.

When does an equation x”+y°+2z°+ Ax+ By + Cz+ D=0 represent a sphere?

A 2 B 2 C 2 2 BZ C2
I Complete the squares: <x + 5) + (y + 5) + (z + 5) = —[}T + x + T D. This is a sphere if and
only if the right side is positive; that is, if and only if A*+ B>+ C>—4D >0. |In that case, the sphere has

B 2 2
radius V' A>+ B2+ C*—4D and center { — 7T g)] When A°+ B®+ C*—4D =0, the graph
B C
> 5). When A?+ B?+ C?>-4D <0, there are no points on the graph at all.

is a single point <— 507
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Find an equation of the sphere with the points P(7, —1, —2) and Q(3, 4, 6) as the ends of a diameter.

I The center is the midpoint of the segment PQ, namely, (5, 3,4). The length of the diameter is
V(-3 +(-1-4)*+(2-6)*=V16+25+ 16 =V57. So, the radius is $V'57. Thus, an equation of the
sphere is (x —5)* + (y — 3)’ + (z —4)* = F.

Show that the three points P(1, 2, 3), Q(4, —5,2), and R(0, 0, 0) are the vertices of a right triangle.

I PR=V1*+2’+3°=VT4, QR=V4 + (-5 +2° = V45, PO =V(1 -4y +2- (-5 + (3-2)*=V59.
Thus, PQ’=PR’+ QOR>. Hence, by the converse of the Pythagorean theorem, APQR is a right triangle with
right angle at R.

If line L passes through point (1, 2, 3) and is perpendicular to the xy-plane, what are the coordinates of the points
on the line that are at a distance 7 from the point P(3, -1, 5)?

I The points on L have coordinates (1,2, z). Their distance from Pis \(3—1) +(=1-2)>+(5—-z)*=
13+(5—2)> Set this equal to 7. V13+(5—2)Y=7, 13+(5—-z)*=49, (5—2)°=36, 5—z==6,
z=-1 orz=11. So, the required points are (1,2, —1) and (1,2, 11).

Show that the points P(2, —1,5), 0(6,0, 6), and R(14, 2, 8) are collinear.
I PO=V#+1°+1°=VI8=3V2. QR=V8+2°+2°=VT2=6V2. PR=V12’+3+3 =VIi6l=

9V2. So, PR=PQ+ OR. Hence, the points are collinear. (If three points are not collinear, they form a
triangle; then the sum of two sides must be greater than the third side.) Another method: Q= 3P + iR.

Find an equation of the sphere with center in the xz-plane and passing through the points P(0, 8,0), Q(4, 6, 2),
and R(0, 12, 4).

I Let C(a,0,c) be the center. Then PC=0C=RC. So, Va’+64+c'=V(@-4P+36+(c—2)°=
Va*+144 + (c—4)> Hence, a’+64+c>=(a—4)+36+(c—2)"=a>+ 144+ (c —4)> Equate the first
and third terms: 64+ ¢’ =144+ (c—4)’, ¢*=80+c*—8c+16, 8c=96, c=12. Substitute 12 for c in
the first equation: a°>+64+144=(a—4)* +36+100, a*+72=a’—8a+16, 8a=-56, a=~7. So,the
center is (=7, 0,12). The radius PC = V49 + 64 + 144 = V257.

If the midpoints of the sides of APQR are (5, —1, 3), (4,2, 1), and (2, 1, 0), find the vertices.

I Let P=(x,y,,2), Q=% ¥5,2,), R=(xs, ¥5,2,). Assume (5,—1,3) is the midpoint of PQ,
(4,2, 1) is the midpoint of OR, and (2, 1, 0) is the midpoint of PR. Then, (x,+ x,)/2=5, (x,+ x,)/2=4,
and (x, +x,)/2=2. So, x,+x,=10, x,+x,=8,  and x,+x,=4. Subtract the second equation
from the first: x, —x,=2, and add this to the third equation: 2x, =6, x, =3. Hence, x,=7. x;=1.
Similarly, y,+y,=-2, y,+y,=4, y ty,=2. Then, y,—y,=-6, 2y, =-4, y,=-2. So,
y,=0, y,=4. Finally, z,+2,=6, z,+2z,=2, z,+2z,=0. Therefore, z, —2z,=4, 2z, =4. z,=2,
z,=4, z,=-2. Hence, P=(3,-2,2), Q=(7,0,4), and R=(1,4,-2).

Describe the intersection of the graphs of x*+y*=1 and z=2.

I AsshowninFig. 40-1, x*+y’>=1 isa cylinder of radius 1 with the z-axis as its axis of symmetry. z=2is
a plane two units above and parallel to the xy-plane. Hence, the intersection is a circle of radius 1 with center at
(0,0,2) in the plane z=2.

\
\ )

Fig. 40-1
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Describe the intersection of the graphs of y=x and y=35.

I Sece Fig. 40-2. y=x is a plane, obtained by moving the line y=x in the xy-plane in a direction
perpendicular to the xy-plane; y =35 is a plane parallel to the xz-plane. The intersection is the line through
the point (5, 5, 0) and perpendicular to the xy-plane.

Fig. 40-2

Find the point on the y-axis equidistant from (2,5, —3) and (-3, 6, 1).

I Let the point be (0,y,0). Then V(2-0Y+(5-y)’+(-3-072=V(=3-0)"+(6-y)’+(1-0)
13+(G-yY=10+(6-y), y*—10y+38=y"—12y+46, 2y=8, y=4. The desired point is (0, 4,0).

Describe the graph of x*>+y*=0.

I x*+y*=0 ifandonlyif x=0 and y=0. The graph consists of all points (0, 0, z), that is, the z-axis.

Write an equation of the sphere with radius 2 and center on the positive x-axis, and tangent to the yz-plane.

I The radius from the center to the point of tangency on the yz-plane must be perpendicular to that plane.
Hence, the radius must lie on the x-axis and the point of tangency must be the origin. So, the center must be
(2,0, 0) and the equation of the sphere is (x —2)* + y* + z° =4.

Find an equation of the sphere with center at (1, 2, 3) and tangent to the yz-plane.
I The radius from the center to the yz-plane is perpendicular to the yz-plane and, therefore, cuts the yz-plane at

(0,2,3). So, the radius is 1, and an equation of the sphere is (x —1)°+(y —2)* +(z—3)*=1.

Find the locus of all points (x, y, z) that are twice as far from (3, 2, 0) as from (3, 2, 6).

I V-3 +(y =2 +2=20Vx =3+ (y -2 +(z-6),  (x=3V+(y-2)+2=4(x -3 +(y~
2 +(z=-6)%), 3(x—3Y+3(y—2)+4(z—-6)°—2*=0, 3x*—18x+27+3y* -12y +12+32> - 48z +
144=0, x*—6x+y’—4y+2°—-16z2+61=0, (x-3)+(y—2Y+(z-8)°+61=9+4+64, (x—3)°+
(y —2)*+(z—8)>=16. Thus, the locus is the sphere with center (3,2, 8) and radius 4.

Find the vector I_’_Q’ from P=(1,-2,4) to Q=(3,4,3).

I In general, the vector Ig-é from P(x,, y,, z,) to Q(x,, y,, 2,) is P—Q. =X,—X;, Y=Y, 2,—2z;) In
this case, PQ=(2,6,-1).

Find the length of the vector P_Q. of Problem 40.25.

I The length |A| of a vector A=(u,v,w) is Vu'+v’+w. Since PO =(2,6, —1), the length
|PQ|=V4+36+1=V4lL.

Find the direction cosines of the vector ;5 of Problem 40.25.

I In general, if A=(a, b,c), then the direction cosines of A are cos a =a/|A|, cos B=b/|A], cosy=
c/|A], where @, B, and vy are the direction angles between A and the positive x-axis, y-axis, and z-axis, respec-
tively. These angles are between 0 and 7 (inclusive). Therefore, A =(|A{cosa, |A|cos B, |A|cos y) =
|A| (cos @, cos B, cos y). In this case, PQ=(2,6,—1) and |PQ|=V4l. So, cosa=2/V4l, cosp=
6/V41, cosy=-1/V4l. Thus, a and B are acute and 7 is obtuse.
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Find the direction cosines of A =3i+ 12j+4k. [Recall that i=(1,0,0), j=(0,1,0), and k=(0,0,1).]
I |A|=V9+144+16=V169=13. Hence, cosa=, cosB=1%, cosy=4.

Let vector A= (a, b, c) have direction cosines cos a, cos 8, cos y. Show that cos® & + cos® B +cos” y=1.
a b® ¢ _a+b+ct AP

f oot o By G AT AP T AT AT

Given vectors A=(3,2,-1), B=(5,3,0), and C=(-2,4,1), calculate A+B, A-C, and iA.

I Vector addition and subtraction and multiplication by a scalar are all done componentwise. Thus,

A+B=(3+52+3,-1+0)=(8,5,-1), A-C=(3-(-2),2—-4,-1-1)=(5,-2,-2), and 3A=

(33),3(2), :(-1)) = (3,1, —3).

Find the unit vector u in the same direction as A =(-2,3,6).

I A|=V4+9+36=V49=7. So, u=1A=(-%,3,¢). Note that u=(cosa, cos 3, cosy), the vec-

tor composed of the direction cosines of A.

Assume the direction angles of a vector A are equal. What are these angles?

I We have a=pB=y. By Problem 40.29, cos®*a +cos’ B+cos’y=1. So, 3cos’a=1, cosa=

*1/V3. Therefore, either a=g=y=cos '(1///3) or a=B=y=m—cos™' (1/V3).

Find the vector projection of A=(1,2,4) on B=(4,-2,4).

I Asin the planar case, the scalar projection of Aon Bis A-B/|B| (see Fig.40-3). As the unit vector in the
A-B A-B

direction of B is B/|B|, the vector projection is BE B= BB B For the data, A-B=1(4)+2(-2)+

4(4)=16 and B-B=4"+(-2)*+4°=36. So, the vector projectionof AonBis £B=3B=(%¥, 5§, 1)

| i

i |

i |

' |

o d . s o -R
B Fig. 40-3 Q B

Fig. 40-4

Find the distance from the point P(1, —1, 2) to the line connecting the point Q(3, 1, 4) to R(1, -3, 0).
I Let A=QP=(-2,-2,-2), B= 61} =(-2,—4,—4). Then (see Fig. 40-4) the scalar projection of A on

Bis s=A-B/|B|=(4+8+8)/V4+16+16=Y4 and the Pythagorean theorem gives d” =|A]> — s> = (4 +
4+4)- 12 =5 or d=2V2/3.

Find the angle 6 between the vectors A =(1,2,3) and B=(2,-3,-1).

I A-B=|A||Blcosd, 1(2)+2(-3)+3(-1)=(VI+4+9)(V4+9+1)(cosh), —T=14cos6, cosf=—1,
6 =120°=27/3.
Show that the triangle with vertices P(4, 3, 6), Q(—2, 0, 8), R(1, 5, 0) is a right triangle and find its area.

I PO=(=6,-3,2) and PR=(-3,2,-6). So, PQ-PR=18~6~-12=0. Thercfore, PQ is perpen-
dicular to PR. |PQ|=V36+9+4=7,|PR|=V9+4+36=7. Hence, the areais (7)(7)=%.

For a unit cube, find the angle 6 between a diagonal OP and the diagonal (B-Q of an adjacent face. (See Fig.
40-5.)

I 51"=(1,1,1), FQ=(1,1,0). 5_1”-0_’Q=|51”||—0—’Q|c050, 2=v3V2cos0, cos®=V6/3. Hence,
0 = 35°16".
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x 0 Fig. 405

For a unit cube, find the angle ¢ between a diagonal O_I; and an adjacent edge OR. (See Fig. 40-5.)

I oP=(1,1,1), OR=(0,0,1). OP-OR=|OP||OR|cosy, 1=V3cosp=V3/3, ¢~5444" [By
geometry, ¢ =90°—4.]

Find a value of ¢ for which A =3i—2j+ 5k and B=2i+4j+ ck will be perpendicular.
I Wemusthave 0=A-B=3(2)+(-2)(4)+5¢c, 5c=2, c=2%.

Write the formula for the cross product A XB, where A =(a,,q,,a;,) and B=(b,b,,b,).

I AxB=(a,b,~ab,,ab, —a,b,, a,b,— a,b,). In pseudo-determinant form,

i j kK
AxB=l|a, a, a,
b, b, b,
If we expand along the first row, we obtain
a, a,|, |a, ay|, la, a . .
bi bz 1= b: bZJ+ bz bz k=(ayb; — asb,)i+(a;,b, —a,b;)j + (a,b, — a,b))k.

Verify that A X B is perpendicular to both A and B, when A =(1,3,~1) and B=(2,0,1).

I AxB=(3(1)-(-1)0, (-1)2-1(1), 1(0) - 3(2)) = (3, -3, —6), A-(AxB)=(1,3,-1)-(3,-3,-6) =
3-9+6=0, B-(AxB)=(2,0,1)-(3,-3,-6)=6—-6=0. Therefore, AL(AXB) and B L (AXB).

Find a vector N that is perpendicular to the plane of the three points P(1, —1,4), Q(2,0, 1), and R(0, 2, 3).

I PO=(1.1,-3), PR=(-1,3,-1). Wecantake N=PQx PR=(1(~1)-(=3)3, (=3)(~1) - 1(~1),
1(3) - 1(~-1)) = (8, 4, 4).

Find the area of APQOR of Problem 40.42.

I Recall that |PQ x PR|=|PQ)| |}72| sin @ is the area of the parailelogram formed by I—’_Q’ and PR. So,
the areais |N|=|(8,4,4)| = V64 +16 + 16 = V96 =4V6. The area of APQR is half the area of the parallelo-
gram, that is, 2V6.

Find the distance d from the origin to the plane of Problem 40.42.

I Let X denote any point on the plane. The distance d is the magnitude of the scalar projection of OX on the
vector N=(8,4,4). Choosing X = P(1,-1,4), we have

S INOP|_|B4.9-(-14) _ 20 5 _5V6
NI 4V6 4V6 6 6

Find the volume of the parallelepiped formed by the vectors @ and PR of Problem 40.42 and the vector ES’,
where §=(3,5,7).

I The volume of the parallelepiped determined by noncoplanar vectors A, B, Cis [A-(BxC)|. Hence, in
this case, the volume is |PS-N|=(2,4,10)-(8,4,4) =16+ 16 + 40 =72.
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If BxC=40, whatcan be concluded about B and C?

I |BxC|=1B||C| sinf, where 6 is the angle between B and C. So, if BXC=0, either B=0 or
C=0 or sinf=0. Note that sin8 =0 is equivalent to B and C being parallel; in other words, linearly
dependent.

If A-(BxC)=0, whatcan be concluded about the configuration of A, B, and C?

I One possibility is that BxC=0, which, by Problem 40.46, means that B=0 or C=0 or B and
C are paraliel. Another possibility is that A=0. If A#0 and BxC#0, then A-(BxC)=0
means that A 1L (B x C), which is equivalent to A lying in the plane determined by B and C (and therefore not
codetermining a parallelepiped with B and C).

Verify the identity |A x B]> = |A}* |B|* — (A -B)>

I Let 6 be the angle between A and B. Then, |A|*|B|*> - (A-B)* = [A]*|B|* — |A]*|B]? cos® 8 = |A}*|B|*(1 -
cos” 8) = |A|*|B}? sin” § = |A x B|>. [Compare this result with Cauchy’s inequality, Problem 33.28.]

Establish the formula

a, a, a,
b, b, b,
¢ € €

A-(BxC)=

where A=(a,,a,,a,), B=(b,b,,b;), C=(c,,¢,,¢,).
I By Problem 40.40, the cofactors of the first row are the respective components of B x C.

If AXB=AXC and A0, doesitfollowthat B=C?

I No. AxB=AXC is equivalent to Ax(B—C)=0. The last equation holds when A is parallel to
B —C, and this can happen when B#C.

If A, B, C are mutually perpendicular, show that A X (BxC)=0.

I B xC is a vector perpendicular to the plane of B and C. By hypothesis, A is also such a vector and,
therefore, A and B X C are parallel. Hence, AXx(BxC)=0.

Verify that Bx A= - (A xB).

I Let A=(a,,a,,a,) and B=(b,,b,,b,). Then AxB=(a,b,—a,b,, a,b,—ab,, a,b,~a,b,) and
B X A=(b,a, — bsa,, bya, ~ b,a,, bia, ~ bya;) = — (A XB).

Verify that AX A =0.

I By Problem 40.52, AxA=~(AXA).

Verify that ixj=k, jxk=i, and kXxi=j.

I ixj=(1,0,0)x(0,1,0)=(0(0)-0(1), 0(0) — 1(0), 1(1) —0(0)) =(0,0,1) =k. jxk=(0,1,0)x (0,0, 1)
= (1(1) — 0(0), 0(0) ~0(1), 0(0) —1(0))=(1,0,0)=i. Finally, kxi={(0,0,1)x(1,0,0)=(0(0)~-1(0),
1(1) = 0(0), 0(0) - 0(1)) = (0, 1,0) =j.

Show that A-(BXC)=(AxB)-C (exchange of dot and cross).

I (AxB)-C=C-(AxB)=A-(BxC). The first equality follows from the definition of the dot product; the
second is established by making two row interchanges in the determinant of Problem 40.49.

Find the volume of the parallelepiped whose edges are 574, 5—[3, 5&, where 0=(0,0,0), A=(1,2,3),
B=(1,1,2), C=(2,1,1).

I Thevolumeis |OA-(0Bx 00)|=|(1,2,3)-((1,1,2) X (2,1, 1)) =[(1,2,3) - (=1,3, ~1)| =1 + 6 -3 =2.
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Show that (A +B)-((B+C) X (C+A))=2A-(BxC).

I A+B)-(B+C)x(C+A)) = (A+B)-(BXC)+(BXA)+(CXC)+(CxA) = (A+B)-(BXC)+
(BxA)+(CxA) = A-(BXC)+A-(BxA)+A-(CxA)+B-(BxC)+B-(BxA)+B-(CxA) =
A-(BxC)+B-(CxA), since, forallDand E, D-(DxE)=0 and D:(EXxD)=0. Hence, we obtain
2A-(BxC), since B-(CxA)=(BxC)-A by Problem 40.55.

Prove (AXB)-(CxD)=(A-C)(B-D)—-(A-D)(B-C).

I AxB=(a,b,—a,b,,a,b, - a,b,,ab,— a,b,) and CxD=(c,dy~ cyd,, c,d, — ¢, d;, c,d, — ¢,d,).
S0, (A X B) - (C X D) = (a,b; ~ a3b,)(c,d; — ¢3d,) + (a0, — a,b,)(c,d, — ¢,d;) + (a,b, — a,b,)(c,d, ~ ¢c,d,) =
ayby¢,ds ~ aybyeid, — asbyc,d, + abyc,d, + abicid, —abcidy—abyed, + ab,cd, + ab,ed, -
a,b,c,d, —ayb,c,d, + a,b,c,d,. On the other hand, (A-C)(B-D)~(A-D)(B-C)=(a,c, +a,,+a,c,) %
(bd, +b,d,+b,d;)—(ad, +a,d, + a,d,)(b,c, + b,c, + byc;) = a,bcd, +ab,cd,+ab,d,+
abyc,d, + aybyc,dy + abicid, + asb,eid, + abycydy — abic,d ~ abyc,d, — abyc,d, — abcd, -
a,b,c,d, — aybycyd, — ab c\d; ~ ab,c,d, — asb,c,d,. Hence, the two sides are equal.

Prove (A—-B)X(A+B)=2(AXB).

I A-B)x(A+B)=(AxA)+(AxB)—-(BxA)—-(BxB). Since AXA=BxB=0 and BxA=
—(A xB), theresultis 2(A xB).

Show that C x (A X B) is a linear combination of A and B; namely, Cx (AXB)=(C-B)A—(C-A)B.

I AxB=(a,b,—ayb,,a.b, —ab;,ab,~a,b;). So, Cx(AXB)=(c,(a,b,—a,b))~ cs(a;b, —a,b,),
c;(ab; — azb,) — c(a,b, —ayb)), c(asb, — aby) — cy(ayb, — azb,)) = (¢,b, + ¢c,b, + ¢;b;) (a,, a,, a,) —
(a,¢, + ayc, + ayc;)(by, by, b)) =(C-B)A —(C- A)B.

Show that AXx(AxB)=(A-B)A-(A-A)B.

I 1n Problem 40.60, let C = A.

Show that (A xB) x (Cx D)= ((AxB)-D)C—((AxB)-C)D.

I 1In Problem 40.60, substitute C for A, D for B, and A x B for C.

Show that the points (0,0,0), (a,, a,, a,), (by, b,, b3), and (c,, ¢, ¢,) are coplanar if and only if

a, a, a,
b, b, b,
€ 6 G

=0

I Let A=(a,,a,,a,), B=(b,,b,,b,), C=(c,,c,, ¢c;). By Problems 40.45 and 40.49, the determinant
above is equal to A - (B X C), which is equal in magnitude to the nonzero volume of the parallelepiped formed by
A,B,C, when the given points are not coplanar. If those points are coplanar, either BXC=0, and,
therefore, A-(BXC)=0; or BxC##0 and A is perpendicular to B x C (because A is in the plane of B and
C), so that again A-(BXxC)=0.

Show that A-(BxC)=B-(CxA).

I This follows at once from Problem 40.55 (exchange dot and cross on the right side).

(Reciprocal crystal lattices). Assume V,, V,, V, are noncoplanar vectors. Let
K, = V, XV, K, = V, XV, K, = V. XV,
Vi (V; xXV;) v, (V,; XV;) V- (V; xV;)

Show that K, - (K, X K;)=1/[V,-(V, x V,)].
I Let c=V,-(V,xV,). Then

Vi xV, xlevz_

K, xK,= p

% {[(V, xV,)) 'vzlvl - [(V; X vl) 'Vllvz}
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by Problem 40.62. By virtue of the fact that V, is perpendicular to V,xV,, we have (V,XV,):V,=0,
and, therefore, K, xK,=(1/c®)[(V;XV,):V,]V,. By Problem 40.64, (V,XV,):V,=V,-(V,xV,)=
V,+(V, xV,)=c. Hence, K,xK,=(1/c)V,. Therefore,

V,xV, V 1 c 1
Kl'(K2XK3)=‘Tj'?I = ?Vl°(V2XV3)= ?=E
Show that K, LV, for i#j. (For the notation, see Problem 40.65.)
V, XV, V, XV,

I x,-v,= -V, =0 since V, is perpendicular to V,xV,. K, ‘V,=
1 2 2 2 3 1
perpendicular to 'V, X V,. The other cases are handled similarly.

-V; =0 since V; is

Show that K,-V,=1 for i=1,2,3. (For the notation, see Problem 40.65.)

- V1'(v2xv3) —

I K, -v,=-2 p

c -
2.V, P 1. The other cases are similar.

If A=(2,-3,1) isnormaltooneplane? and B=(—1,4,-2) isnormalto another plane %,, show that P,
and 2, intersect and find a vector parallel to the line & in which they intersect.

I If 2, and P, were parallel, of and 8 would have to be parallel. But A and B are not parallel (since A isnot a
scalar multiple of B). Therefore, ?, and &, intersect. Since A is perpendicular to plane 2, A is perpendicular
to the line £ in ?,. Likewise, B is perpendicular to £. Hence, L is parallel to A x B.

Find the vector representation, the parametric equations, and the rectangular equations for the line through the
points P(1, —2,5) and Q(3, 4, 6).

L If R is any point on the line, then PR= t@ for some scalar ¢ (see Fig. 40-6). Hence, OR=OP+ PR=
OP +tPQ. Thus, (1,2, -5)+#2,6,1) is a vector function that generates the line. A parametric form
is x=1+42¢ y=2+6t, z=-5+1 If we eliminate ¢ from these equations, we obtain the rectangular
x—-1 y=-2 z+3

2 6 1

equations

0 Fig. 40-6

Find the points at which the line of Problem 40.69 cuts the coordinate planes.

f By Problem 40.69, the parametric equationsare x=1+2t, y=2+61, z=-5+1To find the intersec-
tion with the xy-plane, set z=0. Then ¢=5, x=11, y=32. So, the intersection point is (11, 32, 0).
To find the intersection with the xz-plane,set y=0. Then r=-}, x=13, z=-%_ So, the intersection
is (3,0, —%). To find the intersection with the yz-plane, set x=0. Then (=-31, y=-1, z=-4.

So, the intersection is (0, —1, — 4).

Find the vector representation, parametric equations, and rectangular equations for the line through the points
P(3,2,1) and Q(—1,2,4).

i1 Fé= {—4,0,3). So, the line is generated by the vector function (3,2, 1)+ #(—4,0,3). The parametric
x=3 z-1
-4 = 3

equations are x=3-—47, y=2 z=1+3t. The rectangular equations are

y=2.

Write equations for the line through the point (1,2, —6) and parallel to the vector (4, 1, 3).

I The line is generated by the vector function (1,2, —6) + #(4, 1,3). Parametric equations are x =1+ 4¢,
x—-1_y-2 2+6
4 1 3

y=2+t, z=-6+3t A setof rectangular equations is
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x—2 z+2
4 3 -

I The given line is parallel to the vector (4, 5,3). Hence, the desired equationsare x=—1+4f, y=4+5¢,
z=2+3t.

Write parametric equations for the line through (—1, 4, 2) and parallel to the line

=2
5

Show that the lines ¥,: x=x,+at, y=y,+bt, z=z,+c and £,: x=x,+At, y=y,+Br, z=
z,+ Ct are parallel if and only if a, b, ¢ are proportional to A, B, C.

I 2, is parallel to the vector (a, b, ¢). %, is parallel to the vector (4, B, C). Therefore, &, is parallel to %, if
and only if (a, b, ¢) is parallel to (A, B, C), that is, if and only if (a, b, ¢)= A(A, B, C) for some A. The
latter condition means that a, b, ¢ are proportional to A, B, C.

Show that the lines %,: x=x,+at, y=y,+bt, z=2z,+ct and &,: x=x,+At, y=y,+Bt, z=
z,+ Ct are perpendicular if and only if aA + bB + cC=0.

I %, is parallel to the vector (a, b, ¢). %, is parallel to the vector (4, B, C). ¥, and %, have a common point
(xos Yo, Z,)- Hence, %, is perpendicular to %, if and only if (a, b, c) L (A, B, C), which is equivalent to
(a,b,c)-(A,B,C)=0, or aA+bB+cC=0.

Show thatthe lines x=1+t, y=2¢, z=1+3¢t and x=3s, y=2s, z=2+s intersect,and find their
point of intersection.

I Assume (x, y, z) is a point of intersection. Then 2t=y=2s. So, t=s. From 1+t=x=23s, we

then have 1+s=3s, 2s=1, s=3%. So, s=t=1. Notethat 14+3r=1+3(1)=3 and 2+s=2+

{ =3, Thus, the equations for z are compatible. The intersection point is (3, 1, 3).

By the methods of calculus, find the point P,(x, y,z) on the line x=3+¢, y=2+1¢, z=1+1t thatis
closest to the point Py (1,2, 1), and verify that P P, is perpendicular to the line.

I The distance from P, (1,2,1) to (x, y, z) is V-1 +(y =2+ -1 =V(+2)+ P+’ =

3/ +4r+4. It suffices to minimize 317 +4t+4. Set_ D3 +4r+4)=61+4=0. So, r=-}.
Hence, P, =(3,3,}). Notethat PP is(3,—3,—%),and P,P,-(1,1,1)=0. Hence, P,P, is perpendicular
to the line. The distance from P, to the lineis V3(3)-§+4= \/?

Describe a method based on vectors for finding the distance from a point P, to a line x=x,+at, y=
Yo+ bt, z=1z,+ct that does not contain P.

I Choose any two points R and Q on the line (i.e., choose any two t-values). Let A=P,RX P,Q. Ais
perpendicular to the plane containing P, and the line (see Fig. 40-7). Now, we want the line P, P, from P, to the
nearest point P, on the line. Clearly, A X RQ is parallel to P P,, so that we can write an equation for the line
P,P,. The intersection of P,P, with the given line yields the point P, and the distance d= P,P,.

P

Fig. 40-7

Apply the method of Problem 40.78 to Problem 40.77.

I Thelineis x=3+¢, y=2+¢ z=1+1 P,is (1,2,1). Let R=(3,2,1) and Q=(4,3,2). 1_26
is (1,1,1), P,R is (2,0,0), and P,0=(3,1,1). Then A=P,RXx P,0=(0,-2,2), and AXRQ=
0,-2,2)x(1,1,1)=(—4,2,2). So, the line PP, is x=1-4s, y=2+2s, z=1+2s. To get the
intersection of line P,P, with the given line, equate the x-coordinates: 3+¢t=1~4s. Then =-2-—
4s. Substitute in the y-coordinates: 2+ (—2—4s)=2+2s. So, s=-}. Hence, t=—2. Note that the
z-coordinates then agree: 1-—3%=1+2(—4). The intersection point P, is x=3, y=4% z=1. The
distance between P, and the given line is P,P, = \/(2)’* +(~2)*+(~2)*=V%. These are the same results
that were found in Problem 40.77.
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Find an equation of the plane containing the point P,(3, —2, 5) and perpendicular to the vector N = (4,2, -7).

I For any point P(x, y, z), P is in the plane if and only if I?i’J. N, that is, if and only if I?I”oN=
4(x —3)+2(y +2)—7(z —5)=0, which can also be written as 4x +2y —7z = -27.

Find an equation of the plane containing the point P,(4, 3, —2) and perpendicular to the vector (5, —4, 6).

I We know (from Problem 40.80) that the plane has an equation of the form Sx —4y + 6z =d. Since P, lies
in the plane, 5(4) —4(3)+6(-2)=d. So, d=—4 and the plane has the equation 5x —4y +6z = —4.

Find an equation for the plane through the points P(1, 3, 5), O(-1, 2, 4), and R(4,4,0).

I N= ;’6 X ;’—IE is normal to the plane. N=(-2,~-1, -1} x (3,1, -5)=(6, —13,1). So, the equation has
the form 6x —13y + z=d. Since R is in the plane, 6(4) —13(4) +0=4d, d=-28. Thus, the equation is
6x — 13y + z = —28.

Find an equation for the plane through the points (3,2, ~1), (1, —1, 3), and (3, -2, 4).

I We shall use a method different from the one used in Problem 40.82. The equation of the plane has the form
ax + by + cz =d. Substitute the values corresponding to the three given points: (1) 3a+2b-—c=d;
(2) a-b+3c=d; (3) 3a—2b+4c=d. Eliminating a from (1) and (2), we get (4) 5b~10c = —2d.
Eliminating @ from (2) and (3), we get (5) b—S5c=-2d. Eliminating d from (4) and (5), we get
5b—10c=b—-5c, 4b=5¢, b=13%c. From (5), —2d=3c—-5¢c, d=%c. From (2), a=d+b~-3c=
¥c+3c—-3c=c/8. So, the equation of the plane is (c/8)x + Scy + cz = $c. Multiplying by 8/c yields
x+ 10y + 8z =15.

Find the cosine of the angle 6 between the planes 4x +4y —-2z=9 and 2x+y+z=-3.

I 0 is the angle between the normal vectors (4,4, ~2) and (2,1,1). So,

(4,4,-2)-(2,1,1) _ 10 _5V6
4,4, -2)[2,1,1)]  6vV6 18

cos(9=|

Of course, there is another angle between the planes, the supplement of the angle whose cosine was just found.
The cosine of the other angle is —cos § = —5V6/18.

Find parametric equations for the line & that is the intersection of the planes in Problem 40.84.

I The line Zis perpendicular to the normal vectors of the planes, and is, therefore, parallei to their cross product
4,4, -2)x(2,1,1)= (6, ~8, —4). We also need a point on the intersection. To find one, set x =0 and
solve the two resulting equations, 4y —2z=9, y+z=-3. Multiplying the second equation by 2 and
adding, we get 6y =3, y=3. So, z=—3. Thus, the pointis (0, {, —]) and we obtain the line x =6t¢,
y=3-8t z=-}-4¢

Find an equation of the plane containing the point P(1,3,1) and the line &: x=1t, y=t, z=t+2.

I The point Q(0,0,2) is on the given line £ (set 1=0). The vector QP=(1,3,-1) lies in the
sought plane. Since the vector (1,1,1) is parallel to &, the cross product (1,3,-1)x(1,1,1)=
(4, -2, —2) is normal to the plane. So, an equation of the plane is 4x—2y—2z=d. Since the point
0(0,0,2) is in the plane, —4=4d. Thus, the plane has the equation 4x -2y —2z=-4, or 2x—y—z=
-2.

(a) Express vectorially the distance from the origin to the intersection of two planes. (b) Check the result of (a)
geometrically.

I (a) Figure 40-8(a) indicates two planes, ?, and P,, with respectlve normals N, and N,, and the common
point A. The line of i mtersectlon Z, has the vector equatlon OX=0A+ N (cf Problem 40.85). If Pisthe
point of £ closest to O, then OPLN or 0=0P-N= (0A+t,,N) N= OA- N+¢.,N-N. Hence,

= — — QAN _Nx(OAxN)
=—(0A-N)/((N-N)  and  OP=0A- - N=— 0

where the last step follows from Problem 40.60. Finally, d = I—O_}.’I
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(b) Since OAXN and N are orthogonal,

1 —_— 1 bt . — .
4= 1F (IN| |OA x N|) = NE (IN]|OA| N|sin ¢) = |OA|sin ¢

where ¢ is the angle between OA and N. But this is geometrically obvious; see Fig. 40-8(b).

.

(a) (®) Fig. 40-8

40.88  Show that the distance D from the point P(x,, y,, z,) to the plane ax+by+cz+d=0 isgivenby D=
lax, + by, + cz, + d|/Va* + b* + c°.
I Let Q(x,, ¥,, z,) be any point on the given plane. Then the distance D is the magnitude of the scalar
projection of PQ=(x,— x,,y,~¥,,2Z,—z,) on the normal vector N=(a, b, ¢) to the plane. So, D is

IN- PQ| - (@, b,0)- (xs =X, ¥, = y,, 2, = 2,) - la(x, —x,) + b(y, —y,) + oz, — 2,)|
IN| Va®+ b+ ¢* Va® + b2+ ¢
_ lax, + by, + cz, —ax, - by, —cz)|
Va* + b+ ¢*
Since Q(x,, ¥,, z,) is a point of the plane, ax,+ by, +cz,+d=0. Hence,

Dzl_’d_axl_b}H‘CZlI =laxx+b)’1+czl+d|
Va*+b>+ ¢ Vai+ b+ ¢t

40.89  Find the distance D from the point (3, -5, 2) to the plane 8x—2y +z=S5.
[8(3)—2(=5)+2~-5 31
VEr+@7 +@' Ve

I By the formula of Problem 40.88, D =

40.90  Show that the planes ax+byv+cz+d,=0 and ax+by+cz+d,=0 are parallel.

I The planes have the same normal vector N = (g, b, ¢). Since they are both perpendicular to N, they must be
parallel.

40.91  Show that the distance between the parallel planes ?,: ax+by+cz+d, =0 andP,: ax+by+cz+d,=0
is |d,—d,|/Va*+b*>+%

I Let (x,,y,,2,) be a point of plane ?,. Hence, ax,+by, +cz,+d, =0. The distance between the
planes is equal to the distance between the point (x,, y,, z,) and plane &,, which is, by Problem 40.88,
Iax1+b}’l+cz|+d‘ - I_d1+d2| - Idz’dll
Va* + b+ ¢ Va*+b*+c* Va>+b* +¢
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Find the distance between the planes x—2y +2z=1 and 2x—4y+4z=3.

I The second plane also has the equation x—2y +2z=3 and is, therefore, parallel to the first plane. By
Problem 40.91, the distance between the planesis |3 —1|//V1°+2°+2°=3/V9=1}.

Find an equation for the plane 2 that is parallel to the plane ?;: x —2y +2z=1 and passes through the point
(1, -1,2).

I Since ? and @, are parallel, the normal vector (1, —2,2) of 2, is also a normal vector of ?. Hence, an
equation of Pis x —2y+2z=d. Sincethepoint(l,—1,2)lieson?, 1-2(-1)+2(2)=d, d=7. So,an
equation of Pis x—2y+2z="17.

Consider the sphere of radius 3 and center at the origin. Find the coordinates of the point P where the plane
tangent to this sphere at (1, 2, 2) cuts the x-axis.

I The radius vector (1, 2, 2) is perpendicular to the tangent plane at (1,2,2). Hence, the tangent plane has an
equation of the form x +2y+2z=4d. Since (1,2,2)is in the plane, 1+2(2)+2(2)=d, d=9. So, the
plane has the equation x+2y+2z=9. When y=0 and z=0, x=9. Hence, the point Pis (9,0,0).

Find the value of k for which the planes 3x—~4y+2z+9=0 and 3x+4y—kz+7=0 are perpendicular.

I The planes are perpendicular if and only if their normal vectors (3, —4, 2) and (3, 4, — k) are perpendicular,
which is equivalent to (3, —4,2)+(3,4, -k)=0, 9-16—-2k=0, k=-1.

Check that the planes x—2y +2z=1 and 3x-—y-2z=2 intersect and find their line of intersection.

I Since the normal vectors (1, —2,2) and (3, —1, —1) are not parallel, the planes are not parallel and must
intersect. Their line of intersection £ is parallel to the cross product (1, -2,2)x(3,-1,-1)=(4,7,5). To
find apointon &, set x =0 inthe equations of the planes: —2y+2z=1, —y—2z=2. Multiply the second
equation by 2 and add: —-4y=5, y=-3, z=-3%. So, the point (0,-%,—3) is on %, and & has the
equations x=4f, y=—-3%+4+7t z=-3+5t

Show that the two sets of equations
x—-4 y—-6 z+9 x-1 y-2 z-3
377 2 ™M T TR T
represent the same straight line.

I The point (4,6, —9) lies on the first line, and substitution in the second system of equations yields the
equalities (4 —1)/(—6)=(6~2)/(—-8)=(-9—-3)/24. So, the two lines have a point in common. But the
denominators of their equations represent vectors parallel to the lines, in the first case, (3, 4, —12) and, in the
second case, (—6, ~8,24). Since (—6,—8,24)= —2(3,4, —12), the vectors are parallel. Hence, the two
lines must be identical.

Find an equation of a plane containing the intersection of the planes 3x—2y+4z=5 and 2x+4y—2z=7
and passing through the point (2, 1, 2).

I We look for a suitable constant k so that the plane (3x —2y+4z—5)+k(2x+4y—z—7)=0 contains
the given point. Thus, (3+2k)x+(—2+4k)y+(4—k)z—(5+7k)=0 must be satisfied by (2,1,2):
(B+2k)2+(-2+4k)+(4—-k)2—(5+7k)=0, —k+7=0, k=7. So, the desired plane is 17x + 26y —
3z-54=0.

x+8 y—-10 z-9

Find the coordinates of the point P at which the line R - cuts the plane 3x +4y +5z=
76.
I Write the equations of the line in parametric form: x=-8+9¢, y=10-4¢, z=9—2¢. Substitute in

the equation for the plane: 3(—8+9¢) +4(10—41) +5(9 —2¢)=76. Then, t+61=76, t=15. Thus, the

point P is (127, —50, —21).

x=3 _y+1 z+4
5 5 7

I The equations of the line in parametric formare x=3+5t, y=-1+5¢, z=—4+7¢. Substitute in the

equation of the plane: 3(3 +5¢) +4(—1+5¢) - 5(—4+7t) =25, 0(t) +25=25, which holds identically in ¢.

Hence, all points of the line satisfy the equation of the plane.

Show that the line lies in the plane 3x +4y —5z=25.
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Show that the line £ of intersection of the planes x+y—-2z=0 and x—y—5z+7=0 isparallel to the line
x+3 y—-1 2z-5

3 -2 1
I The line £ must be perpendicular to the normal vectors of the planes, (1,1, —1) and (1, —1, —5). Note that
M is parallel to the vector (3, —2, 1), which is perpendicular to both (1,1, —1) and (1, -1, —5). Hence, . is
parallel to &£.

M determined by

Show that the second-degree equation (2x+y—z—3)>+(x+2y —3z +5)°=0 represents a straight line in
space.

I 2°+b*=0 ifandonlyif a=0 and b=0. So,the given equation is equivalentto 2x+y—z—3=0
and x+2y—3z+5=0, a pair of intersecting planes that determine a straight line.

Find cos 6, where @ is the angle between the planes 2x—y+2z=3 and 3x+2y—6z=7.

I 6 is equal to the angle between the normal vectors to the planes: (2, —1,2) and (3,2, —6). So,
(2,-1,2)-(3,2,-6) -8 8

CoS6= U TT14avVoTare 37 21

Find an equation of the line through P(4, 2, —1) and perpendicular to the plane 6x —3y+ z=S5.

I The line is paraliel to the normal vector to the plane, (6, —3,2). Hence, the line has the parametric equations
x=4+6t, y=2-3t, z=-1+2¢

Find equations of the line through P(4, 2, —1) and parallel to the intersection £ of the planes x—y +2z+4=0
and 2x+3y+62z—-12=0.

I The line % is perpendicular to the normal vectors of the planes, (1, —1,2) and (2, 3, 6), and is, therefore,
parallel to their cross product (1, -1,2)%x(2,3,6)=(-12,-2,5). Hence, the required equations are x =
4—-12¢, y=2-2t, z=-1+5¢

Find an equation of the plane through P(1, 2, 3) and parallel to the vectors (2,1, —1) and (3, 6, —2).

I A normal vector to the plane is (2,1, —1)x (3,6, ~2)=(4,1,9). So, the plane has an equation of the
form 4x+y+9z=d. Since (1,2, 3) lies in the plane, 4+2+27=d, d=33. So, the equationis 4x +
y+9z=33.

Find an equation of the plane through (2, -3, 2) and the line & determined by the planes 6x+4y +3z+5=0
and 2x+y+z-2=0.

I Consider the plane (6x +4y +3z + 5)+k(2x+y+z—2)=0. This plane passes through £. We want
the point (2, —-3,2) to be on the plane. So, (12—-12+6+5)+k(4—-3+2-2)=0, 11+k=0, k=-11.
Therefore, we get 6x+4y+3z+5—-11Q2x+y+2z-2)=0, —16x—Ty—8z+27=0, 16x+7Ty+8z—
27=0.

Find an equation of the plane through P,(2, —1, —1) and P,(1, 2, 3) and perpendicular to the plane 2x +3y —
52-6=0.

I PP =(-1,3,4) is parallel to the plane. Also, the normal vector (2,3, —5) to the plane 2x+3y—5z -
6=0 is parallel to the sought plane. Hence, a normal vector to the required planeis (—1,3,4) x (2,3, -5) =
(—27,3,-9). Thus, an equation of that plane has the form —27x+3y~9z=4d. Since (1,2,3) lies in the
plane, —27+6—-27=d, d=-48. Thus, weget —27x+3y~9z=-48, or 9x—y+3z=16.

Let A(1,2,3), B(2, ~1,5), and C(4, 1, 3) be consecutive vertices of a parallelogram ABCD (Fig. 40-9). Find
the coordinates of D.

1 14_15=EE’=(2,2, -2). FD=&+E=(1,2,3)+(2,2, -2)=(3,4,1). Hence, D has coordinates
(3,4,1).
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Find the area of the parallelogram ABCD of Problem 40.109.
I Theareais |ABx AD|=](1,-3,2)x (2,2, -2)| =|(2,6,8)| =2|(1,3,4)| = 2VIF 9+ 16 = 2V26.

Find the area of the orthogonal projection of the parallelogram of Problem 40.109 onto the xy-plane.

I Let A'B'C'D’'_be the projection. A’'=(1,2,0), B'=(2,-1,0), C'=(4,1,0), D'=(3,4,0). The
desired areais |A'B'X A'D’|=|(1, —3,0) X (2,2, 0)| = (0, 0, 8)| = 8.

Find the smaller angle of intersection of the planes Sx—14y +2z—-8=0 and 10x—1ly+2z+15=0.

I The desired angle @ is the smaller angle between the normal vectors to the planes, (5, —14, 2) and (10, —11, 2).
Now,
(5, ~14,2)-(10, —11,2) 208 208

o080 = e 08 TA VIO + 12114 _ 15(15) 225 ~ 0924

Then, 6=22°25".
Find a method for determining the distance between two nonintersecting, nonparallel lines

- X5 _ YT _ZT4 and @ X=X YTV, Z7 2%
! a, b, < z a, b, ,

I The plane @ through %, parallel to %, has as a normal vector N=(a,, b, ¢,) X (a,, b,, ¢,). The distance
between ¥, and 4, is equal to the distance from a point on %, to the plane #. That distance is equal to the

magnitude of the scalar projection of the vector PP, [from P,(x,, y,, z,) on %, to P,(x,, y,, z,) on &£,] on the
normal vector N. Thus, we obtain |P,P,- N|/|N|.

Find the distance d between the lines
x+2 y-3 z+3 Cox+1 y=2 z
2 -1 =2 and  L;: =3 3 T s
I Use the method of Problem 40.113. N = (2, —-1,-2)x(4,-3,-5)=(-1,2, -2). Thepoint P,(-2.3, -3)
lies on %, and the point P,(—1,2,0) lieson %,. P,P,=(1,-1,3). Hence,

<

g PPN (L -1,3) (1,2, -2) _ |-1-2-6]
IN] Vi+arta 3

13



CHAPTER 41
Functions of Several Variables

MULTIVARIATE FUNCTIONS AND THEIR GRAPHS

2 2
4.1 Sketch the cylinder %’) + % =1.

2 2
I See Fig. 41-1. The surface is generated by taking the ellipse + % =1 in the xy-plane and moving it

parallel to the z-axis (z is the missing variable).
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Fig. 41-1 x Fig. 41-2

2

41.2 Describe and sketch the cylinder z =y~

I SeeFig. 41-2. Take the parabola in the yz-plane z = y*> and move it parallel to the x-axis (x is the missing
variable).

41.3 Describe and sketch the graph of 2x + 3y =6.

I See Fig. 41-3. The graph is a plane, obtained by taking the line 2x +3y =6, lying in the xy-plane, and
moving it parallel to the z-axis.

x Fig. 41-3 Fig. 414

41.4 Write the equation for the surface obtained by revolving the curve 2z = y®> (in the yz-plane) about the z-axis.

I When the point (0, y*,z*) on z =y’ is rotated about the z-axis (see Fig. 41-4), consider any resulting
point (x,y,z). Clearly, z=2z* and Vx’>+y’=y* Hence, x’+y°=(y*)’=2z*=zSo, the result-
ing points satisfy the equation z =x” + y°.

361
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41.5

41.6

41.7

41.8

41.9

41.10

[ CHAPTER 41

Write an equation for the surface obtained by rotating a curve f(y, z) =0 (in the yz-plane) about the z-axis.

I This is a generalization of Problem 41.4. A point (0, y*, z*) on the curve yields points (x, y, z), where
z=2z* and Vx’>+y>=y* Hence, the point (x, y, z) satisfies the equation f(\/x*>+ y°, 2) =0.
22

2
Write an equation for the surface obtained by rotating the curve yZ + 75 =1 (in the yz-plane) about the

Z-axis.

I By Problem 41.5, the equation is obtained by replacing y by Vx> +y* in the original equation. So, we get

2

(Vx2+y2)2+£2__1 x2+y2+2_2___1 x—2+X—2+£—=1
4 25 4 25 4 4 25

an ellipsoid.

2 2
Write an equation of the surface obtained by rotating the hyperbola %— - y? =1 (in the xy-plane) about the
X-axis.
o 5 x2 y2 + 22 x2 yZ 22
I By analogy with Problem 41.5, we replace y by \/y*+ z°, obtaining 9T T < 1, 3 T 1"

1. (This surface is called a hyperboloid of two sheets.)

Write an equation of the surface obtained by rotating the line z =2y (in the yz-plane) about the z-axis.

I By Problem 41.5, an equationis z =2\x*+y°, z°=4(x>+y’). Thisisa cone (with both nappes) having
the z-axis as axis of symmetry (see Fig. 41-5).

11!
! I

! | \

) \

-

Fig. 41-5 * Fig. 41-6

Write an equation of the surface obtained by rotating the parabola z=4—x* (in the xz-plane) about the
z-axis. (See Fig. 41-6).
I By Problem 41.5, an equationis z=4—(\/x" +y°), z=4—(x*+y%). This s a circular paraboloid.

Describe and sketch the surface obtained by rotating the curve z=]|y| (in the yz-plane) about the z-axis.

I ByProblem 41.5, anequationis z =|\x*> +y?|, whichisequivalentto z’=x*+y*> for z=0. Thisis
a right circular cone (with a 90° apex angle); see Fig. 41-7.
z

Fig. 41-7
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Of what curve in the yz-plane is the surface x°+ y”—2>=1 a surface of revolution?

I 1t is equivalent to  (Vx®>+y?®)®>—2°=1, which is obtained from the hyperbola y>—2°=1 by rotation
around the z-axis.

From what curve in the xy-plane is the surface 9x” +25y° + 92> =225 obtained by rotation about the y-axis?

I 1t is equivalent to 9(Vx®+z%)* +25y* =225, which is obtained from 9x” +25y® =225 by rotation
2 2

about the y-axis. The latter curve is the ellipse LAY

25 9

2 2 2
Describe and sketch the graph of % + i—z + 2—2 =1, where a,b,c>0.
c

I SceFig. 41-8. Each section parallel to one of the coordinate planes is an ellipse (or a point or nothing). The
surface is bounded, |x|=a, |y|=b, |z|=c. This surface is called an ellipsoid. When a=b=¢, the
surface is a sphere.

Fig. 41-9
x2 2 ZZ
Describe and sketch the graph of e + %5 -z =1, where a,b,c>0.
I See Fig. 41-9. Eachsection z=k parallel to the xy-plane cuts out an ellipse. The ellipses get bigger as
2 2

|z| increases. (For 2z =0, the xy-plane, the section is the ellipse 53 + Xz- =1.) For sections made by

planes x =k, we obtain hyperbolas, and, similarly for sections made by planes y = k. The surface is called
a hyperboloid of one sheet.

Fig. 41-10
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41.15

41.16

41.17

41.18

41.19

Describe and sketch the graph of — — x_2 —== =1, where a,b,c>0.
a

c
2 2 2
I See Fig. 41-10. Note that z—2=1+'—t—2-+y—221. Hence, |z|=c. The sections by planes z=k,

with |k|>c, areellipses. When |z|=c, we obtainapoint (0,0, =c). The sections determined by planes
x=k or y=k arehyperbolas. The surface is called a hyperboloid of two sheets.

[

2 2 2
xT Yy z
-5+ >3 =—, where a,b,c>0.

Describe and sketch th h of
escribe and sketch the graph of = + 55 = —

I Sece Fig. 41-11. This is an elliptic cone. The horizontal cross sections z=c#0 are ellipses. The
horizontal cross section z =0 is a point, the origin. The surface intersects the xz-plane (y =0) in a pair of

¢ . . . .
lines, z== Pt and intersects the yz-plane (x=0) in a pair of lines z==* 57 The other cross
sections, determined by x=k or y=k, are hyperbolas.

——

ke
N
<

Fig. 41-11 Fig. 41-12

Describe and sketch the graph of the function f(x, y) = x* + y*

I Sce Fig. 41-12. This is the graph of z=x"+y° Note that z=0. When z=0, x’+)*=0, and,
therefore, x =y =0. So, the intersection with the xy-plane is the origin. Sections made by planes z=k>0
are circles with centers on the z-axis. Sections made by planes x=k or y=k are parabolas. The
surface is called a circular paraboloid.

Describe and sketch the graph of the function f(x, y) =2x + 5y — 10.
I Thisis the graphof z=2x+5y—10, or 2x+5y—z=10, aplanehaving (2,5, —1)asa normal vector.

Describe and sketch the graph of z =y” —x°.

I See Fig. 41-13. This is called a saddle surface, with the “seat” at the origin. The plane sections z=¢>0
are hyperbolas with principal axis the y-axis. For 2z =c¢<0, the plane sections are hyperbolas with principal
axis the x-axis. The section made by z=0 is y*—x’=0, (y -~ x)(y+x)=0, the pair of lines y=x
and y=—x. The sections made by planes x=c¢ or y=c are parabolas.

The saddle z ,Parabola

z=y2 — x2 z =y

y iTX

P~
BT 4\ S y
= -
- -
L§ — = -~

[ O
y=x

X

Parabola
2= —x2 Fig. 41-13
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2 2 2

xy Lz
1 1

x=6 _y+2 2z-2

Find the points at which the line 3 - y

intersects the ellipsoid 31 + 3% + = =1.

I The line can be written in parametricformas x=6+3¢, y=-2-6f, z=2+4s. Hence, substituting in
+31)° + 61)° + 41)* s
the equation of the ellipsoid, we get (6 813 ) + 2 3660 + 2 940 =1, 4(6+31)°+9(2+61)° +36(2 +

41)* =324, 26(361°) + 26(36¢) + 4(81) =324, *+¢t=0, Ht+1)=0, t=0 or t=-1. So, the points are
(6, -2,2) and (3,4, -2).

2 2
Show that the plane 2x —y —2z =10 intersects the paraboloid 2z = % + %— at a single point, and find the
point.
2 2
I Solve the equations simultaneously. 2x—y—10= % + %, 4x* +9y” — 72x + 36y = =360, 4(x—9)* +

9(y +2)>=—360 + 324+ 36=0. Hence, the only solutionis x=9, y=-2. Then z=5. Thus, theonly
point of intersection is (9, —2, 5), where the plane is tangent to the paraboloid.

x_z y? X _ JRINE. e . y? _
a b c ¢ @Ver - kicy bV — kc)?

By Problem 20.72, the area of this ellipse is m(aVc® — k¥c)(bVc* — k*/c) = mab(c® — k*)/c.  Hence, by the
cross-section formula for volume,

< 2mab
2, 113 -
(ck — 3k )]0 e

v=2L ™ (& — k) di = 272 (c* - §c*) = 4mabc

c c2
Identify the graph of 9x* — y* + 162% = 144,

I This equation is equivalent to (x/16) — (y”/144) + (z%/9) = 1. This is an elliptic hyperboloid of one sheet,
with axis the y-axis; see Problem 41.14. The cross sections y =k are ellipses (x¥/16)+ (z7/9)=1+
(k*/144). The cross sections x =k are hyperbolas (z%/9)— (y/144)=1-(k*16), and the cross sec-
tions z =k are hyperbolas (x/16)— (y*/144)=1—(k%/9).

Identify the graph of 25x* —y®> — z? =25,

I This is equivalent to  x” — (y725) = (z%/25) =1, which is a circular hyperboloid of two sheets; see Problem
41.15. Each cross section x=k is a circle y>+2z>=25(k>—1). (We must have |k|=1.) Each cross
section y=k is a hyperbola x>—(z%/25)=1+(k%25), and each cross section z=k is a hyper-
bola x* —(y*25)=1+(k*/25). The axis of the hyperboloid is the x-axis.

Identify the graph of x>+ 42> =2y.

§ Thisis equivalentto (x*/4) + z> =y/2. This is an elliptic paraboloid, with the y-axis as its axis. For y=
k>0, the cross section is an ellipse (x74) + z”=k/2. (y=0 is the origin, and the cross sections y =k <
0 are empty.) The cross section x =k is a parabola y/2=z’+ (k*/4). The cross section z=k isa
parabola y/2=(x’/4)+ k>.

Show that, if a curve € in the xy-plane has the equation  f(x, y) =0, then an equation of the cylinder generated
by a line intersecting € and moving parallel to the vector A=(a,b,1)is f(x —az, y—bz)=0.

I The line & through a point (x,, y,,0) on € and parallel to A has parametric equations x =x,+ af,
y=yo+bt, z=t Then, x,=x—az and y,=y—bz. Hence, f(x—az,y—bz)=0. Conversely,
if f(x—az,y—bz)=0, then,setting x,=x—az, y,=y—bz, we see that(x,, y,,0)ison € and
(x, y, z) is on the corresponding line Z.

Find an equation of the cylinder generated by a line through the curve y>=x —y in the xy-plane that moves
parallel to the vector A=(2,2,1).

I By Problem 41.26, an equation is (y —2z)°=(x—2z)~(y—22), (y—-2z\=x~y.
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41.28

41.29

41.30

41.31

The two equations x°+3y*—2°+3x=0 and 2x>+6y’—2z°—-4y=3 together determine the curve in
which the corresponding surfaces intersect. Show that this curve lies in a plane.

§ Eliminate z by multiplying the first equation by 2 and subtracting the result from the second equation:
6x +4y =—3. Hence, all points of the curve lie in the plane 6x + 4y = —3.

Show that the hyperboloid of one sheet x* + y* — 2z>=1 is a ruled surface, that is, each of its points lies on a
line that is entirely included in the surface. (See Fig. 41-14.)

I Note that the circle 4, x>+ y*=1 inthe xy-plane, lies in the surface. Now consider any point (x, y, z) on
y plane y

+
‘ 2,22 1 _x-z _xz y'
the surface. Then, x"+y°"—z"=1. Let x, 1+ 72 and y, 172 Hence,
Pyl = P+ 2yz+y +x —2xyz + 2%y (P4 YD)+ 2 ,
o7 Yo (1+2°) (1+2°)

So, (x4, ¥o,0) is on the surface and lies on the circle €. The line £: x=x,+yt, y=y,— X, z=t
contains the point (x,, ¥,, 0) and lies entirely on the given surface, since (x, + yot)” + (¥, — xof)> —t°=1. The
original point (x, y, z) appears on £ for the parameter value ¢=2z, since

x—zy xz+y x—zytxz’+yz

Xyt Yot = z =
oY E I T 14 2 1+ 22
xZ+y x—2zy xz+y—xz+22y
and — Xyt = - z= =
Yom Xl =T T 14 2 1+ 22

Fig. 41-14 Fig. 41-15

Show that the hyperbolic paraboloid z =y>—x® is a ruled surface. (See the definition in Problem 41.29.)

I Consider any point (x,, y,, z,) on the surface. The following line L: x=x,+t, y=y,+t z=
2z, +2(yo — Xo)t contains the given point (when ¢=0). Note that Z lies on the paraboloid: for (x, y, z)
on £,y —x'=(yo+ 07— (xo+ 1) =yg+ 2y — x5~ 2%t = (¥ = X3) + 2 Yo — Xo)t = 2 + 2(yo — Xo)t = z.
(See Fig. 41-15))

Describe the graph of the function f(x, y)=Va’ — x> =y, where a>0.

I Thisis the graphof z=1Va’~x*—y° which,for z=0, isequivalentto z’=da"—-x>—y’ x*+y°+
z*=a? the equation of the sphere with center at the origin and radius . Hence, the graph is the upper half of
that sphere (including the circle x*> + y*>=a’ in the xy-plane).

G\W

N

Fig. 41-16
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Describe the level curves (contour map) of f(x, y) = x* + y°.

I 1n general, the level curves of a function f(x, y) are the family of curves f(x, y)=k, z=0. Here, the
level curves are the circles x” + y>=r> (write k=r>>0) of radius r with center at the origin (Fig. 41-16).
There is one through every point of the xy-plane except the origin (unless we consider the origin as the level curve
>+ y*=0).

Describe the level curves of f(x, y)=y —x.

I The level curves form the family of parallel lines y — x =k with slope 1 (Fig. 41-17). There is one level
curve through every point.

Y

-

7

Describe the level curves of f(x, y)=y — x>

/s
T

I The level curves form the family of cubic curves y = x>+ k (Fig. 41-18). There is one level curve through
every point.

Describe the level curves of  f(x, y) = y/x°

See Fig. 41-19. The level curves form the family of curves y=kx". When k>0, we get a parabola that
opens upward; when k<0, the parabola opens downward. When k=0, we get the x-axis. In each
case, the level curve is “punctured” at the origin, since y/x” is undefined when x =0. There is a level curve

through every point not on the y-axis.

<

X

)

Fig. 41-19

\ Fig. 41-20

I See Fig. 41-20. The level curves, y°>—x*=k are two sets of rectangular hyperbolas (corresponding to
k>0 and k<0), plustwo straight lines (k=0) to which all the hyperbolas are asymptotic. There is a
single level curve through every point (x, y) except (0, 0), which lies on two.

Describe the level curves of  f(x, y) =y* — x>

Describe the level curves of  f(x, y) = 4x* + 9y>,
2 2

g Y
— =1,
(k12)* * (k/3)’
There is a level curve through every point (considering the origin to be a level curve consisting of a single point).

I See Fig. 41-21. The level curves form a family of ellipses 4x* +9y>=k% or
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—

7SN
NS =%

Fig. 41-21

41.38  Describe the level curves of  f(x, y)=y — x°.

41.39

41.40

41.41

41.42

I This is a family of parabolas y =x*+ k, all opening upwards and having the y-axis as axis of symmetry.
There is one level curve through every point. See Fig. 41-22.

—

Fig. 41-22 Fig. 41-23

Describe the level curves of f(x, y) = y/x.

I This is the family of all “punctured” lines y = kx through the origin, but with the origin excluded. There
is a level curve through every point not on the y-axis. See Fig. 41-23.

Describe the level curves of f(x, y) = 1/xy.

I These are the rectangular hyperbolas xy=k (k>0) and xy=k (k<O0); seeFig.41-24. Thereisa
level curve through every point not on a coordinate axis.

%
NN

Describe the level curves of f(x, y)=Vy + x.

} \Q\\
S

Fig. 41-24 Fig. 41-25

X

N7

§ The level curves are y+x=k=0. These are the parallel lines of slope ~1 and nonnegative y-intercept
(Fig. 41-25). There is a level curve through every point on or above the line y = —x.

Describe the level curves of  flx, y)=V1 -y —x°.

I Thelevelcurvesarethecurves 1-y—x*=k=0, or y=-x*+1—-k=-x"+c, where c=<1. This

is a family of parabolas with the y-axis as axis of symmetry, opening downward, and with vertex at (0, ¢); see Fig.
41-26. There is a level curve through every point on or below the parabola y= —x’+ 1.
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/N

2.

Fig. 41-26

Describe the level curves of f(x, y) = y

I See Fig. 41-27. The level curves are y +; =k, or y=kx+(2k+1). This is a family of punctured

straight lines. All these lines pass through the point (~2, 1), which is excluded from them. There is a level
curve through every point not on the vertical line x = -2.

*
I
|
[+
pa
e
[
—

2
k=0

1
|
+— > x

/ N -

i
|
| e=ni
] Fig. 41-27

Describe the level surfaces of f(x, y,z) =3x~2y + z.

I The level surfaces are the planes 3x—2y+z=k. Since they all have the vector (3, —2, 1) as normal
vector, they form the family of parallel planes perpendicular to that vector. There is a level surface through
every point.

2 2

Describe the level surfaces of f(x, y, z) = 2—5- + % + 22
x2 y2 xZ y2 ZZ
I The level surfaces form a family of ellipsoids % + 5 +2°=k>0, or VR + VR + R3S =1,

in which the axes along the x-axis, y-axis, and z-axis are in the proportion 5:3:1. There is a level surface through
every point (except the origin if one does not count a point as a level surface).

Describe the level surfaces of f(x, y, z) = 3x* + 5y* — 22

I The level surfaces 3x? +5y*—2°=k>0 are hyperboloids of one sheet around the z-axis. The level
surfaces 3x” + 5y’ — 2=k =0 are hyperboloids of two sheets around the z-axis. There is a level surface
through every point.

Describe the level surfaces of f(x, y, z) = m

I The level surfaces are x*+ y>+ 2z =k>>0, concentric spheres with center at the origin. Every point
except the origin lies on a level surface.
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41.49

41.50

41.51

41.52

41.53
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What is signified by lim  f(x, y)=L?

(x, ¥)—(a. b)

I Recall that |(u,v)|=Vu®+v>. Then lim  f(x, y)=L means that, for every &>0. there

(x. y)—=>(a. b)

exists & >0 such that|f(x, y)— L|<e whenever |(x,y)—(a, b)|<5.

Prove that lim 2x-3y=-4.
(x. )—=(1.2)

I Let £>0. Wemustfind >0 suchthat |(x,y)—(1,2)]<8 implies |(2x—3y)~— (~4)|<e; thatis,

Vix—1)7+(y-2)°<8 implies [2x-3y+4[<e. Let &=¢/5 Assume \(x—1)7+(y-2) <.

Then |[x—1]<8 and |y-2/<8 So, [2x—-3y+4|=2(x—-1)-3(y-2)|=2jx—~1|+3|y—-2|<26+

36=58<e.

Find  lim -2

5 5, if it exists.
(. ¥)=0.0) X" + y

2xy’ _ 2xem’y’ _ 2m’
+y: K+ mix? 1+m
is not enough to ensure that 2xy”(x* +y’)—0 no matter how (x, y)—(0,0). Take any &>0. Note
that {(x, y) = (0,0)] = Vx* +y° Observe also that |x|=Vx*+y*> and y'=x’+y> So,

I Note that, if y=mx and (x,y)—(0,0), then 5 x—0. However, this

2y’ | _2VxT 4y 4y E~
- = =2Vx* +y*
X~ + y2 ¥+ y2 2Vx y
Hence, if we choose 8=¢/2 and if Vx*+y°<8§, then [2xy/(x" +y)|=2Vx’+y*<286=¢. Thus,
2xy’
o n—=(0.0) X° + y*
2 2
Find h ’xy 3, 1if it exists.
(x.¥=(0.0 X"+ y
I Let y=mx. Then
2xy’  2x(m’x® 2m’ 0
2y4= ;V(m{f‘)“z mfz_’_'_“O
x+y x+m'xt 1+m'x 1
. 5 2xy2 2)'4
as (x, y)=—(0,0). However, if we let x=y°, then ——— =—5-—=1. Hence, as (x, y)—(0,0)
x“+y y +y
2xy’ 2
along the parabola x =y? ny 71— 1. Therefore, lim ;ny 7 does not exist.
x“t+y (x. 9)(0.0) X~ + y

Find  lim =2 ifit exists.
(. ¥)=(0.0) X"+ y

I Let y=mx. Then
xz_yz_xz_mzxz_l_mz
L4y F+mi 1+

Since (1 —m?)/(1+ m®) depends on m, (x> — y*)/(x*> + y*) approaches different numbers as (x, y)— (0, 0)
2 _ "2
X yz does not exist.

along different lines. Hence, im 3
x.n—=0.0 x° +y

Find  lim ald

—= if it exists.
o= 0.0 \[x? 4 y?’
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I |x|=Vx*+y’, hence,

| xy
= = =< and ——— () as (x, y)— (0,0
g ¥l ey (x, )= (0,0)

2

41.54 Find lim  ———3, ifit exists.
(. )—=0.00 X"+ y
X x° 1
I Let y=mx. Then e R i S Hzence, as (x, y)—(0,0) along the line y=
mx, x1(x>+y*)—1/(1+ m®). Therefore, lim 5 does not exist, since 1/(1 + m?) is a noncon-

) (x. 1= 0.0) x° + y
stant function of m.

41.55 Find , if it exists.

. .vl)mo.m X+ y?

I Let y=mx. Then

= 1 — +x
xl(1+m*)

x
x+y

X

R as (x, y)—(0,0)

Hence, 5 does not exist.

lim 5
(. ¥v)=(0.0) X~ + y

)

. . Xy el .
41.56 Find lim 3 J 5, if it exists.
@ =00 X" +y

f Let y=mx. Then

2.2 2 2.2 2
Xy x‘(m'x”) xm
4y S P tmie = 1+m3_)0 as (x, y)—>(0,0)

Now let y = —xe". Then

xlyl N _XAeZ.\' 3 er.\'
+ ys e e
By L’Hopital’s rule,
2x 2x
. xe Loef(2x+1) 1
lim = lim = =
x—0 ¥ ~1 x>0 3e** 3

Hence, the limit does not exist.

3 3

. . Xy
41.57 Find lim 3 , if it exists.
x>0 x°+y

I Let y=mx. Then
x"+y3_x3+m3x3_x2(1+m3)_)
x2+y X+ mx x+m

0 as (x,y)—(0,0)
[This is also true when m=0. In that case, y=0 and (x*+y’)/(x>+y)=x—0]. However, let
(xv )’)_" (07 0) along y= _xzex. Then

Py ~ X3 — xbe>* _ ¥ — xle™

+y X -xe 1-¢

By L'Hopital’s rule,
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41.58

41.59

41.60

41.61

41.62

41.63

41.64

. x—x‘e” 1-3x'e™ — 4x’e™
lim ~———— = lim 3 =-1.
x—0 1 - x—0 —e
Hence, the limit cannot exist.
2.2
. X g s .
Find lim 4—y7, if it exists.
>, y)—(0,0) X" +y
I Let y=mx. Then
Xy _x *(m*x ) m?

24yt x4 mt Ti+m
Therefore, the limit does not exist. (For example, we get different limits for m=0 and m=1.)
2.2

x i
Find lim z—y——z, if it exists.
@ 90,0 x" +y

I Note that 0=x*¥(x*+y*)=<y*—>0 as (x,y)—(0,0). Hence, the limit is 0.

3+ 3 . .
Is it possible to define f(x, y) = i—z+—;2 at (0, 0) so that f(x, y) is continuous?
I Note that
3 3 3 3 2 2
x4y |x°] 1yl x y
= = + =ix|+ 0 as (x, y)—(0,0
x2+y2 x2+y2 +x2+y2 x2+y2 |x| x2+y2 lyl=lx|+|y|—> (x, y)—(0,0)
3 3
So, lim 5% —0. Hence, if we define f(0,0)=0, then f(x, y) will be continuous, since it is

(90,0 X° + y ‘ o
obvious that f(x, y) is continuous at all points different from the origin.

Is it possible to define f(x, y) = # at the origin so that f(x, y) is continuous?

2 2.2

I Ingeneral, (\/ ;cy 2) = f_g ~<y*—>0 as (x,y)—(0,0). Hence, |xy/\x*+y*|—0. So,ifwe
x“+y x Ty

define f(0,0)=0, f(x, y) will be continuous at the origin, and, therefore, everywhere.

Determine whether the function

xy .
=, 2 if(xy)#(0,0)
fe,y)=y* *vy
0 if (x, ¥)=(0,0)
is continuous at the origin.
2

m
. H i
1+ m*)x? T 1tm? ence, (. yl)l—xgo, 0) fx, y)

does not exist and, therefore, f(x, y) is not continuous {and cannot be made continuous by redefining f(0, 0)].

I As (x,y)—(0,0) along the line y=mx, f(x,y)=

Is it possible to extend f(x, y) = xﬁ " ;) 5 to the origin so that the resulting function is continuous?
x+y x+mx 1+m
=mx. Th = = +o0 , 0,0). H , -
I Let y=mx en prure] Il b |x|(1+m2)_> as  (x, y)—(0,0) ence, con
tinuous extension is impossible.
. . .. . x +2y
Find the domain of definition of the function f(x, y) = ﬁ
—x—y

I The functlon is defined when the denommator is defined and # 0. The latter holds when and only when
4-x*—y*>0, thatis,when x*+y?<4. So,the domain is the inside of the circle of radius 2 with center at
the origin.
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Find the domain of definition of the function f(x, y) =In (16 ~ x* — y*) + In (x* + y* — 1).

I This is defined when the arguments of the In function are positive, that is, when 16—x*—y*>0 and
x*+y>—1>0, or, equivalently, 1<x?+y®<16. Thus, the domain consists of all points between the
concentric circles around the origin of radii 1 and 4.

Find the domain of definition of f(x, y) = e” In (xy).

I The function is defined when and only when xy >0, that s, in the first and third quadrants (and not on the
axes).

CYLINDRICAL AND SPHERICAL COORDINATES

41.67

41.68

41.69

41.70

41.71

41.72

41.73

41.74

41.75

41.76

Give the equations connecting rectangular and cylindrical coordinates of a point in space.

I For a point with rectangular coordinates (x, y, z), corresponding cylindrical coordinates are (r, 9, z), where
rP=x+ y2 and tan8=y/x. Conversely, x=rcos® and y=rsinf. Thus, (r, 8) are “polar” coordi-
nates corresponding to (x, y).

Describe the surface with the cylindrical equation r=k.

I When k#0, thisis the equation of a right circular cylinder with radius |k| and the z-axis as axis of
symmetry. When k=0, the graph is just the z-axis.

Describe the surface with cylindrical equation 6 = k.

I This is a plane containing the z-axis and making an angle of k radians with the xz-plane.

Find cylindrical coordinates for the point with rectangular coordinates (2,2V3, 8).

I r=V22+(V3)’=Vi6=4, tan9=2V3/2=V3, = /3. So, a set of cylindrical coordinates is
(4, w/3,8). Other cylindrical coordinates for the same point are (4, (7/3) +2wn,8) for any integer n, as
well as (—4, (7/3) + (2n + 1) 7, 8) for any integer n.

Find rectangular coordinates for the point with cylindrical coordinates (5, 7/6, 2).

I x=rcos0=>5cos(w/6)=5(V3/2). y=rsin0=S5sin(n/6)=5()=3. z=2.

Find cylindrical coordinates for the point with rectangular coordinates (2, 2, 2).

I r=V2*+2°=V8=2VZ. Further, 6=tan '2=tan"'1=n/4. So, a set of cylindrical coordinates is
(2VZ, w/4,2). Other sets are (2V2, (w/4) + 2mn, 2) for any integer n, and (=2V2, (7/4) + (2n + 1)7, 2) for
any integer n.

Find rectangular coordinates for the point with cylindrical coordinates (1/V'3, 77/6, 4).
777_1(\/3) 1 1.777_1(1)_1 V3

1 . = 2
1 x~rcos()—ﬁcos-6-——\7_~3~ ==3 y—rsma—\/gsm 6 V3 2)= 73" 5

Show that, if the curve in the yz-plane with rectangular equation f(y, z) =0 is rotated about the z-axis, the
resulting surface has the cylindrical equation f(r, z) = 0.

2

I Since r=1Vx’+y’ thisis a direct consequence of Problem 41.5.

Describe the surface with the cylindrical equation z+r=1.

I By Problem 41.74, this is the surface that results from rotating the curve z +y =1 about the z-axis. That
surface is a cone (with both nappes) having the z-axis as its axis of symmetry.

Describe the surface with cylindrical equation z° + r* = 4.

I Replacing r* by x* + y? we obtain the equation x>+ y’>+ z> =4 of a sphere with center at the origin and
radius 2.
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Describe the surface having the cylindrical equation r= z.

I By Problem 41.74, this surface is the result of rotating the curve y =2z in the yz-plane about the z-axis.
This is clearly a cone (with two nappes).

Find a cylindrical equation for the plane 2x -3y + z=4.

I Replace xbyrcos@andy by rsin6: 2rcos@ —3rsin6+z=4, or r(2cos—3sing)=4.

Find a cylindrical equation for the ellipsoid x> + y*> +42z° =5,

I Replace x* + y* by r’, obtaining r* + 42> =5,

Find a rectangular equation corresponding to the cylindrical equation z = r’ cos 26.

I z=r"cos20 =r*(cos’ 8 —sin” @) = r* cos’  — r’sin’ 6 = x> —y> Thus, the surface is the hyperbolic
paraboloid z=x*—y>

Find a cylindrical equation for the surface whose rectangular equation is  z*(x* — y?) = 4xy.

I The corresponding equation is, after cancellation of r% z*(cos’ @ —sin® @) =4cos §sin 6, 2z’ cos26 =
2sin20, z°=2tan26. (Note that, when we cancelled out r?, the points on the z-axis were not lost. Any point
on the z-axis satisfies 2°=2tan26 by a suitable choice of 6.)

Find a rectangular equation for the surface with cylindrical equation 6 = #/3.

I tang=tan(#/3)=V3. So, y/x=V3, y=V3x, whichis a plane through the z-axis.

Find a rectangular equation for the surface with the cylindrical equation r=2sin 6.

I rP=2rsing, xX*+y*=2y, xX*+(y—1)"=1. Thisisa right circular cylinder of radius 1 and having as axis
of symmetry the line x=0, y=1.

Find the rectangular equation for the surface whose cylindrical equation is ” sin 28 =2z.

I 2/°sin6cos@ =2z, rsinf(rcos@)=z, xy=z. Thisis a saddle surface (like that of Problem 41.19).

Write down the equations connecting spherical coordinates ( p, ¢, 8) with rectangular and cylindrical coordinates.

I See Fig. 41-28. x=rcos@=psindcosh, y=rsin@=psindsing, z=pcos¢d. p’=r’+z =x*+
2 2
y +2z

2 2
r x"+y y .
tangpg = - = ——— tan 6 = = = psin
¢ z z x r=psiné

P(x, y, z)

Fig. 41-28
Describe the surface with the equation p =k in spherical coordinates.

I p=k represents the sphere with center at the origin and radius k.
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Describe the surface with the equation ¢ =k (0<k<=#/2) in spherical coordinates.

I ¢ =k represents a one-napped cone with vertex at the origin whose generating lines make a fixed angle of k
radians with the positive z-axis.

Find a set of spherical coordinates for the point whose rectangular coordinates are (1,1, V6).

I p>=1>+1>+(V6)*=8. Hence, p=2V2. tan¢=V1’+1¥V6=V2/V6=1/V3. Therefore, ¢ =
m/6. tan@=1=1Hence, 6=w/4. So, the spherical coordinates are (2V2, 7/6, 7/4).

Find a set of spherical coordinates for the point whose rectangular coordinates are (0, —1, V3).

I p?=0*+(-1*+(V3)’=4. Hence, p=2. tand=V0'+(-1)¥V3=1/V3. Therefore, ¢ =
w/6. tan§=—1/0=—-x. Hence, 6=37w/2. So, a set of spherical coordinates is (2, #/6,37/2).

Find the rectangular coordinates of the point with spherical coordinates (3, #/2, #/2).

I Geometrically, it is easy to see that the point is (0,3,0). By calculation,
m

2

ku

x =3sin >

cos§=3(1)(0)=0 y=3sin sin—27Z=3(1)(1)=3 z=3cosg=3(0)=0

Find the rectangular coordinates of the point with spherical coordinates (4, 2#7/3, w/3).

—sin 2 cos T = (\ﬁ)(l)_ —asin T gin T = (ﬁ)(\’_?)_ —dcos 2T =41y =
I x=4sin 3 cos3-—4 7 )\>5 =Vv3 y=4dsin 3 sm3—4 ) 2) =3 z=4cos 3 =4(3)=2

Find a spherical equation for the surface whose rectangular equation is x°+ y> + 2° +6z =0,

I X*+y*+2°=p> and z=pcos¢. Thus,weget p°+6pcos¢=0. Then p=0 or p+
6cos ¢ =0. Since the origin is the only solution of p =0 and the origin alsolieson p +6cos ¢ =0, then
p+6cos ¢ =0 is the desired equation.

Find a spherical equation for the surface whose rectangular equation is x* + y*> =4.

I Of course, the surface is the right circular cylinder with radius 2 and the z-axis as axis of symmetry. Since
W +y*=r’=p’sin® ¢, wehave p’sin® ¢ =4. This can be reduced to psin ¢ =2. (The other possibility
psin ¢ = —2 yields no additional points.)

Find the graph of the spherical equation p=2asin ¢, where a>0.

I Since 6 s not present in the equation, the surface is obtained by rotating about the z-axis the intersection of the

surface with the yz-plane. In the latter plane, p =2asin¢ becomes Vy’+ 2’ =20 ===, y’+7°=
y +z

2ay, (y-a)’+2z"°=d’ Thisis acircle with center (a,0) and radius a. So, the resulting surface is obtained by
rotating that circle about the z-axis. The result can be thought of as a doughnut (torus) with no hole in the
middle.

Describe the surface whose equation in spherical coordinates is p sin ¢ = 3.

I Since r=psin¢ =3, thisis the right circular cylinder with radius 3 and the z-axis as axis of symmetry.

Describe the surface whose equation in spherical coordinates is p cos ¢ =3.

I Since z=pcos¢ =3, thisisthe plane that is parallel to, and three units above, the xy-plane.
Describe the surface whose equation in spherical coordinates is  p?sin® ¢ cos 26 = 4.

I p?sin® ¢ cos26 = p*sin® ¢ (cos> 6 —sin” @) = p*sin® ¢ cos> @ — p*sin” ¢ sin® § = x> — y>.  Hence, we have
the cylindrical surface x° — y> =4, generated by the hyperbola x?~y>=4 in the xy-plane.

Find an equation in spherical coordinates of the ellipsoid x* + y* + 92> =9.

I X +y +922=x"+y* + 22 +82° = p> + 8p® cos’ ¢ =9. Thus, we obtain the equation p*(1 +8cos® ¢)=9.



CHAPTER 42
Partial Derivatives

4.1 If f(x, y)=4x" —3x’y* +2x + 3y, find the partial derivatives f, and 5

I First, consider y constant. Then, differentiating with respect to x, we obtain  f, = 12x> — 6y*x +2. If we
keep x fixed and differentiate with respect to y, we get f, = —6x%y + 3.

422 If fxr,y)=x"Iny, findf, andf,.

I Differentiating with respect to x while keeping y fixed, we find that f, =5x*Iny. Differentiating with
respect to y while keeping x fixed, we get f, = xly.

42.3 For f(x,y)=3x"—-2x+5, find f, and f .
I f=6x—2 and f,=0.

2.4 If f(x,y)=tan"'(x+2y), find f and [
1 1 1 2

[} = 1= = 2=
A 1+ (x +2y)° 1+ (x +2y)° 2 1+ (x +2y) 1+ (x +2y)
42.5 For f(x,y)=cosxy, findf andf,.
1 f.=(—sinxy)y = —y sin xy f, = (—sin xy)x = —x sin xy

42.6 If f(r,8)=rcos@, find df/or and of/36.

af _ a .
1 5, =cos6 and  —o=—rsin@
x _J
4.7 If fix,y)= ;5 -5 find £, and f,.
1 3y 3x 1

! A A
42.8 Find the first partial derivatives of f(x, y, z) = xy’z".

1 f.=y7 f,=2xyz’ f. =3xy’z’
4.9 Find the first partial derivatives of f(u, v, ) = e*" sin ut.

1 f. = e““(cos ur)t + ve"” sin ut = “°(t cos ut + v sin ut) f, = ue" sin ut f, = ue" cos ut

42.10  Find the first partial derivatives of f(x, y, z, u, V) =2x + yz — ux + vy".

! fo=2-u  fi=z+2y  fi=y  fi=-x  f=)
42.11  Find the first partial derivatives of f(x, y, u, v) =In (x/y) — ve™.

I Note that f(x, y,u,v)=Inx—Iny—ve””. Then,

LR

f;:

42.12  Give an example of a function f(x, y) such that f£(0,0)=f(0,0)=0, but f is not continuous at (0,0).
Hence, the existence of the first partial derivatives does not ensure continuity.

376
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I Let flx, y) = xz'::vyz if (x, y) #(0, 0)
0 if (x, y) = (0,0)
£.(0,0) = lim fl‘}_"_w jim 20 0-0_,
f(0 Ay) f(o 0 _ . 0-0_
f(o 0= Ay AyTO Ay =0

By Problem 41.62, f(x, y) is discontinuous at the origin. Nevertheless,

If z is implicitly defined as a function of x and y by x*>+y*—2°=3, find dz/dx and dz/dy.

I By implicit differentiation with respect to x, 2x —2z(3z/dx) =0, x=2z(dz/dx), Jz/dx=x/z. By im-
plicit differentiation with respect to y, 2y ~2z(dz/dy)=0, y=z(3z/dy), dz/dy=ylz.

If z is implicitly defined as a function of x and y by xsinz—z’y =1, find dz/dx and dz/dy.

f By implicit differentiation with respect to x, x cos z (9z/9x) +sin z —2yz(9z/dx) =0, (dz/dx)(xcosz—
2yz) = —sin z, dz/dx =sin z/(2yz — x cos z). By implicit differentiation with respect toy, xcosz (dz/dy)—
z° —2y2(32/3y) =0, (9z/dy)(xcosz—2yz)=2z> dz/dy=2%(xcos z —2yz).

If z is defined as a function of x and y by xy —yz+xz=0, find dz/dx and 3z/3y.

I By implicit differentiation with respect to x,

az dz Jdz dz y+z
Y yax Yox ¢ 0 Bx(x y) (y+2) dx y—x
By implicit differentiation with respect to y,
dz ) az dz dz _z—x
x <y ay z xay 0y(x y)=z-x 3y~ x=y
dz iz _

1
If z is implicitly defined as a function of x and y by x>+ y>+ 2z =1, show that x FPRS drm ay i
I By implicit differentiation with respect to x, 2t +2z(dz/dx)=0, dz/dx=—x/z. By implicit differentia-
tion with respect to y, 2y +2z(dz/dy)=0, dz/dy=—y/z. Thus,
24,2 2
az+ 3z ( x)+y<_z) xT+y -1 1

Yoy A3 2T T T T

If z=InVx*+y® show that x%§+ya—;=]
I Because z=1in(x*+y?), wehave dz/dx=3i[2x/(x*+y)]=x/(x*+y*) and Jz/dy=
32/ + y?)) —y/(x +y%). Therefore,

9z dz x’ y

If x=e"cosf and y=e"sin@, findr,7 and 6, by implicit partial differentiation.

¥ xy

I Differentiate both equations implicitly with respect to x. 1=2¢" (cos@)r, —e* (sin 8o, 0=
3¢’ (sin 8)r, + €* (cos 0)8,. From the latter, smce e #0, 0=3 (sm )r, + (cos 0)0,. Now solve S|multa-
neously for r, and 6,. r, =cos8/[e”(2+sin’0)], 6, =—3sin@/[e*(2+sin*H)). Now differentiate the
original equations for x and y implicitly with respect toy: 0=2e (cos 8)r, — e (sin 6)s,, 1= 3¢ (sin O)r, +
e* (cos 0)6,. From the first of these, since e #0, we get 0=2 (cos 0)r, — (sin 0)0 . Solving simulta-
neously for r, and §,, we obtain r, =sin 8/{e”(2+sin’§)] and 6, =2cos8/[e"(2+ sin2 0)).
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dz Jdz
cos(y/x), show that x 5T 3y - 0.

xly yix

If z=¢€"sin(x/y)+e

I 1t is easy to prove a more general result. Let z=f(x/y), where fis an arbitrary differentiable function.

Then . s
e (3)5=5r () ma e ()-5)--376)

.. dz Jz
= +y—==0.
by addition, x I y 3y
dz 0z
= yix — —_—=
If z=xe’", showthat x Ix +y 3y z.

Jz

I In general, if z=xf(y/x), where f is differentiable, x e +y % = x[xf'(y/x)(~y/x*) + f(y/x)] +

xyf'(y/x)(1/x) = xf(ylx) = z.

y az az
= e——— —— + ——
If 2z Xty evaluate x Ty Iy
1 .
I = YT and Problem 42.19 applies.
i dz 3z
— [y sint g«
If z=§)e"" dt, find >, and 3y

dz J
1 —

¥ sin 7 — sin x . . d [X _ [ (92_ sin y
:9—;—(—9;( f e dt)— e’ since, in general, % e f(t) dt = f(x). Similarly, 3y ="’

y

Given a relationship F(x, y, z) =0, where F has nonzero partial derivatives with respect to its arguments,
prove the cyclical formula (dx/dy)(dy/dz)(dz/dx) = —1.

I Holding z constant, differentiate the functional equation on y: Fx, +F =0, or x,=—F/F,_. Similarly
(or by cyclical permutation of the variables), y . =-F/F, and z =-F/F,. Then, by
multiplication, x,y.z =—-FFF/FFF, = -1, which is the desired result.

If flx,y)=3x"y-2x’+5y’, find f(1,2)andf,(1,2).
I f =6xy—6x Hence, f(1,2)=12-6=6. f =3x"+10y. Hence, f(1,2)=3+20=23.

If f(x,y)=cos3xsindy, findf (w/12, 7/6) and f (7/12, w/6).

I f(x,y)=-3sin3xsindy. Therefore,

(5 ) T (DD oy semssaty (1)< v2

Find the slope of the tangent line to the curve that is the intersection of the surface z =x>—y’> with the plane
x =2, at the point (2,1, 3).

I In the plane x=2, x is constant. Hence, the slope of the tangent line to the curve is the derivative
dzldy = =2y = =2(1) = -2.

Find the slope of the tangent line to the curve that is the intersection of the sphere x°+ y®+ 2z =1 with the
plane y=1, at the point (1, §, VZ/2).

I Since y is constant in the plane y =13, the slope of the tangent line to the curve is dz/dx. By implicit
differentiation of the equation x*+y*+z =1, we get 2x +22(dz/9x)=0. Hence, at the point
(4, 3,V2/2), dzldx=—xiz=-4I(V2/2)=-1V2=—V2/2.

Find the slopes of the tangent lines to the curves cut from the surface z =3x* +4y®> ~6 by planes through the
point (1, 1, 1) and parallel to the xz- and yz-planes.
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I The plane through (1,1,1) and parallel to the xz-plane is y=1. The slope of the tangent line to the
resulting curve is Jz/dx =6x=6. The plane through (1,1, 1) and parallel to the yz-plane is x=1. The
slope of the tangent line to the resulting curve is Jz/dy =8y =8.

Find equations of the tangent line at the point (—2, 1, 5) to the parabola that is the intersection of the surface
z=2x" -3y’ and the plane y=1.

I The slope of the tangent line is Jz/dx =4x =—8. Hence, a vector in the direction of the tangent line is
(1,0, —8). (This follows from the fact that there is no change in y and, for a change of 1 unit in x, there is a
change of 9z/dx in z.) Therefore, a system of parametric equations for the tangent lineis x=2+¢, y=1,
z=5—8t (or, equivalently, we can use the pair of planes y=1 and 8x+z=-11).

Find equations of the tangent line at the point (=2, 1, 5) to the hyperbola that is the intersection of the surface
z=2x">—3y*> and the plane z=35.

I Think of y as a function of x and z. Then the slope of the tangent line to the curve is dy/dx. By implicit
differentiation with respectto x, 0=4x - 6y(dy/dx). Hence,at(-2,1,5), 0= —-8-—6(dy/dx), dy/dx=—4%.
So, a vector in the direction of the tangent line is (1, — %, 0), and parametric equations for the tangent line are
x=-2+t, y=1-—4%t, z=5 (or, equivalently, the pair of planes 4x +3y=-5 and z=5).

Show that the tangent lines of Problems 42.29 and 42.30 both lie in the plane 8x +6y + z +5=0. [Thisis the
tangent plane to the surface z =2x>—3y* at the point (-2,1,5).]

I Both lines contain the point (-2, 1, 5), which lies in the plane ?: 8x+6y+z+5=0, since 8(-2)+
6(1)+5+5=0. A normal vector to the plane is A=(8,6,1). [A is a surface normal at (-2,1,5).] The
tangent line of Problem 42.29 is parallel to the vector B=(1,0, ~8), which is perpendicular to A [since
A-B=8(1) +6(0) + 1(—8) =0]. Therefore, that tangent line lies in the plane . Likewise, the tangent line of
Problem 42.30 is parallel to the vector C=(1,—4%,0), which is perpendicular to A [since A-C=8(1)+
6(—%)+1(0) =0]. Hence, that tangent line also lies in plane . (We have assumed here the fact that any line
containing a point of a plane and perpendicular to a normal vector to the plane lies entirely in the plane.)

The plane y =3 intersects the surface z =2x>+y”> in acurve. Find equations of the tangent line to this
curve at the point (2, 3, 17).

I The slope of the tangent line is the derivative dz/dx =4x =8. Hence, a pair of equations for the tangent
lineis (z—17)/(x—2)=8, y=3, or, equivalently, z=8x+1, y=3,

The plane x =3 intersects the surface z=x%(y*—3) inacurve. Find equations of the tangent line to this
curve at (3,2,9).

9z x? . .

5 =— W (2y) = —36. Hence, a pair of equations for the tangent
lineis (z—9)/(y—2)=-36 and x=3, or, equivalently, z=—36y+81, x=3. [Another method is
to use the vector (0,1, —36), parallel to the line, to form the parametric equations x=3, y=2+1¢,

z7=9-1361]

I The slope of the tangent line is

State a set of conditions under which the mixed partial derivatives f, (x,, y,) and [, (x,, y,) are equal.

I If (x,, y,) is inside an open disk throughout which f.,andf, exist, and if f, and f,, are continuous at (x,, y,),
then f, (x,, o) = f,.(xo, ¥o). Similar conditions ensure equality for n=3 partial differentiations, regard-
less of the order in which the derivatives are taken.

For f(x, y)=3x’y —2xy +5y°, verify that f =f, .
I f=6xy—-2y, f,=6x—2. f=3x"-2x+10y, f,=6x—2.
For f(x,y)=x"Iny+sinxy, verify fo =Fe-

7 6
I f.=7x°Iny+ ycos xy fxy=%+cosxy—-xysinxy

7 7 6
fy=x7+xcosxy fyx=——;—+cosxy—yxsinxy
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For f(x,y)=e€"cosy, verifythat f =f,,.

1 f.=¢€"cosy oy =—€ siny f,=—¢€"siny f=—¢€"siny

If f(x,y)=3x"—2xy + 5y’ verify that f =f,,.

] fi=6x-2y f,=-2 =-2x+15y*° f,.=-2

y

If f(x,y)=x"cosy+y’sinx, verifythat f =f,. .

I f.=2xcosy+y’cosx, f,,=—2xsiny+2ycosx. ﬁ,=—xzsiny+2ysinx, fox=—2xsin y +2ycosx.

For f(x,y)=3x*-2x%*+7y, findf,,f,,.f, andf, .

I f=12-6x% f=-4y+7, f, =36x"—12xy° f,=-4x f, =-12x%, f, =-12x.

. x
If f(xy ,V) =e yy2 + ;1 ﬁndf:tx’ fxy’fvx’ andf;')"

, o x
1 fx=ye‘yy2+§=e"yy3+% f),———2e""y+xe"’y2—)%=e’(2y+xy2)—?

. N 2x N 2x
f.= ey (y) = e”y* Ly = e (2+2xy) + xe”(2y +xy7) + 7 =e”(2+4xy + x’y?) + ;3

1 4 ¥ 1 X x 1
fu =3y +xe%y’ = A e (y*) + ye™(2y + xy*) - 7= 3e”y? + xey’ — =

If f(x,y,z)=x2y+y2z—2xz, ﬁndf:xy’f:vx’fxz’fzx’f:vz’fz,\"

1 fi=2xy—-2z, f. = X’ +2yz, f. = y2 -2x. f,=2x, f.=2x, f.,=-2, f,=-2,
fzv\' = 2y

Give an example to show that the equation f =f,  is not always valid.

' oy 2iz) im0

Then £.00, y) = lim [@x. )= 0. 5) y;;f(o’ ) lim y ——82232 =y
and f(x,0)= Al}lil’lo ji(_)_c,_A_y_)A;f_(x,(D = AlyiTo x ij—;% =x
Consequently, £,,(0,0) = AliTOﬂ(O’Ay )A;f*(o’ L ‘3190_—‘&:7_9 =-1
e 0.0~ fim PR EOD < iy 220y

Thus £, ,(0,0)#f,,(0,0). (The conditions of Problem 42.34 are not met by this function.)

Is there a function f(x, y) such that f =e"cosy and f, =e"sin y?

fo: =2y,

I Assume that there is such a function. Then f., and f,_will be continuous everywhere. Hence, f, =f,..

Thus, —e*siny=e"siny, or siny=0 forall y, which is false. No such function exists.

If f(x,y)=ey’~x’Iny, verifythatf, , f_ . andf, all are equal.

I f=ey-3xIny, f=2y-x"y. f,=ey —6xlny, fo=2e"y=3x7y, f,=2¢y-3x"y,

foy =2€"y —6xly, f,  =2e"y—6xly, f_  =2ey—6xly.
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If f(x,y)=ysinx~—xsiny, verify that fxyy, fy,,y, and fyyx are equal.

1 f,=-ycosx-—siny, f,=sinx—xcosy, f, =cosx—cosy, fx=cosx—cosy, f, =xsiny,
fow=siny, f.  =siny, f =siny.

2 2 2

If z=x—)f_y—;, show that x° %+2xy ai;y +y* g—;; =0.
P 9z _(-yy-xy___ ¥ 9z _(x-yx-—xy(-1) __ ¥ Pz _ 2yt

ix  (x-y) (x-y* Iy (x-y) (x=-y) -y

3’z (x—y)@x) =X Rx-y)] _ (x—y)(2x)-2x 2xy i’z -2x° e
axay R B R A AR
Thus, X l—;—zé +2xy & +y? ii; = 2x2y23 - 4x2y23 2x2y23 =
ax dx dy " (x-y)y (x-yy @-y

For a simpler solution, see Problem 42.78.

. 9’z §*
If z=¢"sinay, showthat — + —i =0.
ax dy
' dz . ax _: 22 — .2 ax s dz — ax 322 — 2 ax _:
gy Caetsinay, —— =ae”sinay, oy ae®™ cos ay, a—yz = —qa"e” sin ay.

9z 9’z dz
=e (sinx + 4 how that —s + —5 = —.
If z=e '(sinx+tcosy), s o oy

I sz/6x=e"cosx, 3%z/9x* = —e 'sinx, dz/dy = —~e 'sin y, 9%z/9y> = —e ' cos y, dz/19t=

~e '(sinx +cos y)=—e "sinx — e " cos y = d%z/dx* + d%z/9y".

I f(x,y)=g(x)h(y), showthat f =f .
I f=gh(y), f,=g®r). f,=80h(y). f.=8@nr(y).

3’z dz dz
If z= =22 7
z=g(x)h(y), show that z 3xdy  ax 3y’

I ozi0x =g (OA(y), 9200y =geIH(y), &2l(ax o) =g WH(). So, z 52 = gWH(NE WK,

while 2 j—; = g'()A(y)ER'().

Verify that  f(x, y)=In (x* +y*) satisfies Laplace’s equation, f,, +f, =0.

R Y P YT i SN TRV CE YUl
Xty (" +y) " +y7) ToxTty ” =" +y7)
2(:; _:y{)g Hence, f +f,, =0.
If f(x, y)=tan"' (y/x), verify that f,, +f, =0.
fo= TT;T? C—zy) T xz—wyt}? fo = G2 :yz)z (2x)= (xzzfyyz)z' =1 ;2/x2 (%) TP j—yz’
foo=— %z—)—z Therefore, f,, +f,=0.

If the Cauchy—Riemann equations f, =g, and g =—f, hold, prove that, under suitable assumptions, f
and g satisfy Laplace’s equation (see Problem 42.52).

" Since ‘fx =8,, Wwe hayc fox = 8yur .Since g&=-f, 8&,=—f,. Now, assuming that the second
mixed partial derivatives exist and are continuous, we have 8, = &.,» and, therefore, f_ = - f”. Hence,
fxt/f,=0. Likewise, g, =—f =-f =-—g,, and,therefore, g, + g, =0.
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Show that

f(x, )= (x + at)* satisfies the wave equation, a’f,, =f,.

I 7 =3x+at), f, =6(x+at). f=3x+at)’(a)=3a(x+at)’, f,=6a(x+ at)(a)=6a’(x+at)=af,,.

Show that f(x, t) =sin (x + at) satisfies the wave equation a’f,, =f,.

I f=cos(x+at), f, =-sin(x+at), f=acos(x+at), f,=—a sin(x+af)= 7.
Show that f(x,t)=e""“ satisfies the wave equation a’f, =

I f = f,=¢" f=—ac™" f=de¢ "=d¥,

Let f(x,t)=u(x + at) + v(x — at),

I f=v(x+a)+v'(x—at), f, =u(x+a)+v(x—at). f=au'(x+at)—av'(x-

aty+a‘v

Verify the general formula

2. .n

(x —at) = d’f,,.

1 1
I [Jsinxydy=- - cosxy ]0 =~ (cos mx —cos0) = — ~ (cos mx—1). So,
d - - - + -
£ [_ 1 (cos x — 1)] _ x(— sin 7x) - (cos mx —1) _ cos mx 7-rx2 sin rx — 1
x

dfldx=ycosxy and [J ycosxydy can be integrated by parts:

Verify the general formula

=y [J= 5 sy ar=[ Sy s £ (D) eos ]| -
A ycosxydy xsmxy 0 %o sin xy dy xsmxy+x o cosxy| |

7x sin wx + cos wx

- Lol o4 e yyay

X

= fu

at),

ff(x y)dy = f ——dy for f(x,y)=sinxy, a=0, b=m

fu

where u and v are assumed to have continuous second partial derivatives.
In generalization of Problems 42.55-42.57, show that f satisfies the wave equation a’f,,

= g’u"(x +

d (7.
Ex—fo sin xy dy =

On the other hand

2

P

d b b 8f
——f f(x,y)dy=f Edy, for flx,y)=x+y, a=0, b=1

xy sin xy + cos xy ]"
0

I | x+y)dy (xy+ 1y ]o=x+141. Hence, dxf flx, yydy = dx(x+2)—1 On the other hand,

of _

ax

>

f

L= Jody=ylo=1.

If f(x,y)=J,cos(x+2y+1)ds, findf, andf,.

1 a 1
) fx:fo ;cos(x+2y+t)dt=——L sin(x+2y+t)dt=cos(x+2y+t)]0

1

1 1
= f —cos(x+2y+t)dt= J;2sin(x+2y+t)dt=2cos(x+2y+t)]0

= 2[cos (x +2y +1) —cos (x + 2y)]

Let f(x,y)= [y (x*+x)dt. Find f, and f, and verify that f, =f,,.

]
for

Let M(x, y) and N(x, y) satisfy dM/dy = oN/dx for all (x, y).

f f —(x2+tx)dt=foy(2x+t)dt=(2xt+%tz)]0=2xy+%y2,

fy=x2+yx,

that df/dx=M and Jf/dy=N.

I Let

flu, v) = [y N(O, y)dy + [ M(x,v)dx. Then I _

9f
au

du

= N(0, )+f aM‘gx v) = N(0, )+J’ ——0N§); v) dx (since %%4— =

= N(0, v) + {N(x, v) ]5} = N(O, v) + [N(u, v) — N(0, v)] = N(u, v)

dN

ax

)

fxy

f M(x, v)dx = M(u, v). Also,

=cos(x+2y +1)—cos(x +2y).

=2x+y,

Show the existence of a function f(x, y) such

’
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If u =f(x,, ...,%,) and x,=h(t),...,x,=h,(), state the chain rule for du/dt.

du dx,
i1 ——fx‘ et S -

If u=x2—2y2+z3 and x=sint, y=ée', z=3¢ finddu/dr

I By the formula of Problem 42.64,

du Ju dx du dy , du dz . 2 ) o4 2 . 2 )
_—— — _— _—— = — = _— = — + -,
o ar di + 3y dt + 97 dr 2xcost—4ye +3z°(3)=2sintcost —4e'(e') + 9(3t)" =sin 2t — 4e”’ + 81t

If w=®(x,y,2) and x=f(u,v), y=g(u,v), z=h(u,v), state the chain rule for dw/du and dw/dv.

! gw_o®ox %y o® oz gw_0®ax 3%y 9P iz
du  dx du dy du Jdz du’ v ax dv dy dv  dz dv’

Let z=r’+s’+t* and t=rsu. Clarify the two possible values of 9z/dr and find both values.

I (1) If z=fr,s,t)=r"+s>+¢, then Jz/dr means f(r,s,8)=2r. 2) If z=r'+s+=r"+
s>+ (rsu)’ =r* + 5"+ r’s’u’ = g(r, s, u), then dz/dr means g,(r,s,u)=2r+2rs’u’. To distinguish the two
possible values, one often uses %% for the first value, and %; for the second value.
How fast is the volume V of a rectangular box changing when its length / is 10 feet and increasing at the rate of
2 ft/s, its width wis 5 feet and decreasing at the rate of 1 ft/s, and its height & is 3 feet and increasing at the rate of
2 ft/s?

dv 9V di 9V dw 3V dh
P v=iwh =S owa " an
30 — 30 + 100 = 100 ft’/s.

= wh(2) + Ih(~1) + Iw(2) = 5(3)(2) + 103)(—1) + 10(5)(2) =

If w=x*+3xy—2y>, and x=rcos@, y=rsin6, finddw/dr and Jw/s6.
34

ow _dw ox ow ay _ 4y
) = = ax ar+ 3y ar—(2x+3y)cos()+(3x 4y)sin 8
=(2rcos 6 + 3rsin 8) cos 8 + (3r cos § — 4r sin 8) sin @ = r(2 cos” 8 + 6sin @ cos 6 — 4sin> 9)

dw _ dw dx  dw Jdy .
—_—=a— =y — L = + - + -
50~ v 20 + 3y 20 (2x +3y)(—rsin 8) + (3x — 4y)(r cos 8)

=(2rcos @ +3rsin 8)(—rsin 8) + (3r cos § — 4rsin 8)(r cos 9)
=r’(—2cos 0 sin @ ~3sin* 6 + 3 cos’ § — 4sin 0 cos §) = r’(3cos’ @ — 6 cos 8 sin @ — 3sin’ 9)
=3r*(cos’ § — 2 cos @ sin § — sin” §) = 3r’(cos 28 — sin 26)

2 2 2 2
Let u=f(x,y), x=rcos8, y=rsinf. Show that (ﬂ> +(ﬂ> =(ﬂ) +l2<é£)
r

dx ay ar a0
. du ¢9u du du  du du du
1 == + — — = = (—rsi — = <_ =~ §i
By the chain rule, or = ax 08 ] 3y sin #, and 50 " 3x (—rsing) + 3y (rcos@)=r 55 Sin 0+

gu cos 0). Thus,
dy

au)2 1 <o"u)2 <0u) du du <3u>2 . 2 (au)2 du du
(ar 2\ 38 Ix cos® 6 + 2 cos 6 sin 6 Ix 3y + y sin” 6 + ax sin® 8 — 2sin @ cos 6 ax Jy

+ (6_14)2 cos’ @ = <é—l£)2 + (éﬁy
dy ax ay

Let u=f(x,y), x=rcosd, y=rsinf. Showthat u, =f_ cos’8+ 2f,, cos@sinf + f sin® 6.

I u =fcoso +f, sm 8. Hence, u, =cos@(f, cos@+f sind)+sinf(f, cosb+f sin’ @) =f,_ cos’ 0 +
2f,, cosfsin6 +f sin’ 8.

. 1 1
Let u=f(x,y), x=rcos8, y=rsinf. Showthat f +f =u +?u“+;u.

rr
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I u,=—frsin@+rf,cos6. Hence, u, =—r{f cos8+sinb[f, (—rsin8)+f (rcos8)]}+r{—f sin6+
cos [ £, (—rsin 0) + £, (r cos 6)1} = f,.r*sin @ — 2f, ,r’sin @ cos § + f, r* cos’ 6 — r(f, cos 6 + f,sin9).  Using

1 1
Problem ii2.71, we get u, + Uy tou, = fulcos® 0 +sin® @) + f, (sin® 6 + cos® §) — % (f,cos @+
f,sin@) + - (fxcoso+fysin0)—f“+fyy.

Let z=u’v’, where u=x+y and v=x-—y. Find % (a) by the chain rule, (b) by substitution and

explicit computation.

I g—; = g—i % + g% 3—; =3u%v® - 5u’v* = uPv*Bv — Su) = uv*(-2x — 8y)

==2(x +4y)(x + y)’(x — y)*
() z=(x+y)Y’(x-y). Hence,
f‘,’; = (x+ yP[5Ce = Y= D]+ 3(x + y)i(x = )’
= (x +y)’(x = y)*[=5(x + y) + 3(x = y)]
= (x +y)’(x = y)*(=2x ~ 8y) = =2(x + 4y)(x + y)’(x — y)*.

Prove Euler’s theorem: If f(x, y) is homogeneous of degree n, then xf, + yf, =nf. [Recall that f(x, v) is
homogeneous of degree n if and only if f(tx, ty) = t"f(x, y) for all x, y and for all ¢>0].

a(.
I Differentiate flex, ty) =t"f(x, y) with respect to . By the chain rule, fo(x, ty) ——= ( )

fulix, ty) == (y) =nt""'f(x, y). Hence, f,(ix, y)(x)+f,(tx,tp)(y)=nt""'f(x,y). Let =1 Then,
xf (x, y) + yf (x, y) = nf(x, y). (A similar result holds for functions f of more than two variables.)

Verify Euler’s theorem (Problem 42.74) for the function f(x, y) = xy* + x’y — y°.

I f(x, y) is homogeneous of degree 3, since f(ix, ty) = (tx)(ty) + (ex)*(ty) — (ty) =Py’ +xy -y =
£’f(x, y). So, we must show that xf +yf =3f f = y +2xy, f, —-2xy+x ~3y> Hence, xf, +

y f,=x(y* +2xy) + yQxy + x> = 3y*)=xy’ + 23ty + 2xy" + 2y = 3y> = 3(y® + Xy — y°) =3 f(x, y).

Verify Euler’s theorem (Problem 42.74) for the function f(x, y) =V x* + y>

I f(x,y) is homogeneous of degree 1, since f(tx, ty) = \(2x)* + (ty)* = Vx> + y2 =t fix, y) for 1>0.
We must check that x f, +yf,=Vx*+y’. But, f,=x/\Vx*+y> and f =y/\/x*+y> Thus, xf +

v/, =N+ yHY+ (PN +yY) = (* +y2)/\/x2 +yi= \/x2 +y2

Verify Euler’s theorem (Problem 42.74) for the function f(x, y, z) = 3xz° — 2xyz + y’z.

I £ is clearly homogeneous of degree 3. Now, f =32"-2yz, f,=—2xz +Zzy, f, =6xz —2xy +y
Thus, xf. +yf +zf = x(32* —2yz)+y( 2xz+22y)+z(6xz—-2xy+y ) =3xz% - 2xyz —2xyz +2y*z +
6xz> — 2xyz + y’z = 9xz® — 6xyz +3y’z2 =3 f(x, y, 2).

If f(x, y) 1s homogeneous of degree n and has continuous second-order partial derivatives, prove x* f, +
2xy f,, +¥* f,, = n(n — Df.

I By Problem 42.74, [Flex, ) (x) + £, (ex, ty)(y) = nt"” Y(x, ¥). Differentiate with respect to t:
x[fou(tx, )(x) + £, (tx, )(9)] + y[ £, (ex, t)(x) + £, (6, 9)()] = n(n = D" f(x, y). Now let t=1:
X(fo-x+f,-y)+y(f, x+f,, - y)=n(n-1)f, xf"+2xyfxy+yf”—n(n—l)f, since f =f,..

If f(x, y) is homogeneous of degree n, show that f, is homogeneous of degree n — 1.

I f(tx, ty) = "f(x, y). Differentiate with respect to x: f.(tx, ty)(f) + £, (ex, y)(0) = [ f.(x, y)(1) + £, (x, ¥)(0)],
flte, y)(0) = Cf(x, ), fltx, ) = €7 f (%, ).
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Show that any function f(x, y) that is homogeneous of degree n is separable in polar coordinates and has the form
flx, y)=r"6(9).

I Choose new variables u=Inx, v= y/x, and write

ey
oo =)

Replacing x and y by tx and ty  (+>0), we have

Sy )
Y 7 T T e CaR

Because Int assumes all real values, the above equation can hold only if ¢ is independent of u; i.e.,

d(u, v) = ¢(v). Hence, f(x,y)=(Vx*>+y)Yd(y/x)=r"y(tan 8) =r"0(9).

Find a general solution f(x, y) of the equation a f, =f,, where a#0.

f let u=x+ay, v=x-ay. Thenxandycanbe found in terms of « and v, and f(x, y) can be considered
a function w=F(u,v). By the chain rule, f = LA F,— “ +F, —=F,+F, f=—-—=F, —+
Jv ax dx a ay
F, 7y =4 F,—aF, Substitutingin af =f, weget aF,+afF, =a Fu —aF,, and,therefore, F,=0.
Thus, Fis a function g(u) of u alone. Hence, w=g(u)=g(x+ay). So, g(x+ay) Iisthe general solution,

where g is any continuously differentiable function.

If z=2x-3xy+7y, x=sint, y=cost, finddz/dt.

dz 9z dx dz dy . .
P a’fx @ oy dr =(4x —3y)cost+ (—3x + 14y)(—sin t) = (4sint — 3 cos t)cos t —

(14 cos t —3sin ) sin t =3 sin® t — 10'sin £ cos £ — 3 cos” ¢.

I By the chain rule,

If z=In(x*+y?), x=e¢ ', y=¢, find dz/dr
I By the chain rule,

dz 9z dx _ dz dy 2x . 2y, 2e% 2% e —e
—_— e — = = —— (— + — = - — == — =
at 9x dr gy dr +y2( e™) x2+y2 € e ¥ ter e ¥t PRI, 2 tanh 2¢

If z=f(x,y)=x"+3xy—y’ and y=sinx, find dz/dx.

= (4x” + 3y) + (3x — 2y) cos x = (4x” + 3sin x) + (3x — 2 sin x) cos x.

) dz _ Yy
I By the chain rule, = L mth g

If z=f(x,y)=xy’+x’ and y=Inx, find dz/dx and dz/dy.

I First, think of z as a composite function of x. By the chain rule, dz/dx=Ff, + f, (dy/dx) =y> +2xy +
Qxy +x)(A/x)=y* +2xy +2y + x=(In x) +2(x +1)Inx +x. Next, think of z as a composite function of y

d
= =0 20+ Qay + 1) =x(y* +2xy +2y + )= (Y7 +

y
(by virtue of x=-¢"). Then, =f, dy

2ye’ +2y +e%).

The altitude £ of a right circular cone is decreasing at the rate of 3 mm/s, while the radius r of the base is increasing
at the rate of 2mm/s. How fast is the volume V changing when the altitude and radius are 100 mm and 50 mm,
respectively?

dv. 9V dr 3V dh
112 ;}; Swrth. So, == 5% 7: + o = G2 + (3rr)(=3) = $arh — mr” = m{$(5000) - 2500] =
22T mm’/s.
3
2 2
A point P is moving along the curve of intersection of the paraboloid 1—6 - % =z and the cylinder

x*>+y*=5. If x is increasing at the rate of 5cm/s, how fast is z changing when x=2cm and y=1cm?

2 2
I Apply the chain rul X _y dz_odzdx dzdy xdx 2ydy 2 .2
dxppydecamrueto =%~ 9" g’ P dt+ay w8 A0 A From x"+y" =5,
dt+ydf 0. Since dx/di=5, 5x+y7);=0. So, when x=2 and y=1, dy/dt=-10, and

dzldt = 3(5)— 3(~10)=10(} + 3) = & cm/s.
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Find du/dt given that u=x%> x=2, y=3¢

du_ dr,  dy_
1 ad e a e T

2xy>(6£7) + 3x%y*(6¢) = 6xy’t(2yt + 3x) = 6(2*)(91*)(£)(6¢” + 61°) = 1296¢"".
If the radius r of a right circular cylinder is increasing at the rate of 3 in/s and the altitude A is increasing at the rate

of 2in/s, how fast is the surface area S changing when r=10inches and h =35 inches?
. dS _dS dr  3S dh

1 S—2-n-rh$ By the chain rule, T ar & + “h dr
20) =707 in“/s.

= (2mwh)(3) + 2wr)(2) = 2m(3h + 2r) = 2 (15 +

If a point is moving on the curve of intersection of x*+3xy +3y*=2" and the plane x—2y+4=0, how
fast is it moving when x =2, if x is increasing at the rate of 3 units per second?

d d
I From x-2y+4=0, _d_)t[_27);=0' Since dx/dt=3, dy/dt=3. From x*+3xy+3y°=z by

the chain rule, (2x + 3y)(dx/dt) + (3x + 6y)(dy/dt) = 2z(dz/dt). Hence,

dz

a *)

When x=2, the original equations become 3y’+6y+4=2z" and -2y+6=0, yielding y=3, z=
+7. Thus, by (*), 39+ 36=2z(dz/dt), dz/dt==*}. Hence, the speed

2x+3y)3)+ Bx+6y)(3) =2z

d dx\* dy\? dz\’
j:=\/(-‘—1—§> +<7);> +<—(—1§> =\/9+%+9(f—2)2=3\/1+,%+%‘—f:}@=%\/ﬁz6.3unitspersecond

_ _ . au)’ (au)2_<au)2 1 (&u>2

If u=f(x,y) and x=rcoshs, y=sinhs, show that (0x 3y =\%r 2%/

du oJu dx Jdu dy du u du Ju dx Jdu dy du . du
— = 4= == — L Em o = — +— .
o = 9% ar + 3y ar " ox (cosh s) + 3y (sinh 5) s ~ax 35 " ay a5 ax (r sinh ) 3y (r cosh s5)

Hence,

2 2 2 J J 3 2
(8u> *lz(éﬁ> =(éfi> cosh?s +2 2% —ucoshssinhs+(—u) sinh® s

ar r°\ds ax dx dy ay
3u)2 o du Ju (au>2 s ]
- = +2 — — +{ = s
[( ox sinh” s +2 3x 3y sinh s cosh s Iy cosh® s
8u)2 22 <du)2 - 2 (au)2 (w)z
— — + | — _— = | = — | =
<_ax (cosh® s —sinh” s) 3y (sinh* s — cosh” 5) e 3y

If z=H(u,v), and u=f(x,y), v=g(x,y) satisfy the Cauchy-Riemann ‘equations dJu/dx = dv/dy
3’H  9°H ou\* (ov\’1(9°H , ¢°H
and Ju/dy=—dv/dx, showthat —5 + —5 = + —_— + —= ).

axt | dy ax ax/ N 7 a0
I H=Hu +Hy, H=Hu +Hy, H,=(H,u +H,)u +Hu,+H,u+H,p)w +Hyu,,
H, =(H,u +H,v)u +Hu, +(H,u +H,yv) +Hyv . ByProblem 4254, u, =-u, and
vxx = -—vyy' Hence’ Hxx + Hyy = (Huuux + Huuvx)ux + (Hvuux + Hvuvx)vx + [H““("UI) + Huuux](_vx) +
[HU“(—UX) + HUUuX]uX = Huuu: + vavi + Huuvi + H()Dui = (u: + vi)(HllU + HUI))‘
. . . . 2 2 . . aw ow
If g(u) is continuously differentiable, show that w = g(x° —y®) is a solution of y 5 +x Ty ={.

I owiox=g'(x* - y*)(2x), awldy = g'(x* — y*)(—2y). Hence,

_‘?_’ﬁ a_w_: - o2 2 —
Y 5y Tx 5y ~@0 +xC2)lg' e —yT) =0,

aw aw
If = 2 .2 2 2 —_— — =0.
w=f(x"—-y y°~x%), showthat y P +x 3y 0

I w={f(x"-y* —(x*—y*)=g(x*—y%), so that Problem 42.93 applies.
y y 4 y
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—f(r=* 5:_Y) 20W | 20w 29w
If w f( v yz ) show that x I y ay+z P 0.

I Denote the partial derivatives of f with respect to its two arguments as f, and f;.

aw _ . d((y —x)/xy)

™ _f, = oy, 2C y)/yz) fl-(—%>+f2-0— -
%=f1 d((y;;r)/xy)ﬁ a((z - ;')/yZ) ~ - (%)_fz.(;g)zé(fl_fz)
%‘Zﬂzfl 0((}’;:)/)6)’) fa((z )’)/yz) —0+F,- (lz)='zl_2fz
Thus, xzi—:+y2‘;—:+ 22 firfi=f =0

Prove Leibniz’s formula: For differentiable functions u(x) and wv(x),

L fe, yyy =~fe ) e+ fe, o) 2+ [ L gy,

ow du awdv aw

I Let w=][f(x,y)dy. By the chain rule, Now, dw/du=—f(x, u)

a
and dw/dv = f(x,v), and (Problem 42.60) Jw/dx = f % dy, yielding Leibniz’s formula.

Verify Leibniz’s formula (Problem 42.96) for u=x, v=x% and f(x, y)=x"y’+x%y>

I du/dx=1, dvidx=2x, j—'i =3xy’ +2xy , and j —— dy= j' P (B3 + 2y )dy = (¢ + Lyt P =
P+ i) -+ %xs). So, —f(x,u) E +f(x ) J < dy= —(x W+ )+ (FCvt + 0?2+
i’ -x - 2)c =25+ (& + 20 +x* + 1 - %x =~1x +3x +3 On the other hand,
Ji feenydy = [ (x P+ xly)dy = (30 + ix'y )] = (3 + ') - (‘X"+ 1) = 80+ - At

Hence, f(x, y)dy =3x®+ §x° — }x°, verifying Leibniz’s formula.

dx

Assume Jf/dx =0 forall (x, y). Show that f(x, y)=h(y) for some function .

d 3
I For each y,, e flx, y,)= ﬁ—)f; (x, yo)=0. Hence, f(x,y,) isaconstant,c. Let h(y,)=c. Then
f(x, y)=h(y) for all x and y.

Assume df/dx=x forall (x, y). Show that f(x, y)=ix’>+ h(y) for some function A(y).

aF 4
f Let F(x,y)=f(x,y)— ix> Then, —= o —x=0. By Problem 42.98, F(x,y)=h(y) for a suit-

dx dx
able h.

Assume df/ldx = G(x) for all (x, y). Then prove there are functions g(x) and A(y) such that f(x, y)=
8(x) + h(y).

I Let F(x,y) =f(x,y)~ o G(t)dt. Then -— = j£ G(x)=0. By Problem 42.98, F(x, y)=h(y)
for some h. Thus, f(x, y)=f; G(t)dt+ h(y). Let g(x)=[5 G(t) dt.

Assume Jfidx=g(y) for all (x, y). Show that f(x, y)=x g(y)+ h(y) for some function h.

d
I Let H(x,y)=f(x,y)—x g(y). Then, —é—; = 0—£ —g(y)=0. By Problem 42.98, H(x, y)=h(y) for
a suitable function h. Hence, f(x, y)=x g(y) + h(y).
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42.104

42.105

42.106

42.107

42.108

42.109

42.110

42.111

Find a general solution for ¢°%f/ax” =0.

I Let K(x,y)=dflox. Then 9K/dx=0. By Problem 42.98, K(x,y)=g(y) for some function g.
Hence, df/dx=g(y). By Problem 42.101, f(x, y)=xg(y)+ h(y) for a suitable function h. Conversely,
any linear function of x (with coefficients depending on y) satisfies f,, =0.

: . If _
Find a general solution of axdy 0.

I Let L(x,y)=4dfldy. Then 4L/dx=0. By Problem 42.98, L(x,y)=g(y) forsome g. So
dfidy = g(y). By an analogue of Problem 42.100, there are functions A(x) and B(y) such that f(x, y)=
A(x) + B(y). Conversely, any such function f(x, y) = A(x) + B(y), where A and B are twice differentiable,

. f _
satisfies 9x 9y =0,
Find 1 soluti f s =1
ind a general solution of —= 3y .

2 2
I Note that o) _ 1. Let C(x,y)=f(x,y)—xy. Then 9IC _ 1-1=0. By Problem 42.103,

dx dy dx dy
C(x, y)= A(x) + B(y) forsuitable A(x)and B(y). Then, f(x,y)= A(x)+ B(y)+ xy. Thisis the gener-
| solution of 24— =1
al solution o axay -
Show that the tangent plane to a surface z=f(x,y) at a point (x4, yo, 2Z,) has a normal vector
(fx(xO’ yo)’ f;(xo’ yo)’ —1)
I One vector in the tangent plane at (x,, y,, Z,) is (1, 0, £.), and another is (0, 1, f,). Hence, a normal vector
is (0,1, £,)x (1,0, f)=(f. f,, 1)
Find an equation of the tangent plane to z=x>+y*> at(1,2,5).
I 5z/6x=2x=2, 9z/dy=2y=4. Hence, by Problem 42.105, a normal vector to the tangent plane is
(2,4, —1). Therefore, an equation of that planeis 2(x —1)+4(y —2) —(z—5)=0, or,equivalently, 2x +
4y — z =5.
Find an equation of the tangent plane to z=xy at (2, },1).
I oz/ox=y=1%, 9z/dy=x=2. Thus,anormal vector to the tangent plane is (1, 2, —1), and an equation of
that plane is 3(x —2)+2(y—3)—(z—-1)=0, or, equivalently, x+4y—2z=2.
Find an equation of the tangent plane to the surface z=2x’>—y* at the point (1,1,1).
I oz/190x=4x=4, dz/dy = -2y = —2. Hence, a normal vector to the tangent plane is (4, —2, —1), and an
equation of the planeis 4(x —1)~2(y—1)—-(z—1)=0, or, equivalently, 4x—-2y—z=1.
If a surface has the equation F(x, y, z) =0, show that a normal vector to the tangent plane at (x,, y,, 2,) is
(F.(x6s ¥o» Zo)» Fy(x07 Yo» Z0)» F, (x4, Yo, 2o))-
I Assume that F,(x,, yo, 2,) #0 so that F(x, y,z)=0 implicitly defines z as a function of x and y in a
neighborhood of (x,, ¥4, Z,). Then, by Problem 42.105, a normal vector to the tangent plane is j—i , z—; ,
d
Differentiate F(x, y,2z) =0 with respect to x: F, +F, % +F, g—i =0. Hence, F +F, —i =0, since
dyldx=0. Therefore, Jz/dx=—F,/F,. Similarly, ~dz/dy=-F,/F,. Hence, a normal vector is
(=F./F,,—F,/F,, —1). Multiplying by the scalar —F,, we obtain another normal vector (F,, F,, F,).
Find an equation of the tangent plane to the sphere x*+y>+z>=1 at the point (3, 1,1/V?2).
I By Problem 42.109, a normal vector to the tangent plane will be (2x,2y,2z)=(1,1,VZ). Hence, an
equation for the tangent planeis (x — {) + (y — 1)+ V2[z - (1/V2)] =0, or,equivalently, x+y+V2z=2.
Find an equation for the tangent plane to z*+xyz-2=0 at(1,1,1).

§ By Problem 42.109, a normal vector to the tangent plane is (yz, xz,3z° + xy) =(1,1,4). Hence, the
tangent planeis (x—1)+(y—1)+4(z—1)=0, or, equivalently, x+y+4z=6,
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N

2 2
z .
2+ -5 =1 ata point (x,, ¥,, Zo)-

+b2

Find an equation of the tangent plane to the ellipsoid

&~| *®
o

2xy 2y, 2%,

[} By Problem 42.109, a normal vector to the tangent plane is ( X —22—), or, better, the vector

2 1
a
X z X z
(a—g, #, ;g) Hence, an equation of the tangent plane is a—g (x—x,)+ % (y—yo) + c—;’ (z—1z,)=0, or,
X z
equivalently =5 x+ Yo y+ C—g

p b2 z=1.

Let a>0. The tangent plane to the surface xyz=a at a point (x,, y,, z,) in the first octant forms a
tetrahedron with the coordinate planes. Show that such tetrahedrons all have the same volume.

§ By Problem 42.109, a normal vector to the tangent plane is ( y,z,, X0Zo» XoY,)- Hence, that tangent plane has
an equation Y z,(x —x,) + X,Z2o(¥y — ¥o) + X,¥o(z — 2,) =0, or, equivalently, y,zox +X,25Y + Xoyoz =
3x,y,2,- This plane cuts the x, y, and z-axes at (3x,,0,0), (0,3y,,0), (0,0,3z,), respectively (Fig. 42-1).
Hence, the volume of the resulting tetrahedron is & (3x,)(3y,)(32,) = 3X,¥02, = 34.

3z,

3y,

3% Fig. 42-1

Find a vector tangent at the point (2, 1, 4) to the curve of intersection of the cone z° =3x” + 4y®> and the plane
3x-2y+2z=8.

I A normal vector to 2> =3x"+4y> at (2,1,4)is A=(6x,8y,—22)=(12,8,—8). A normal vector to
the plane 3x~2y+:z=8 is B=(3,-2,1). A vector parallel to the tangent line of the curve of the
intersection will be perpendicular to both normal vectors and, therefore, will be parallel to their cross product
AXB=(12,8,-8)x (3, —2,1)= (-8, ~12, —48). A simpler tangent vector would be (2, 3, 12).

If a surface has an equation of the form 2z =x f(x/y), show that all of its tangent planes have a common point.

I A normal vector to the surface at (x, y, z) is

(82/9x,92/3y, —1) = (x f’(i)(%) +f(§>, xf'(‘;)(— }%>, —1),

Hence, the tangent plane at (x,, ¥,, Z,) has an equation

2
s (e erGe)e= [5Gl -
— — —Jlx—|= — -z=0
[)’o f Yo f Yo )'3 ! Yo Y
Thus, the plane goes through the origin.

Let normal lines be drawn at all points on the surface z =ax®+ by> that are at a given height 4 above the
xy-plane. Find an equation of the curve in which these lines intersect the xy-plane.

I The normal vectors are (2ax,2by, ~1). Hence, the normal line at (x,, y,, #) has parametric equations
X=xot2axyt, y=y,+2byt, z=h~t This line hits the xy-plane when z=0, that is, when ¢=h.
Thus, the point of intersection is x =x,+ 2ax,h = x,(1+2ah), y=y,+2by,h=y,(1+2bh). Note that
a’ by o’ b,
(1+2ah)®  (1+2bh)*" (1+2ah)*>  (1+2bh)}

h=ax’ + by’ =

Hence, the desired equation is

Find equations of the normal line to the surface x*+4y’>=2z> at (3,2,5).
I A normal vector is (2x,8y, —2z) = (6, 16, —10), by Problem 42.109 [with f(x, y, z) = x* + 4y* — 2°].
x—-3 _y-2_z-5
6 16 ~ -10°

Hence, equations for the normal line are
y=2+16t, z=5-10¢.

or, in parametric form, x=3+6t,
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Give an expression for a tangent vector to a curve € that is the intersection of the surfaces F(x, y,z)=0 and
G(x, y,2)=0.

I A normal vector to the surface F(x,y,z)=0 is A=(F,, F,, F,), and a normal vector to the surface
G(x,y,z)=0 is B=(G,,G,, G,). Since the curve is perpendicular to both A and B, a tangent vector would
be given by

i j k
AxB=|F, F, F,
G, G, G,

Find equations of the tangent line to the curve that is the intersection of x> +2y*+2z2=5 and 3x -2y —
2=0 at(l,1,1).

I By Problem 42.118, a tangent vector is

i j k| |i § k
2x 4y 4z|=|2 4 4 |=(4,14,-16)
3 -2 -1 (3 -2 -1

or, more simply, (2,7, —8). Hence, equations for the tangent line are x=1+2¢, y=1+7¢t, z=1-8t

Write an equation for the normal plane at (x,, y,, Z,) to the curve € of Problem 42.118.

I If (x, y, z) is a point of the normal plane, the vector C = (x — x,,y — ¥,, Z — Z,) is orthogonal to the tangent
vector A X B at (x,, y,, Z,). Thus, the normal plane is given by

X—Xg Y ™Yo 27 %
0=C-(AxB)=| F, F, :
x Gy Gz

where the derivatives are evaluated at (x4, ¥, 2g)-

Find an equation of the normal plane to the curve that is the intersection of 9x* +4y*—36z=0 and 3x+
y+z—-2"—1=0, at the point (2, —3,2).

I By Problem 42.120, an equation is

x—2 y+3 z-2 x+z—-4 y+3 z-2
0=]| 3 -24 -36|= 0 —-24 -36|=108(x+2z—-4), or x+z=4
3 1 -3 0 1 -3

Show that the surfaces x*+y° +2°=18 and xy=9 are tangent at (3, 3, 0).

I We must show that the surfaces have the same tangent plane at (3, 3,0), or, equivalently, that they have
parallel normal vectors at (3,3,0). A normal vector to the sphere x*+y>+2z*=18 is (2x,2y,22)=
(6,6,0). A normal vector to the cylindrical surface xy =9 is (y,x,0)=(3,3,0). Since (6,6,0) and
(3, 3,0) are parallel, the surfaces are tangent.

Show that the surfaces x*+y° +2°~8x—~8y —6z+24=0 and x>+3y*+22°=9 aretangentat(2,1,1).

I The first surface has normal vector (2x —8, 2y -8, 2z—6)=(—4, —6, —4), and the second surface has

normal vector (2x,6y,4z)=(4,6,4). Since (4,6,4)and (—4, —6, —4) are parallel, the surfaces are tangent at
2,1,1).

Show that the surfaces x> +2y>—4z>=8 and 4x”—y>+2z>="14 are perpendicular at the point (2,2, 1).

I 1t suffices to show that the tangent planes are perpendicular, or, equivalently, that the normal vectors are
perpendicular. A normal vector to the first surface is A = (2x, 4y, —8z) = (4, 8, —8), and a normal vector to
the second surface is B=(8x, —2y,4z)=(16, —4,4). Since A-B=4(16)+8(-4)+(—8)4=0, A and B
are perpendicular.

Show that the three surfaces &,: 14x*+11y* +82z°=66, ¥,: 32°-Sx+y=0, %;: xy+yz—4zx=0
are mutually perpendicular at the point (1, 2, 1).
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I A pormal vector to & is A=(28x,22y,16z) =(28,44,16). A normal vector to &, is B=(-5,1,6z)=
(=5,1,6). A normal vectorto &is C=(y—4z,x+z,y—4x)=(-2,2,-2). Since A-B=0, A-C=0,
and B-C=0, the normal vectors are mutually perpendicular and, therefore, so are the surfaces.

1/2 1/2

Show that the sum of the intercepts of the tangent plane to the surface x
points is equal to a.

+y"2+ 22 =4¢"? atany of its

I A normal vector at (x,, yo, 2,) is (1/2vx,, 1/2V/¥,, 1/2VZ,), or, more simply, (1/vVX,, LVY,, 1/1VZ,).
. . 1 1

Hence,'an equation {)f the tangent plane at (x,, y,, Z,) is VE (x—x,)+ e (y - Vo) + V}_EE (z—24)=0,

or, equivalently, Vi x+ Vi y+ IV VX, + VY, +VzZ,=Vva. Thus, the x-intercept is vVa vx,, the

y-intercept is Va/y,, and the z-intercept is vav/z,. Therefore, the sum of the intercepts is Va(V¥X, +
VYo +VZ)=Vava=a.
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Directional Derivatives and the
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43.2

43.3
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43.5
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43.8
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Given a function f(x, y) and a unit vector u, define the derivative of f in the direction u, at a point (x,, y,), and
state its connection with the gradient Vf=(f,, f,).

I The ray in the direction u starting at the point (x,, y,) is (x,, y,) + tu (¢ =0). The (directional) derivative, at

y ° )
(x4, ¥o). Of the function f in the direction u is the rate of change, at (x,, y,), of f along that ray, that is,
7 f(xy, yo) + tu), evaluatedat ¢=0. Itisequal to Vf-u, the scalar projection of the gradient onu. (Similar
definitions and results apply for functions f of three or more variables.)

Show that the direction of the gradient Vfis the direction in which the derivative achieves its maximum, |Vf|, and
the direction of —Vf is the direction in which the derivative achieves its minimum, —|Vf|.

I The derivative in the direction of a unit vector u is Vf-u=|Vf| cos 8, where 8 is the angle between Vf and
u. Since cos 0 takes on its maximum value 1 when 6 =0, the maximum value of Vf-u is obtained when u
is the unit vector in the direction of Vf. That maximum value is |[Vf]|. Similarly, since cos 8 takes on its minimum
value —1 when @ =7, the minimum value of Vf-uw is attained when u has the direction of —Vf. That
minimum value is —|Vf].

Find the derivative of  f(x, y) =2x* —3xy + 5y° at the point (1, 2) in the direction of the unit vector u making
an angle of 45° with the positive x-axis.

I u=(cos45°, sin 45°) = (V2/2,V2/2). Vf=(4x~3y, —3x+10y) =(~2,17) at (1,2). Hence, the deriva-

tiveis Vf-u=(-2,17)-(V2/2,V2/2)= ? (15) = l%@

Find the derivative of f(x, y) = x —sin xy at (1, w/2) in the direction of u= (cos g, sin —g) =(4,V3/2).

I Vf=(1-ycosxy, ~xcosxy)=(1,0). Hence, the derivative is Vf-u= 4(1,0)-(1,V3)=1i.

Find the derivative of f(x, y)=xy> at (1,3) in the direction toward (4, 5).

I The indicated direction is that of the vector (4,5)~-(1,3)=(3,2). The unit vector in that direction is

u=(1/V13) (3,2); the gradient Vf=(y%2xy)=(9,6). So, ¥f-u=(9,6)- TG (3,2)= —1\/1—-§ 39=3V13.

Find the derivative of f(x, y, z) = x’y’z at (2, 1, 4) in the direction of the vector (1,2, 2).

I The unit vector in the indicated direction is w= 1(1,2,2). Vf=(2xy’z,2x%yz, x’y*) =(16,32,64) =
16(1,2,4). Hence, the derivative is Vf-u=16(1,2,4)-3(1,2,2)= ¥(13)=2¢.

Find the derivative of f(x, y, z) = x>+ y’z at (—1,2, 1) in the direction toward (0, 3, 3).

[ Alvector in the indicated direction is (0, 3,3) ~(—1,2,1)=(1,1,2). The unit vector in1 that direction is
== e— . = 2 2 3y = . 1 g = -— = —-= (31).
u= = (1,1,2). Vf=(3x%,3y°z, y') = (3,12, 8). Hence, is Vf-u=(3, 12, 8) Ve (1,2,2) Vi (31)

On a hill represented by z =8 —4x> —2y® find the direction of the steepest grade at (1,1,2).
P y y

I In view of Problem 43.2, we wish to find a vector v in the tangent plane to the surface at (1, 1, 2) such that the
perpendicular projection of v onto the xy-plane is Vz=(—8x, —-4y)=(—8, —4). Thus we must have v=
(—8, —4,¢); and the component c may be determined from the orthogonality of v and the surface normal found
in Problem 42.105:

(-8,—-4,¢):(-8,-4,—-1)=0 or c=80

Note that the direction of v is the direction of steepest ascent at (1, 1, 2).
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For the surface of Problem 43.8, find the direction of the level curve through (1,1) and show that it is
perpendicular to the direction of steepest grade.

I The level curve z=2 is 8—-4x*-2y°=2, or 2x’+y>=3. By implicit differentiation, 4x +
2y Ey =0, dyl/dx=—-2x/y=-2. Hence, a tangent vector is (1, —2,0). A vector in the direction of steepest

grade is (—8, —4, 80), by Problem 43.8. Because (—8, —4,80)-(1, —2,0)=0, the two directions are perpen-
dicular.

Show that the sum of the squares of the directional derivatives of z = f(x, y) at any point is constant for any
two mutually perpendicular directions and is equal to the square of the gradient.

I This is simply the Pythagorean theorem: If u and v are mutually perpendicular unit vectors in the plane, then
Problem 33.4 shows that Vf=(Vf-u)u+(Vf-v)v. A direct computation of Vf-Vf then gives |Vf|’=

(Vf-u)’ +(Vf-v)”

Find the derivative of z=x1Iny at the point (1, 2) in the direction making an angle of 30° with the positive
X-axis.

I The unit vector in the given direction is u = (cos30°,sin30°) = (V3/2,}). Vf=(iny,x/y)=(n2.}).
So, the derivative is Vf-u=(In2, $)- }4(V3,1)=4(V3In2+ }).

If the electric potential V at any point (x, y) is V=InVx?>+y° find the rate of change of V at (3, 4) in the
direction toward the point (2, 6).

I A vector in the given direction is (—1,2), and a corresponding unit vector is u=(1/V5)(-1,2).

VV= (-—Z—jr—i %) =(3%, %). Hence, the rate of change of V in the specified direction is VV-u=
X +y T xt+y
V5
25°

LG4y L L) =t (5= L
£G4 2 CLY=55x O

If the temperature is given by  f(x, y, z) =3x* —5y*+2z° and you are located at (4, 1, 1) and want to get
cool as soon as possible, in which direction should you set out?

I Vf=(6x,—-10y,4z)=(2,-2,2)=2(1,-1,1). The direction in which f decreases the most rapidly is that of
—Vf; thus, you should move in the direction of the vector (-1, 1, —1).

Prove that the gradient VF of a function F(x, y, z) at a point P(x,, y,, z,) is perpendicular to the level surface of F
going through P.

I Let F(x,, yo, z,) = k. Then the level surface through Pis F(x, y, z) = k. By Problem 42.109, a normal
vector to that surface is (F_, F,, F,), which is just VF.

In what direction should one initially travel, starting at the origin, to obtain the most rapid rate of increase of the
function f(x,y,2)=(@B-x+yP+@x—-y+z+2)>?

I The appropriate direction is that of Vf=(f,, f,, £.)=Q@B - x+y)(-1)+3(4x—y +z+2)(4), 2(3-
x+y)+3@dx—y+z+2)%(-1),34x—y+z+2))=(42, -6,12) =6(7, —1,2).

If f(x,y,z)=x"+y’—2z, find the rate of change of f at the point (1, 1, 2) along the line
7 -

~2
I A vector parallel to the given line is (3,2, —2). Since the first component, 3, is positive, the vector is pointing
in the direc{ion of increasing x. Hence, we want the opposite vector (=3, —2,2). A unit vector in that direction
is u= v (-3,-2,2). Hence, the required rate of change is Vf-u. Since Vf=(3x%3y’ -1)=

(3,3, 1), we get (3,3,—1)-\/—11—7(—3,—2,2)=—\/—11——7(-—9-—6—2)=-\/ﬁ.

in the direction of decreasing x.
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For the function f of Problem 43.16, find the rate of change of f at (4, 1, 0) along the normal line to the plane
3(x—4)—(y—1)+2z=0 in the direction of increasing x.

I A vector parallel to the normal line to the given plane is (3, —1,2) and it is pointing in the direction of
increasing x. The unit vector in this direction is u= Vid (3,—1,2). Since Vf=(8,8,—8), the rate of

changeis Vf-u=8(1,1,-1) —\/% 3,-1,2)= % (0)=0.

For functions f(x, y, z) and g(x, y, z), prove V(f + g) =Vf + Vg.
I Vf+Vg=(f. £, £)+ (828, 8)=((f +8)., (f +8),, (f +8).)=V(f + ).

Prove V(fg)=fVg+gVf.
I V(fe)=(f3.+fs& f8,*+ 18 f2.+£.8)=(fs.. f3, f8.) + (f.8 f,& f.8) =f Vg + g V.
Prove V(f")=nf""'Vf.
I The proof is by induction on n.  The result is clearly true when 7 =1. Assume the result true forn. Then
V(Y =V ) =V + V(S (by Problem 43.19)
=f"Vf + nf"'VA(f)  (by the inductive hypothesis)
=f"Vf + nf"Vf=(n + 1)f"Vf
Thus, the identity also holds for n + 1.

Prove v<£) - Mg

2

8

I By Problem 43.19, Vf=¥(g- g) = gV(£> + £Vg. Now solve for  V( f/g).

If z=f(x,y) has a relative maximum or minimum at a point (x,, y,), show that Vz =0 at (x,, y,).

I We wish to show that both partial derivatives of z vanish at (x,, y,). The plane y =y, intersects the
surface z=f(x,y) inacurve z=f(x,y,) that has a relative maximum {or minimum) at x =x,. Hence,
dz/dx =0 at (x,, ¥,)- Similarly, the plane x=x, intersects the surface z=f(x,y) in a curve z=
f(xy, y) that has a relative maximum (or minimum) at y=y,. Hence, the derivative Jz/dy=0 at
(x0> ¥o)- Similar results hold for functions f of more than two variables.

Assume that f(x, y) has continuous second partial derivatives in a disk containing the point (x,, y,) inside it.
Assume also that (x,, y,) is a critical point of f, thatis, f, =f =0 at(x,, y,). Let A=f f - ()‘U)2 (the
Hessian determinant). State sufficient conditions for f to have a relative maximum or minimum at (x,, y,).

I Casel. Assume A>0 at (x4, y,). (@If f,+f, <0 at(xg, y,), then f has a relative maximum at
(x0> ¥o)- (B)YIf f +f, >0 at(x,y, y,), then f has a relative minimum at (x,, y,). Case2. If A<O0, f
has neither a relative maximum nor a relative minimum at (x,, y,). Case3. If A=0, no conclusionscanbe
drawn.

Using the assumptions and notation of Problem 43.23, give examples to show that case 3, where A =0, allows
no conclusions to be drawn.

I Each of the functions f,(x,y)=x*+y* fx,y)=—*+y*), and fi(x,y)=x"~y’ vanishes at
(0, 0) together with its first and second partials; hence A(0,0)=0 for each function. But, at (0,0), f, has a
relative minimum, f, has a relative maximum, and f; has neither [f,(x,0) =x* takes on both positive and
negative values in any neighborhood of the origin].

Find the relative maxima and minima of the function f(x, y)=2x +4y —x*> —y* -3,

I f=2-2x, f,=4-2y. Setting f,=0, f =0, we have x=1, y=2. Thus, (1,2) is the only
critical point. f,, =0, f =-2, and f =-2. So, A=f _f - (fxy)2 =4>0. Since f, +f, =-4<0,
there is a relative maximum at (1, 2), by Problem 43.23. ’
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Find the relative maxima and minima of f(x, y) = x>+ y* — 3xy.

I f=3x-3y, f =3y-3x. Setting f,=0, f,=0, wehave x’=y and y’=x. So, y'=y
and, therefore, either y=0 or y=1. So, the critical points are (0,0) and (1,1). f, =-3, f,, =6x,
f,y=6y. At (0,0), A=f_f, - (fxy)2 = —9<(. Therefore, by Problem 43.23, there is neither a relative
maximum nor a relative minimum at (0,0). At(1,1), A=36-9>0. Also, f,, +f,=12>0. Hence, by
Problem 43.23, there is a relative minimum at (1, 1).

Find all relative maxima and minima of  f(x, y) = x* + 2xy + 2y°.

I Since f(x,y)=(x+y)>+y*=0, there is an absolute minimum O at (0,0). f,=2x+2y, f =2x+4y.
Setting f,=0, f, =0, we get x+y=0, x+2y=0, and, therefore, x=y=0. Thus, (0,0) is the
only critical point—the only possible site of an extremum.

Find all relative maxima and minima of f(x, y) = (x — y)(1 — xy).

I f(x,y)=x-y—x’y+xy> Then, f =1-2xy+y’ f,=-1 —x*+2xy. Setting f =0, f,=0, we
have 2xy=1+y> 2xy=1+x> Therefore, 1+y’=1+x>, y’>=x’, y==*x. Hence, *2x’=1+x"
~2x*=1+x* is impossible. So, 2x’=1+x’ x*=1, x==1. Thus, the critical points are (1,1),
1, -1),(-1,1),(-1,-1). f,=-2x+2y, f,=-2y, f,=2x. Hence, A=-4xy-4(y—-x)> For
(1,1) and (-1, -1), A=-4<0. For (1,~-1)and (-1,1), A=-12<0. Hence, by Problem 43.23, there
are no relative maxima or minima.

Find all relative maxima and minima of f(x, y) =2x* + y* + 6xy + 10x — 6y +5.

I f =4x+6y+10, f,=2y+6x—6. Setting f,=0 and f,=0, weget 2x+3y+5=0 and 3x+
y—3=0. Solving simultaneously, we have x=2, y=-—3. Further, f =6, f =4, f =2. So,
A=f.f,—(f, ) = —28<0. By Problem 43.23, there is no relative maximum or minimum.

Find all relative maxima and minima of f(x, y) = xy(2x + 4y + 1).

I f(x,y)=2x"y +4xy* + xy. Then f =4xy+4y’+y, f,=2x"+8xy+x. Setting f,=0, weget y=0
or 4x+4y+1=0. Setting f,=0, weget x=0 or 2x+8y+1=0. If 4x+4y+1=0 and 2x+
8 +1=0, then x=% and y=-—3. Therefore, the critical points are (0, 0), (0, —}), (—3,0), and
(-%,—%). Now, f =d4x+8y+1, f, =8x, f,,=4y. Hence, A=f_f —(f,) =32xy—(4x+8y+1).
Now use Problem 43.23. For (0,0), (0, —}), and (-3,0), A=-1<U, and, therefore, there is no relative

extremum. For (—§,-#), A=3>0. Moreover, f, +f, =—3<0. So, there is a relative maximum at
STNEES)
. . - + + ~2 -1 -2

Find the shortest distance between the lines X 3 2 =2 — 71 =2 i 1 and x— 7= Y = Z_ 3

I Write the first line in parametric form as x=2+41, y=-1-7t, z=—1+1t, and the second line as

x=2-2s, y=1+s, z=2-3s. Foranytands, the distance between the corresponding points on the two
lines is V(42 +25)> + (2+s+76)* + (=3 +3s + 1)> = V661 + 145 + 365t — 145 + 22t + 13. Minimizing this
quantity is equivalent to minimizing its square,  f(s, £) = 661> + 145 + 36st — 14s + 22t +13.  f =28s+
36t —14, f=132t+36s+22. Solving f =0, f,=0, we find s=13, t=—%. Also, f,=36, f, =28,

st

f,=132, A=(28)(132)-(36)>=2400>0. f +f,=160>0. Thus, by Problem 43.23, we have a relative
minimum and, by geometric intuition, we know it is an absolute minimum. Substitution of s=1§, r=-f

in the distance formula above yields the distance V6/6 between the lines.

Find positive numbers x, y, z such that x+y + 2z =18 and xyz is a maximum.

I xyz=xy(18—x—y)=18xy — x’y — xy°. Hence, we must maximize f(x, y) = 18xy — x’y — xy* over the
triangle x>0, y>0, x+y<18 (Fig. 43-1). f =18y —2xy—y? f,=18x— x> —2xy. Setting
f.=0, f,=0, and then subtracting, we get (y —x)(18—x—y)=0. Since z=18-x-y>0, y-x=0,
thatis, y=x. Substitutingin 18y —2xy—y*>=0, we findthat y=6. Hence, x=6 and z=6.
f,=18-2x—-2y=-6, f =-2y=-12, f =-2x=-12. So, A=144-36>0. Also, f_ +f, =
—24<0. Hence, (6, 6) yields the relative maximum 6° for f(x, y). That this is actually an absolute maximum
follows from the facts that (i) the continuous function f(x, y) must have an absolute maximum on the closed
triangle of Fig. 43-1; (ii) on the boundary of the triangle, f(x, y) =0.
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Fig. 43-1

Find positive numbers x, y, z such that xyz=64 and x+y+z isa minimum.
I Instead of following the solution to Problem 43.32, let us apply the theorem of the means (Problem 43.51):
+y+
Vayp= L

Equality—and hence an absolute minimum-—is obtained for x =y =z =4,

or  x+y+z=3VEyz=3V6d=12

Find positive numbers x, y, z such that x+y+ z=20 and xyz’is a maximum.

I xy2?=(20-y—2z)yz>=20yz" — y’z* — yz>. We must maximize this function f(y, z) under the conditions
y>0, z>0, y+z<20. f,=20z"-2yz*-27° f =40yz-2y°z—3yz". Set f,=0, f =0. Then,
22(20—-2y~2)=0 and yz(40—-2y-3z)=0. Since y>0 and z>0, 20-2y—z=0 and 40-2y-
3z=0. Solving these equations simultaneously, we obtain y=5, z=10. Hence, x=5. This point
(5, 5,10) yields an absolute maximum (by an argument similar to that given in Problem 43.32).

Find the maximum value of xy’z* on the part of the plane x+y + z=12 in the first octant.

I We must maximize f(y,z)=(12—y - 2)y’z’ =12y*z" — y’z’ — y*2* subject to the conditions y+z<
12, y>0, z>0. f,=24yz> —3y°z° —2yz*, f, =36y’2" —3y’2" —4y’2°. Set f, =0, f,=0. Then yz’(24-
3y—2z)=0 and y°z’(36—3y—4z)=0. Since y#0 and z+#0, 24—3y—2z=0 and 36—3y-—
4z =0. Subtracting, we get 12—2z=0, z=6. Hence, y=4 and x=2. That this point yields the
absolute maximum can be shown by an argument similar to that in Problem 43.32.

Using gradient methods, find the minimum value of the distance from the origin to the plane Ax + By + Cz —
D =0.

I The distance from the origin to a point (x y, z) in the plane is Vx*> + y* + z°.  Minimizing this distance is
equivalent to minimizing the square of the distance, x*+y>+z% Atleastone of A, B, and Cis nonzero; we can
rename the coordinates, if need be, so as to make C#0. Then z=(1/C)(D— Ax— By), and we must
minimize f(x, y)=x’+y*> + (1/C*)}(D — Ax - By)>. f =2x+ (2/C*)(D — Ax — By)(- A), f,=2y+
(2/C*)(D ~ Ax — By)(—B). Set f,=0 and f =0. Then

x=%(D—Ax—By) y=—g5(D—Ax—By) *)
Hence, Bx = Ay. Substitute in (*): C?x= AD — A’x — BAy= AD — Ax* - B’x, (A>+ B>+ C*)x= AD,

x= AD/(A*+ B>+ C?). Similarly, y=BD/(A*+ B>+ C?). So, z=(1/C)(D- Ax— By)=CDI/(A’ +
B*+ C*). Then the minimum distance Vx> +y*+2° is

\/DZ(A2+BZ+C2) _ {D|
(A*+B*+C? VAP +B*+C?
(Compare Problem 40.88.)

The surface area of a rectangular box without a top is to be 108 square feet. Find the greatest possible volume.

I Letx, y, z be the length, width, and height. Then the surface area § = xy -+2xz +2yz =108. The volume
. . a

V=xyz. Think of z as a function of x and y; then V becomes a function of x and y. V_=ylx 22 4. ,

V,= x(y —Z—Z- + z). From xy +2xz+2yz=108 by differentiation with respect to x, y+ 2(x % + z) +

2y % =0, and, therefore, dz/dx =—(2z + y)/[2(x + y)]. Similarly, Jz/dy=—(2z +x)/{2(x +y)]. Set
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V,=0 and V, =0. Since y#0 and x#0, x % +2=0 and y % +2=0. So, dz/dx=—z/x and
9z/dy =—zly. Then, —z/lx=-Qz+y)/[2(x+y)] and -—-z/y=-Q2z+x)/[2(x+y)]. Thus, 2xz+
2yz=2xz+xy and 2xz+2yz=2yz+xy, and, therefore, z=x/2 and 2z=y/2. Substitute in xy+
2xz +2yz = 108. Then 4z>+42>+4z° =108, 122°=108, z*=9, z=3. Hence, x=6, y=6. Therefore,
the maximum volume is 108 cubic feet. (This can be shown in the usual way to be a relative maximum. An
involved argument is necessary to show that it is an absolute maximum.)

Find the point on the surface z=xy —1 that is nearest the origin.

I It suffices to minimize x>+ y*>+ 2°> for arbitrary points (x, y, z) on the surface. Hence, we must minimize
fo, ) =x*+y* +(xy—1)% f,=2x+2(xy ~1)(y), f,=2y+2(xy~1)x). Set f.=0, f,=0. Then x+
(xy—1)y=0 and y+(xy—1)x=0. Hence, x’+xy(xy—-1)=0 and y®>+xy(xy —1)=0. Therefore,
x*=y% x=zxy. Substitute in x+ (xy—1)y=0, getting x+x>+x=0. Hence, x’=0 or x(x*+2)=0.
In either case, x=0, y=0, z=-1. By geometric reasoning, there must be 2 minimum. Hence, it must
be located at (0,0, —1).

Find an equation of the plane through (1, 1, 2) that cuts off the least volume in the first octant.

I Leta, b, ¢ be the intercepts of a plane through (1,1,2). Then an equation of the plane is E + % + g =1,
The volume V= tabc. We can think of ¢ as a function of a and b, and, therefore, of V as alfuncztion ofaand b.
dc > ( ac ) . ;
=1 it =1 —_— - — -_=
Thus, V, = 6b(a 7a +c), V,=gsalb ‘71’) + cz.ﬂSmce the plane contains (1, 1, 2), 7 + A + p 1. Hence,
by differentiation with respect to a, — pe i -(i =0, and, by differentiation with respect to b, - % -
—1—2 g% =0. Therefore, dc/da=—c/2a® and Jdcldb=—c2b>. Set V,=0 and V,=0. Then
c
J d

a a—f; +c=0. b a—; +¢=0, or a[-(c¥2a>)]+c=0 and b[-(c¥2b%)]+c=0, thatis, c¢=c¥2a and
c=cY2b. Therefore, 2a=2b, b=a. From c¢=c*2a, c=2a. Substitutein 2 + % + 2 =1. Then,
1 1 1 ;

p + p + Pl 1, andso, a=3. Hence, b=3, c=6. Thus the desired equation is ;—C + % + % =1, or

2x+2y +z=6.

Determine the values of p and g so that the sum S of the squares of the vertical distances of the points (0, 2),
(1,3), and (2, 5) from the line y=px+ q shall be a minimum {method of least squares].

I We must minimize S=(g-2)+(p+q—37+@2p+q-5~ S, =2q-)+2(p+q-3)+2(2p+q-
S)=6q+6p—20. S,=2(p+q-3)+22p+q-5)2)=10p+6q~26. Let S,=0, S =0. Then 3q+
3p—10=0, 5p+3g-13=0. So, 2p—~3=0, p=3, qg=%.

Show that a rectangular box (with top) of maximum volume V having prescribed surface area S is a cube.
I Let x,y, z be the length, width, and height, respectively. §=2xy+2xz+2yz. We must maximize

V=xyz. Think of z as a function of x and y; then sois V. Now,

dz ) 9z ( 9z ) az
== —_ = + —_— = —— = _—
V. y(x I +z]j=yz+yx I and V,=xly Iy +z]=xz+xy Jy

Differentiate the surface area equation with respect to x and to y:

- oz ) 9z
O—2y+2(x ax+z +2y p (1)
9z ) dz
= + —_ —_—
0=2x 2(y ¢9ny +2x 3y 2)
From (1), dz/éx=~—(y+2)/(x+y). From (2), dz/dy=—(x+z)/(x+y). Then
o y+z) — ’(x+z)
V. =yz yx<x+y and V,=xz —xy Xty

Set V,=V,=0. Then z=x[(y+2)/(x+y)] and z=y[(x+2)/(x+y)], zx+zy=xy+xz and xz+
yz=yx+yz, zy=xy and xz=yx, z=x and z=y. Thus, x=y=2z and the box is a cube.
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I Let (x, y, z) be the vertex in the first octant. Then the sides must have lengths 2x, 2y, 2z, and the volume

Find the volume V of the largest rectangular box that may be inscribed in the ellipsoid

.ﬁlk
!

/]
V=8xyz. Think of z as a function of x and y. Then V is a function of x and y. V_ =8y\x 22 4. ,

ax
d . e . - 2 2z 9
v, = 8x( y 8_; + z). Differentiating the equation of the ellipsoid, we get a—f + —c—zz- (—9% = and —[;{- +
2z 9z _ 3z x iz _ 'y : ( c’ x* ) _
Zayo 0. Thus, x- I & and 3y~ 7 b Hence, V, =8y i +z and V, =

2 2
Sx(— C; i—z + z). Set V,=V,=0. Then z=c’x"za’, z=c’y"/zb’ Therefore, x¥a* = x¥c* = yIb*
The equation of the ellipsoid now gives: x = a/V3, z=¢/V3,y=b/V3, and V=8abc/3V3.

Divide 120 into three nonnegative parts so that the sum of the products taken two at a time is a maximum.

I let 120=x+y+(120-x—y), with x=0, y=0. We must maximize f(x, y)=xy+ x(120—x ~
y) + y(120 — x — y) = xy + 120x — x* — xy + 120y — xy — y* = 120x + 120y — x*> — xy — y*. f.=120-2x -y,
f,=120—-x—-2y. Set f,=f, =0 andsolve: 120—2x—y=0, 240-2x—4y=0. Hence, 120-3y=0,
y =40, x=40. Thus, the division is into three equal parts. Note that f =-1, f,=-2, f, =-2, A=4-
1=3>0, and f,+f,,=-4>0. Hence, the critical point (40, 40) yields a relative maximum f(40, 40) =
4800. To see that this is an absolute maximum, observe that the continuous function f(x, y) must have an
absolute maximum on the closed triangle in the first quadrant bounded above by the line x+y =120 (Fig.
43-2). The only possibility for an absolute maximum inside the triangle occurs at a critical point, and (40, 40) is
the only such point. Consider the boundary of the triangle. On the lower leg, where y=0, f(x,0)=
x(120 — x) = 120x — x*, with 0=x=120. The critical number of this function turns out to be 60.  f(60, 0) =
3600 < 4800 = f(40,40). The endpoints x =0 and x =120 yield 0 as the value of f. Similarly, the other
leg of the triangle, where x =0, gives values of fless than f(40, 40). Lastly, on the hypotenuse of the triangle,
where x+y=120, f(x,y)=xy=x(120—x), with 0=x=<120, and the same analysis as above shows
that the values of f are less than f(40, 40). Hence, (40, 40) actually does give an absolute maximum. Another
method: 2(xy +xz+ yz)=(x+y +2)°— (* + y* + 2°) = 120> — (x* + y* + z*). By Problem 43.36 the abso-
lute minimum of x* + y* + z° over the plane x + y + z — 120 =0 is attained at x = y = z = 40.

y

120

X

l 120\
Fig. 43-2

Find the point in the plane 2x —y +2x =16 nearest the origin.

I 1t suffices to minimize x°+ y>+ z° over all points (x, y, z) in the plane, or, equivalently, to minimize
fex, y) =2+ yt+ (M’i—y->2 fo=2x+3(16— 20+ y)(-2), f,=2y+(16-2x+y). Set f,=f. =0.
2x=16-2x+y, —4y=16-2x+y. Then y=4x-16, —-5y=16-—2x. Hence, -5(4x—16)=16~2x,
_20x +80=16-2x, 64=18x, x= 2. Then y=4(2)—16=—1, 6 ,=10=2¥+y 1 <144"64" 16)=

2 2 9
2 _16 32

9 Thus, the nearest point is (5, — %, T ).

Find the relative extrema of f(x, y)=x*+y>—32x - 27y — 1.

I 7 =4x-32, f=3y-27. Set f,=f=0. Then x’=8, y’°=9, or x=2, y==3. Thus, the
critical points are (2, 3) and (2, —3). Applying Problem 43.23, f,, =0, f,, =12x° f =6y, A=72x"y. At
(2,3), A=72(4)(3)>0, and f,_ +f,, =48+18>0. So, there is a relative minimum at (2,3). At (2, -3),
A =72(4)(—3)<0. Hence, there is no relative extremum at (2, —3).

Find the shortest distance between the line x=2+4s, y=4+s, z=4+5s and the line x=1-2¢,
y=-3+4+31t, z=2+1t
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I It suffices to minimize the square of the distance: f(s, £) = (1+4s +26)* + (7 + s —31)> + (2 + 55 — £)>
=20 +45+20)(4)+2(T+5s—30) + 22+ 55 —1)(5) =42+ 84s. [, =2(1+4s+20)(2)+2(7+s5s—-30)(-3) +
22+5s—t)(—1)=—-42+28t. Set f=f=0. Then s=-3, t=3. Hence, f(s,1)=4+4+4=12
Therefore, the distance between the lines is V12 =2V3.

Find the shortest distance from the point (—1, 2, 4) to the plane 3x—4y +2z +32=0.

I 1t suffices to minimize the square of the distance between (—1,2,4) and an arbitrary point (x, y, z) in
the plane: f(x,y,z)=(x+1)*+(y —2)*+(z—4)> Think of z as a function of x and y. f =2(x+1)+
2z —4)(dz/dx), f,=2(y—2)+2(z—4)(z/3y). From the equation of the plane, by differentiation with re-
spect to x and y, respectively, we get 3 +2(9z/dx)=0 and —4+2(dz/dy)=0. Hence, Jz/dx=—3% and
dz/dy=2. Set f,=f =0, whence

x+1+(z-4)(-2)=0 (1)
y=2+(z-4(2)=0 2)
Therefore, 3(x+1)=(2—y)/2, which yields 4x+4=6- 3y, x=-3y+1. From (2), z———y+5
Substituting in the equation of the plane we have 3(—2y+3)—4y+(—y+10)+32=0, Zy+ 3+
32=0, y=6. Then x=-3(6)+3=-4, and z=-1(6) + 5=2. So, the closest point in the plane is

(—4,6,2). Hence, the shortest distance from (=1,2,4) to the plane is V(=3)* + 4>+ (=2)>=V29. (This
can be checked against the formula obtained in Problem 40.88.)

Find the shortest distance between the line £, through (1,0, 1) parallel to the vector (1,2, 1) and the line £,
through (2, 1, 4) and parallel to (1, —1,1).

I Parametric equations for &, are x=1+1t, y=2t, z=1+t Parametric equations for £, are x=2+s,
y=1-s5, z=4+s. It suffices to minimize the square of the distance between arbitrary points on the lines:
f6,)=(A+s—tP’+(1—-s5s—-20+B+s—1)> f=20+s—-0)+2(1-s=2t)(-1)+23+s—1)=6+6s.
[=21+s—0)(-1)+2(1-s5s-20)(-2)+2(3+s—t)(-1)=~12+12t. Set f =f=0. Then s=-1,
t=1. So, the shortest distance is (—1)% + (0)* + (1)* =2.

For which value(s) of k does  f(x, y) = x* + kxy + 4y*> have a relative minimum at (0, 0)?

I f=2x+ky, f,=kx+8y. Set f =f =0 Then 2x+ky=0, kx+8y=0. Multiply the first equa-
tion by —k, the second equation by 2, and add: (—k*+16)y=0. Casel. k°#16. Then y=0. Hence,

x=0. So, (0,0) is a critical point. f =k, f =2, f =8 Then A=f_ f - (fxy) =16—-Kk> If
k*>16, then A<O and there is no relative extremum. If k*<16, A>0. Note that f, + fy=2+
8=10>0. Hence, there is a relative minimum at (0,0) when k°<16. Case2. k’>=16. k==4. Then
flx, y)=x>*4xy + 4y’ =(x £2y)*=0. Since f(0,0)=0, there is an absolute minimum at (0, 0).

For all positive x, y, z such that xyz®> =2500, what is the smallest value of x +y + z?

I This problem is the dual of Problem 43.34; so we already know the solution: min (x +y + z) =20. Letus
verify this solution by the gradient method. We want to minimize F(x, y)=x+y+(50/~/xy) over x>0,
y>0. Settng F,=1-(25N/x%)=0, =1-(25/\/xy®)=0, and solving, we obtain x=y=5.
Hence, z=%¥=10, and x+y+z=20.

Prove that the geometric mean of three nonnegative numbers is not greater than their arithmetic mean; that is,
3
Vabc=(a+b+c¢)/3 for a,b,c=0.

I This is clear when a=0 or b=0 or c¢=0. So, we may assume a,b,c>0. Let d=a+b+c,
andlet x=18a/d, y=18b/d, z=18c/d. Thenx,y, and z are positiveand x +y + z=18. By Problem

6’
43.32, xyz=6> So, g s % = ? = 13, abc = (d/3) Vabe=d/3= (a+b+c)/3. Ingeneral, for non-
negative a,, . . ., a,, we have V/a, .=(a,+---+a,)/n, withequalityifandonlyif a,=---=a,.

Find the relative extrema of f(x, y) = % +xy, where A¥#0 and B#0.

‘<|Ua



400 [J CHAPTER 43

43.53

43.54

43.55

I = _'x_+y’ f=“£+x Set f,=f =0. Then y=A/x’, x=Bly’, yx’=A, y(B/y2)1=A

y*=BYA, y=VBYA Slmllarly, x=VAYB. Thus, the only critical pointis (VA/B, VB7A). fo=

2A ZB ZB
f..=2AIx", fyy=ZB/y. Hence, A=4AB/x’y’~1=4-1>0. In addition, futfy= y3 =

A
2A  2(A’+ B .. . . . . .
+ — = ——————=_ Therefore, at the critical point, there is a relative maximum when A and B are of opposite

sign and a relative minimum when A and B have the same sign.

A closed rectangular box costs A cents per square foot for the top and bottom and B cents per square foot for the
sides. If the volume V is fixed, what should the dimensions be to minimize the cost?

I Let I, w, h be the length, width, and height, respectively. The cost C=2Alw +2B(lh + wh). Iwh=
V (constant). Hence, c=2A1w+2B(‘—/ ‘—l/) Then dC/ol=2Aw — (2VB/I?), 3Claw =2Al — (2VB/w?).

Set dC/dl=39Clgw =0. Then JAwl? =VB, szl-VB So, Awl’>= Aw?l. Hence, [=w. Therefore,
Al = VB, I—ZVVB/A ZVVB/A h= 8/1w—2(VA/V)

Find the absolute maximum and minimum of f(x, y)=4x> +2xy —3y” on the unit square 0=x=1,
O=sy=1.

I f =8x+2y, f,=2x—6y. Set f =f,=0. Then 4x+y=0, x—3y=0. Solving,weget x=y=0.
Note that f(0,0)=0. Let us look at the boundary of the square (Fig. 43-3). (1) On the segment L,
x=0, 0=y=1. Then £(0, y)=-3y> The maximum 1st and the minimum is ~3 at (0,1). (2) On the
segment L,, x=1, 0=sy=1. f(1,y)=4+2y—3y> (—j—[ (1, y)=2—6y. Thus, } is a critical number.
We must evaluate f(1,y) for y=0, y=1%, and y=1. f(1,0)=4, f(1,3)=%, f(1,1)=3
(3) On the segment L,, y=0, 0=x=1. f(x,0)=4x" Hence, the maximum is 4 at (1,0), and the
minimum is 0 at (0,0). (4) On the line segment L,, y=1, 0=<x=1. Then f(x,1)=4x*+2x-3.
=~ (x,1) =8x +2. The critical number is — §, which does not lie in the interval 0=x=1. Thus, we need

only look at f(x,1) when x=0 and x=1. f(0,1)=-3 and f(1,1)=3. Therefore, the absolute max-
imum is % at (1, 1), and the absolute minimum is —3 at (0, 1).

Fig. 43-3

Find the absolute extrema of f(x, y) =sin x +sin y +sin (x + y).

I By the periodicity of the sine function, we may restrict attention to the square S:—w<x<mw, -m=<
v=aq. Since f is continuous, f will have an absolute maximum and minimum on § (and, therefore, for all x
and y). These extrema will occur either on the boundary or in the interior (where they will show up
as critical points). f, =cosx+cos(x+y), f, =cosy+cos(x+y). Let f,=f =0. Then cosx=—cos(x+
y)=cos y. Hence, either x=y or x=-y. Case 1: x=y. Then cosx=—cos(x+y)=—cos2x=
1-2cos’x. So, 2cos’x+cosx—1=0, (2cosx—1)(cosx+1)=0, cosx=} or cosx=-1, x=xx/3
or x =*. So, the critical points are (w/3, w/3), (—w/3, — w/3), (@, 7), (— =, —7). The latter two are on

T \/_ \/- V3 3V3
—3—,3) —— =—— and

the boundary and need not be considered separately. Note that f ( 5 + - 3 3 )

f(l;—r, ;T) =— % - % - \;_ _3\/3. Case 2: x=—y. Then cosx=~cos(x+y)=—cosO=~—1,
Hence, x = *q. This yields the critical numbers (7, — ) and (—r, 7). Since these are on the boundary, they

need not be treated separately. Now consider the boundary of S (Fig. 43-4). (1) L;: f(m, y)=sinw+
sin y +sin (ar + y)=sin y —sin y =0. (2) L,: f(=, y)=f(m, y)=0. (3) L;: f(x, w)=sinx +sin 7 + sin (x +
m)y=sinx —sinx=0. (4) L,: f(x,—7)=f(x, w)=0. Thus, f is 0 on the boundary. Hence, the absolute
maximum is 3V3/2 and the absolute minimum is ~3V3/2.
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4
L, ™

L, -

Fig. 434

State a theorem that justifies the method of Lagrange multipliers.

I Assume f(x, y) and g(x, y) have continuous partial derivatives in an open disk containing (x,, y,). If
g(x4, ¥o) =0 and f has an extreme value at (x,, y,) relative to all nearby points that satisfy the “constraint”
gx, y)=0, andif Vg(x,, y,)#0, then Vf(x,, y,)=AVg(x,, y,) for some constant A (called a Lagrange
multiplier). Thus, the points at which extrema occur will be found among the common solutions of g(x, y) =0
and Vf=AVg [or, equivalently, V(f—Ag)=0}. Similar results hold for more than two variables.
Moreover, for a function f(x, y,z) and two constraints g(x,y,z)=0 and h(x,y,z)=0, one solves
Vf=AVg+ u Vh together with the constraint equations.

With reference to Problem 43.56, interpret the condition Vf(x,, y,) = A Vg(x,, y,) in terms of the directional
derivative.

I Figure 43-5 shows a portion of the curve g(x, y) =0, together with its field of tangent vectors v. If
(%o, ¥,) is to be an extreme point for f along the curve, the derivative of f in the direction of v must vanish at
(X4> ¥o)- Thus, Vf must be perpendicular to v, and therefore parallel to the curve normal, at (x4, y,). But, by
Problem 43.14, the curve normal can be taken to be Vg; so Vf=AVg at (x,, y,).

7 ..

Find the point(s) on the ellipsoid 4x” + 9y +36z® =36 nearest the origin.

Fig. 43-5

I We must minimize f(x,y,z)=x"+y’+2z’ subject to the constraint g(x,y,z)= 4x* +9y* +362° -
36=0. Vf=(2x,2y,22), Vg=(8x,18y,72z). Let Vf=AVg. Then (2x,2y,2z) = A(8x, 18y, 722), that
is, 2x=A(8x), 2y=A(18y), 2z=A(72z), which are equivalent to x(4A—-1)=0, y(9r—1)=0, z(36A—
1)=0. Therefore, either x=0 or A=}; andeither y=0 or A= 1. andeither z=0 or A= =.
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Clearly, x=0, y=0, z=0 does not satisfy the constraint equation 4x>+9y®>+36z> =36. Hence, we
must have either A=1%, A=1, or A=%. Casel. A=3%. Then y=0, z=0. Hence, 4x>=36,
x*=9, x=+3. Therefore, Vx*+y>+2z°=V9=3. Case2. A=13%. Then x=0, z=0, 9y* =36, y* =4,
y==*2. Therefore, \x’+y*+2°=V4=2. Case3. A=%. Then x=0, y=0, 36z°=36, z’=1,
z==1. Therefore, Vx* +y*+ z> =V1=1. Hence, the minimum distance from the origin is 1, achieved at
(0,0,1) and (0,0, —-1).

Find the point(s) on the sphere x*>+ y*+ z> =1 furthest from the point (2,1, 2).

I We must maximize (x—2)°+(y—1)"+(z—2)" subject to the constraint g(x, y, z)=x>+y>+ 2> —
1=0. Vf=(2(x-2), 2(y—1), 2(z—-2)). Vg=(2x,2y,2z). Let Vf=AVg. Then (2(x—2), 2(y—1),
2z -2))=A2x,2y,22), or 2(x-2)=2Ax, 2(y—1)=2Ay, 2(z-2)=2Az. These are equivalent to
x(1-A2)=2, y(1-A)=1, z(1—a)=2. Hence, 1—A#0. Substitute x=2/(1- 1), y=1/(l~—).),

4 4 :
2/(1 — A) in the constraint equation: + ! + =1, (1-AP¥=9, 1-A==%3, A=-2

(1-2 (A=-2" (A-»
or A=4. Case 1: )t=—2. Then 1-A=3, x=3%, y=3, z=%, and V(x—-2)+(y—-1)° +(z—2) =

VE+§+L8= \/R Case 22 A=4. Then 1-A=-3, x=-%, y=-% z=-%2  and
V=272 +(y -1y +(z—2) =V% + 2 +% =V =4. So, the point on the sphere furthest from (2, 1,2)

is (-3, -5, -%).

Find the point(s) on the cone x> =y>+ z> nearest the point (0, 1, 3).
p p

I We must minimize f(x, y, z)=x"+(y —1)*+(z —3)’ subject to the constraint g(x, y, z) = y* + 2° —
x*=0. Vf=(2x,2(y - 1), 2(z—3)), Vg=(-2x,2y,22). Let Vf=AVg. Then (2x,2(y—1), 2(z—-3)) =
A(—2x,2y,2z), or 2x=-2Ax, 2(y—1)=2dy, 2(z—-3)=2Az. These are equivalent to x(A+1)=0,
y(1-A)=1, z(1-A)=3. Hence, 1—A#0. Substitute y=1/(1—2A), z=3/(1—A) in the constraint
equation: x°= ! + o = 10 . Hence, x#0. Therefore, x(A+1)=0 implies A+1=0,

(1=2" (1= (A=A
A=-1. Then y=1(1-)«)=%, z=3/(1-A) =32, and x*=10/(1-A¥=%=3, x==V3. Thus,

3
2
fV3.4.3)=§+1+5=5 and f(=V3,%, 3)=5. Hence,therequiredpointsare(t\/%,%,%),

Find the point(s) on the sphere x°+ y*+ z>=14 where 3x —2y+ z attains its maximum value.

I We must maximize f(x, y,z)=3x—2y+2z subject to the constraint g(x, y,z) =x>+y’> + 2> — 14=0.
Vf=(3,-2,1), Vg={(2x,2y,2z). Let Vf=AVg, thatis, (3,-2,1)=A(2x,2y,2z). Then 3=2Ax,
—2=2Ay, 1=2xz. Hence, A#0 (since 2Ax =3#0). Substitute x=3/2A, y=~1/A, z=1/2A in the

1
W+F+4L)‘2=14, 14/4A° =14, A*=1L, A==xL Casel: A=1%. Then x=3,
y=-2, z=1, and 3x—2y+z=9+4+1=14. Case2: A=-3. Then =-3, y=2, z=-1,
and 3x-2y+4+z=-9-4-1=-14. Hence, the maximum is attained at (3, -2, 1).

constraint equation:

If a rectangular box has three faces in the coordinate planes and one vertex in the first octant on the paraboloid
z=4~x"—y’ find the maximum volume V of such a box.

f We must maximize V=xyz subject to the constraint  g(x, y,z)=x+y’+z—-4=0. VW=
(yz,xz,xy), Vg=(2x,2y,1). Let VV=AAVg, thatis, (yz,xz, xy)=A(2x,2y,1). This is equivalent to
yz=2Ax, xz=2Ay, xy=A. Since A=uxy, we have yz=2(xy)x, xz=2xy)y, or z=2x z=2y,
x* =y’ Substitute in the constraint equation: x*+x*+2x>=4, 4x*=4, x*=1, x=1, y=1, z=2.
Hence, the maximum volume V= xyz =1(1)(2)=2.

Find the points on the curve of intersection of the ellipsoid 4x* + 4y* + z> = 1428 and the plane x+4y—z=
0 that are closest to the origin.

I We must minimize x>+ y®>+ 2>  subject to the constraints  g(x, y,z)=4x’+ 2> —1428=0 and
h(x,y,z)=x+4y—2z=0. Vf=(2x,2y,22), Vg=(8x,8y,2z), Vh=(1,4,-1). Let Vf=AVg+ uVh,
that is, (2x,2y,2z)= A(8x,8y,2z) + u(1,4, —1). This is equivalent to

2x=8Ax+ n (1)
2y=8Ay+4pn 2)
2z2=2Az— 3)
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From (1) and (2), 2y —8Ay=4(2x —8Ax). Hence, 2y(1-4A)=8x(1—4A). Casel. 1-4A%#0. Then
y=4x. From the second constraint, z=x+4y=17x. From the first constraint, 4x>+4y*+ z*=4x"+
64x> +289x” = 1428, 357x*=1428, x*=4, x==*2, y=+8, z==34. The distance to the origin is
Vil+y' +22=VAT 64 +1156=VI1224=6V34. Case 2. 1-4r=0. Then A=1%i. By (1), 2x=
8Ax+u=2x+pu. Hence, n=0. By (3), z=13z. Therefore, z=0. By the second constraint, x=
—4y. By the first constraint, 64y’ +4y> =1428, 68y’ =1428, y*=21, y= V21, x=+4V2l. So, the
distance to the origin is V/16(21) + 21 + 0= V2IV17. The minimum distance in Case 1is 6V34 =6V2V17,
and, in Case 2,V2IV17. Since V21 <6V2, the minimum distance is V2IV17, attained at
(%4V21, £V21,0).

A wire L units long is cut into three pieces. The first piece is bent into a square, the second into a circle, and the
third into an equilateral triangle. Find the manner of cutting up the wire that will produce a minimum total area
of the square, circle, and triangle, and the manner that will produce the maximum total area.

I Let the first piece be 4x, the second 27y, and the third 3z. Then the total areais A = x> + @y’ + (V3/4)z°
The constraintis g(x, y,z) =4x + 2wy +3z—L=0. VA=(2x,27wy,(V3/2)z) and Vg=(4,2m3). Let
VA= AVg, thatis, (2x,2my, zV3/2)=A(4,27,3), or 2x=4A, 2wy =2Aw, zV3/2=3. Hence, x =2A,
y=A, z=2V3\. Substitute in the constraint equation: 8A +2mA +6V3A=L. Hence, A=L/8+27+
6V3)=L/[2(4+ 7w +3V3)]. Therefore, A=4A"+mA>+12A*3(V3/4)=(4+ w+3VIA=LY[4(4+ 7+
3V3)]. We must also consider the “boundary” values when x=0 or y=0 or z=0. When
x=0, weget 2A(m+3V3)=L, A=L/[2(7w+3V3)], A=aA"+12A*(V3/4)=A*(7r +3V3)= LY[4(7m +
3V3)]. When y=0, a similar calculation yields A= L%[4(4+3V3)], and, when z=0, we get
A=LY[4(4+ m)). Thus, the maximum area A= L%[4(4+ 7)] occurs when 2z=0, x=L/(4+m),
y=L/[2(4+ #)]. The minimum area A= L%[4(4+ w+3V3)] occurs when x=L/(4+ 7 +3V3),
y=L/[2(4+ 7 +3V3)], z=V3L/(4+ = +3V3).

Minimize xy for points on the circle x*+y> =1,

I Sometimes it is better to avoid calculus. Since (x + y)® = (x* + y*) + 2xy =1+ 2xy, an absolute minimum
occurs for x =—y; thatis, for (1/VZ2, —1/V2) and (-1/V2,1/V2).

Use Lagrange multipliers to maximize x,y,+---+x,y, subject to the constraints Exf=1 and

2 yle. i=1

i=1

I 1t is obvious that we can restrict our attention to nonnegative numbers. We must maximize
"

flxy, oo x .o, Y,)=xy, + - +x,y, subject to the constraints g(x,,...,x")=<2 xf)—l=0
n i=1

and h(yl,...,yn)=(2yf>—1=0. VF=(Yis Yareoos Yur Xpse--s%,), Vg=(2x,,...,2x,,0,...,0),

Vh=(0,...,0,2y,,...,2y,). Let Vf=AVg+uVh Then (¥, ..., Y%, .-,%,)=A2x,,...,2x,,

0,...,00+u(0,...,0,2y,,...,2y,). Hence, y, =2Ax,,...,y,=2Ax,, x;=2uy,,...,x,=2uy,.

Clearly, A#0. (Otherwise, y,=---=y, =0, contradicting > y;=1.) Similarly, p#0. Now,
n n n . 1

1= 2= 2 4A%7 =4A2 2 x> =4A> Hence, A=} and A==}. Since y,=2Ax; and x,=0
i=1

i=1 i=1
and y,=0, A=34. Similarly, w=34. Hence, y,==x, Therefore, x,y, +---+x,y,=x;+ - +x,=1
Hence, the maximum value is 1. [This result becomes obvious when the problem is restated as: Maximize the
dot product of two unit vectors. ]

It

il

A solid is to consist of a right circular cylinder surmounted by a right circular cone. For a fixed surface area S
(including the base), what should be the dimensions to maximize the volume V?

I Let r and h be the radius of the base and the height of the cylinder, respectively. Let 2a be the vertex
angle of the cone. S=mr*+2nrh+ mrs=nr’+2wrh+nricsca (since sina=rls). V=ar’h+
Lar’(rcot a) = wr*h + Ywr’ cot . We have to maximize f(r, h, @) = wrh® + $7rr’ cot @  under the constraint

gr h,a)=mr*+2arh+ wricsca—S=0. Vf=Qarh+ar’cota, wr’, —{wr’csc®a). Vg=Qur+
2wh +2wresca, 2ar, ~wricscacota). Let Vf=AVg. Then,

2arh+ wricota =27A(r + h + rcsc a) (1)

ar’ =2mrA )

—Lar* csc? a = —wAr? csc a cot 3)
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Hence, by (2), r=2A. Inaddition, 2rh+r’cota=2A(r+h+rcsca) follows from (1) and yields, with
r=2A, 2rh+r’cota=r(r+h+resca), and, therefore, r’(cota —csca)=r(r—h). Hence, r(cota —
csca)=r—h. From (3) and r=2A, we get icsc>a=1cscacota, from which follows cosa =32,
Then sin a =V3/3, css/g =3/V3, cota=2/VS, cota—csca=-1/V3. Therefore, —r/V5=r—h.

5+1

Then h=r(1+%)—- V3 r.

substitution in the equation for §.)

(The value of r, and therefore of &, can be found in terms of § by

n 1/2 n 1/2
Prove Cauchy’s inequality: ab, = ( af) (2 bf) .
1 i i=1

=1
n 1/2 n 1/2
I Let A= (Z af) and B= (2 b,?) . Let x,=a/A and y,=b/B. (If A=0 or B=0,
i=1 i=1n n n
the desired result is obvious.) Then > =1 and > y?=1. By Problem 43.66, > x;y;=<1. Hence,
n i=1 i=1

n a. b i=1
=y, b, = AB.
2A B 2“
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CHAPTER 44
Multiple Integrals and their Applications

Evaluate the iterated integral = {7 [> (x +2y) dx dy.

I [P(x+2y)dx=(x"+2y0) ]} =(F +10y) — (3 +2y) =12 + 8y. Therefore, I={;(12+8y)dy=
(12y +4y*) |3 = (36 + 36) — (24 + 16) = 32.

Evaluate the iterated integral = [} {5 (x> + y?) dy dx.
1 (53 +y Ndy = (xy+ )15 =G+ 1x°) - (¢* + 1x°). ‘Therefore, I=Jp (@ + 3"~ x* = x%)dx =

1.5 _
6x+3ox 5 x]o 6+3o“§“ﬁ—_ﬁ-

Evaluate the iterated integral [= {7 _ (2 rsin @ dr db.
I [;rsin6dr=1rsing]2=2sin6. Therefore, I=["_2sin6df =0 (Problem 20.48).

Evaluate the iterated integral 1= [7'? [5°°° p” sin 8 dp d6.

I (5% p’sinodp=1p° sm 015"°=4cos’@sin6.  Hence, I=f7""}cos’0singdo=~%cos'0]] =
Hlcos*(m/2) —cos* 0] = - %0~ 1) = &.

Evaluate the iterated integral [={} [Z [ (x+y + z) dx dy dz.
I [ (x+y+2)de=i+(y+2)x]=4%)’ (y+z)z Hence, J'gfo(x+y+z)dxd}r=fg(%yz+yz+

)dy=1y’+ 3y z+ 2y =122+ 122+ 2’ = 32" Therefore, I=f, 3z°dz=352")3=5.

Evaluate = ["* f;"% " dx dy.

I In this case the double integral may be replaced by a product:  I=(["* e* dx)(f;" e’ dy)=(3-1)(4—-1) =
6. (See Problem 44.71.)

Evaluate [} f¢ x\y® = x* dx dy.

I [JxVy' =x"de = =3-300°-x")" s = =3 -2V = —i-(y)"7] = §y'  Therefore,
I=[}y dy=$%y" ]i=H16-1) =8 =1

Evaluate I=[; [} e* dx dy.

I [e * dx cannot be evaluated in terms of standard functlons Therefore, we change the order of integration,
using Fig. 44-1. I={, [i ¢* dydx—foxe Tdx=1e" ] = L(e - 1).

y
ﬂ (1, 1)
[— X
Fig. 44-1
Evaluate [J'? f5°°” e sin y dx dy.
I ;> e sin y dx = (sin y)(e Y15 = (sin y)(e**” —1).  Therefore, = [7"? [(sin y)e**** —sin y] dy =

(—e* " +cos y) |72 =(—-e*+0)~(—e+1)=e—2.

405
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¥ dy =23y -

is above

Fig. 44-3

44.10  Evaluate I=[, j'y’} Vy/x dx dy.
[} f"’; Vylxdx = 2\/_\/_ ]ii =2vy(y = y?) =2(y’"* — y*’*). Therefore, [=2 [} (y*"* -
2,,7/2 1 _ 2 2y —
=233 =4%.
44.11 Evaluate I=[{xdA, where @ is the region bounded by y=x and y=x"
E
I The curves y=x and y=x" intersect at (0,0) and (1,1), and, for 0<x<1, y=x
y=x* (see Fig. 44-2). I=[) [Lxdydx=[xy|odx=[o (X -)dx=(x-xY)p=3-4i=4%.
/
54
y
\
(1,1)
24
- > X + —
" A
Fig. 44-2
44.12  Evaluate I=[f y*dA, where ® is the region bounded by y=2x, y=5x, and x=2.
R

the reglon runs from J= 2x
=10 (125x° - 8x) dx =

Io .[4—/3 (x"}')dxd}'=

—4y+

I Thelines y=2x and y=>5x intersect at the ongm For 0<x<1
upto  y= 5x (Fig. 44-3). Hence, I={g [y dydx=[s 3y’ |3
o7 de=2x*3=%
44.13 Evaluate /= [[(x—y)dA, where % is the region above the x-axis bounded by y>*=3x and y>=4-x
(see Fig. 44-4).9P
I 1t 1s convement to evaluate I by means of strips parallel to the x-axis. [=
Io (x yx)] Wy = [P @-yY -y -y -3 -y 3ldy = @8- 33 +3
v’ _7” - y)dy = fo (8 dy—4y’+ 3y + 5y )dy = 8y-2y" -4y’ + 1y + %)) = 8\/3—6—
4V3+2 3=%/3-%
y
A
y?=3x
o
\/-j" b2
§4\
+
) x
\ 1 / Fig. 44-4
44.14  Evaluate

I= f I —2\/————_ dA, where & is the region in the first quadrant bounded by
y -y
R

x*=4-2y.
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I The curve x’=4-2y is a parabola with vertex at (0,2) and passing through the x-axis at
1 Va—zy

2 2
- VaTzy _ X _ V4 -2y .
x=2 (Fig. 44-5). Hence, I=[Z[} —— dxdy—j —,—-—5} dy—f = dy=
V2 V2-y 2 -1/2 1/2 22}’—}’ " VI -y 0. . ’ 2y—‘y .
o VIS dy=V2 [}y "2 dy=Vv2-2y"?2=2V2(V2-0)=4. Note that, if we integrate using strips

parallel to the y-axis, the integration is difficult.

A

— = X
=— N \

A\ Fig. 44-5 Fig. 44-6

sin y
y

Let R be the region bounded by the curve y=+/x andtheline y=x (Fig. 44-6). Let f(x,y)=
if y#0 and f(x,0)=1. Compute [=[[ f(x,y)dA.
R

' (¥ siny Ysiny T
| =J; f‘ 5 dx dy =J; y x ]yz dy = [, (sin y = y sin y) dy. Integration by parts yields [ y sin y dy =

siny—ycosy. Hence, [=(—cosy+ycosy—siny))s=(-sinl)—(-1)=1-sinl.

Find the volume V under the plane z =3x +4y and over the rectangle #: 1=x=<2, 0sy=<3.

I v=[{Gx+4y)da=[5 i Gx+dy)drdy = [JGx" +4y0) [T dy = [T [(6+8y) = (3 +4y)] dy
=G+ dy=CGy+2y) ;=% +18=%.

Find the volume V in the first octant bounded by z=y> x=2, and y=4.

P v=[fy da=[i[iy dydx=[03y’ lodx =[5 § dx=15-2= 1.

Find the volume V of the solid in the first octant bounded by y =0, z=0, y=3, z=x, and z+x=4
(Fig. 44-7).

I For given x and y, the z-value in the solid varies from z=x to =—-x+4. So V=
05 [(-x+4) = xldrdy = [3 f3 (4= 2x) drdy = [J(4x = x") [ dy = [3 (8= 4) dy=4 [T dy =4-3=12.

(38
S
—_—— e M N

x Fig. 44-7
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4.19

44.20

44.21

44.22

Find the volume V of the tetrahedron bounded by the coordinate planes and the plane z =6 —2x +3y.

I As shown in Fig. 44-8, the solid lies above the triangle in the xy-plane bounded by 2x+3y=6 and
the x and y axes. V=[2[Z ¥ (6—2x—-3y)dydx=[6y—2xy— 3y 127" dx=[3 (2~ $x)(6-2x—-3+
x)dx=[33B3-0C3-x)dx=3(3-xVde=3-1(3-x)’);=-3(-3")=6. (Check against the for-
mula V= }abc.)

[

(1.2

(1,1

Fig- 44-8 \ Fig. 44-9

Use a double integral to find the area of the region # bounded by xy=1 and 2x+y=3.

I Figure 449 shows the region ®. A= j;?f 1dA= (], [ tdydx={],(3-2x—1/x)dx=3x—x* -
lnx]:,2=(3—-1——0)—(% —i-In %)=2_(4§ +In2)= i-1In2.

Find the volume V of the solid bounded by the right circular cylinder x*+ y? =1, the xy-plane, and the plane
x+z=1

I As seen in Fig. 44-10, the base is the circle x>+ y>=1 in the xy-plane, the top is the plane x +z=1.
v=[f(-nda = [LNE0-ndyde = [L -0y = [L20-0VI-Fdx =
28 Vi-x*dx-2f ', xV1=x"dx = 2(w/2)+3(1-x*)?]', =%+ 2(0)=m (Note: We know that
1, Vi—x>dx= /2, since the integral is the area of the unit semicircle.)

b4

Fig. 44-10

Find the volume V of the solid bounded above by the plane z=3x+y +6, below by the xy-plane, and on the
sidesby y=0 and y=4-x°

I Since -2=<x<2 and y=0, wehave z=3x+y+6=0. Then V=[2 4t 3x+y+6)dyde =
1 y 2Jo
[0y + 3y +6y) 15  de = [2,[Bx(4—x)+ 3@ -xX"V+6(4—x")]dx = [%,(32+12x—10x* -3x> +
Ix')de = (B2x+6x7 — ¥x° — Ix*+ £x*) P, = (64+24- L — 12+ B)—(—64+24+ § - 12— F) = e,

Find the volume of the wedge cut from the elliptical cylinder 9x®+4y®>=36 by the planes z=0 and
z=y+3.

I On 9x*+4y*=36, —3=<y=3. Hence, z=y+3=0. So the plane z=y+3 will be above the
plane z=0 (see Fig. 44-11). Since the solid is symmetric with respect to the yz-plane, V =
22, 7 (43 dedy =2 [2, (y+3)x BV dy =2 [2, (y +3)- V- dy =4 [, yV9-y dy +
42,V9~y*>dy=0+4- 4(97) =187 [The integral >, V9 — y® dy represents the area of the upper semicircle

of the circle x*+ y>=9. Hence, it is equal to - 7(3)*=1-97.]
y q



44.26

4.27

MULTIPLE INTEGRALS AND THEIR APPLICATIONS [J 409

(11

Fig. 44-11 Fig. 44-12

Express the integral 1= [} [¥7 f(x, y)dxdy asan integral with the order of integration reversed.

I In the region of integration, the x-values for 0< y=1 range fromOtovy. Hence, the bounding curve is
x=+/y, or y=x Thus (see Fig. 44-12), I= [} [} f(x, y) dy dx.

Express the integral = [g [?, f(x, y) dy dx as an integral with the order of integration reversed.

I For 0=<x=4, theregion of integration runs from x/2to 2. Hence, the region of integration is the triangle
indicated in Fig. 44-13. So, if we use strips parallel to the x-axis, I=[Z [ f(x, y) dx dy.

-~ 44

Fig. 44-13 Fig. 44-14

Express I=[2 [ f(x, y)dydx asa double integral with the order of integration reversed.

I The region of integration is bounded by y =0, x=2, and y=x" (Fig. 44-14). I=[;} ff/; f(x, y) dx dy.

w/2 (cosx

Express I= [ [(°**x* dy dx as double integral with the order of integration reversed and compute its value.

I The region of integration is bounded by y=cosx, y=0, and x=0 (Fig. 44-15). So I=

-1 o . . . - T
Jo Js>* 7 x*dxdy. The original form is easier to calculate. I=[7'"2x*y ] *dx= [7"? x*cosxdx. Two
integrations by parts yields [ x’cosxdx=x’sinx+2xcosx—2sinx. Hence, I[= (x*sin x + 2x cos x —

2sinx) )7’ =w4-2.

1¢

Ry

Fig. 44-15
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44.28

44.29

44.30

44.31

Find I={{ e dA, where R is the region bounded by y=x% x=3, and y=0.
R
I Use strips parallel to the y-axis (see Fig. 44-16). I=[2 [Z " dydx=f2 ey  dx=f2 X dx=13e" |2 =

1€ — %)= 1(¥"—1). Note that the integral with the variables in reverse order would have been impossible
to calculate.

(3.9

Fig. 44-16 Fig. 44-17

Find the volume cut from 4x°+y’>+4z=4 by the plane z=0.

I The elliptical paraboloid 4x*>+ y>+4z=4 has its vertex at (0,0, 1) and opens downward. It cuts the
xy-plane in an ellipse, 4x”>+ y’ =4, which is the boundary of the base % of the solid whose volume is to be
computed (see Fig. 44-17). Because of symmetry, we need to integrate only over the first-quadrant portion
of ®_and then multiply by 4. V=4-1 [} [J** (4—ax’ - y*)dydx = [; [(4—4x*)y - 3y ] ]§* * dx =
JIVE—4x[4—ax’ - 14— 4x))dr = [l 3(4—4x) P dx = 2 [l 81 ~x*) P dx = £ [} (1 -x")?dx.  Let

16 {2 {1+ cos26\*
x=sinf, dx=cosgdd. Then V=1% 7’2 cos* 0 d =3 (———CZLO> dg=1% {7>(1+2cos26 +
" + 4 . .
cos’20) do = = X <1+2cos20+ 1—(;)5—0)d9=§(%0+sm20+%sm40)]g’2=§(37r/4)=7r.

Find the volume in the first octant bounded by X’+z=64, 3x+4y=24, x=0, y=0, and z=0.

I SeeFig. 44-18. The roof of the solid is givenby z =64 — x>. The base R is the triangle in the first quadrant

of the xy-plane bounded by the line 3x +4y =24 and the coordinate axes. Hence, V= [[(64—x")dA =
R

JE A0 (64 Yy dy dx = [F (64~ x7) P dx = [B(64—xP)- 38— x)dx = I [*(512~ 64x — 8x® +

0

ydx = 3(512x - 32" - 80+ Yy =32 -2 -1 2+ 42 =321 -4-1+ H =327 5=
2%.5=1280.

2,2,9)

f, 2,0)
Fig. 44-19

Find the volume in the first octant bounded by 2x+2y~z+1=0, y=x, and x=2.

Fig. 44-18

I See Fig. 44-19. V=[[(2x+2y+1)dA=[2 [ 2x+2y+ 1) dydx=[2Qxy+y* +y) | dx=J2(3x* +
X)de=(+1x) P =8+2=10.
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44.33

44.34

44.35

44.37
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Find the volume of a wedge cut from the cylinder 4x*+y>=a’ by the planes z=0 and z=my.

I The base is the semidisk % bounded by the ellipse 4x> + y’=a’, y=0. Because of symmetry, we need

only double the first-octant volume. Thus, V=2 f* [Y“** mydydx=m [;”* y’ ], A dx=m [ (a® -
4x?) dx = m(a’x — 3x*) |52 = m - (a/2)[a* — $(a¥8)} = (ma/2)(}a’) = (m/3)a’.

Find /= [[sin8 dA, where R is the region outside the circle r=1 and inside the cardioid r=1+coséd
R

(see Fig. 44-20).

1 For polar coordinates, recall that the factor r is introduced into the integrand via dA = r dr d6. By symmetry,

we can restrict the integration to the first quadrant and double the result. =2 f7'* 11e*? (sin @) rdr do =

27" L(sin 0)r* 117" do = [7"*[(1+cos )*sin 8 —sin §] d§ = [— (1 +cos0)/3+cos6])7” = —4 —(-§ +
=1.

Fig. 44-20

Use cylindrical coordinates to calculate the volume of a sphere of radius a.

I In cylindrical coordinates, the sphere with center (0,0,0) is >+ z>=4> Calculate the volume in

the first octant and multiply it by 8 The base is the quarter disk 0=<r=<gq, 0=6=x/2. V=
872 feVa —rirdrdo =87~ 1-2(a*-r*)**]2do = 8 [J'* 1a® d§ = (8a”/3) [J"* d8 = (8a°/3)(w/2) =
fma’, the standard formula.

Use polar coordinates to evaluate = [ [ (x* + y*)*'? dy dx.

I The region of integration is the part of the unit disk in the first quadrant: 0=6==/2, 0=r=<1. Hence,
I=§77[Er rdrdo= {7 fordrdo= 7?37 ]5do=1% [7%do=35(m/2)=m/14.

Find the area of the region enclosed by the cardioid r=1+cos@.
I A = [[1dA = [F[;7 rdrdd = [I4r}y"°de = 4 fi"(1+2cos6+cos’8)ds=
R

1+ cos 26

0520) do = 4(30 +2sin 0+ § sin20) Ji" = 4(3 -2m) = .

1 2w
—Z—L <l+2cos(9+

Use polar coordinates to find the area of the region inside the circle x*+ y”>=9 and to the right of the line

x=3.

\j

Fig. 44-21
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44.38

44.39

44.40

44.41

I 1t suffices to double the area in the first quadrant. x*+y*=9 becomes r=3 in polar coordinates, and

x=3 isequivalentto rcos®=3. From Fig. 44-21, 0=<@ =< x/3. Sotheareais 2 15" 32 cosey T dr d8 =
w/3

0 Tsccora d0 = [573 (9— § sec® §) db = (96 — 3 tan 0) |7'° = 37 — (9V3/8).
Describe the planar region % whose area is given by the iterated integral 1= {27 [17*"° dr dp.
I r=1-sing isa cardioid, and r=1 is the unit circle. Between @=7 and 0= 27, 1<1-—sin@

and the cardioid is outside the circle. Therefore, R is the region outside the unit circle and inside the cardioid
(Fig. 44-22).

Fig. 44-22 Fig. 44-23

Evaluate the integral =[5> [72-*"2xy dy dx using (a) rectangular coordinates and (b) polar coordinates.
I (@)1= 37 x 37 de = [37 [x(9-x*) =32 dx = [32 (9x - 4x°) dx = (347 ~RP=3G-9 =
(3)’=%. (b) Asindicated in Fig. 44-23, the region of integration lies under the semicircle  y =V9— x> (or
r=3) and above the line y=V3x (or @=m/3). Hence, I=2[7?fircos@-rcos8-rdrds=

. /2 4 : 3 2 : ra2 2 =
2 (73 foricos@sin@drdg =177 r"cosOsin6]3do =25 ["/2cos @sin 0o = & - Lsin 01l s=%1-3=
81
16-

Find the volume of the solid cut out from the sphere x”+y”>+z*=<4 by the cylinder x*+y?>=1 (see Fig.
44-24).

I 1t suffices to multiply by 8 the volume of the solid in the first octant. Use cylindrical coordinates.
The sphere is r*+z°=4 and the cylinder is r=1. Thus, we have V=8 foVa—r’rdrdg=

0

817 [-4-3(4-r)?ldo =% o C[(3)* — 8] do = (8 —3V3) [7'* do = 4 (8 -3V3).

Fig. 44-24 Fig. 44-25

Use integration in cylindrical coordinates to find the volume of a right circular cone of radius a and height A.

I The base is the disk of radius a, given by r=a. For given r, the corresponding value of z on the cone is
determined by z/(a—r)=h/a (obtained by similar triangles; see Fig. 44-25.) Then V= J&m {2 (hla)(a -
Nrdrd = [7 [1hr® — (h/3a)r’ |5 d8 = [o7 (Lha® — 1ha®) d6 = Lha® [2™ d6 = Lha*(2m) = Yma*h, the standard
formula.
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44.45
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Find the average distance from points in the unit disk to a fixed point on the boundary.

§ For the unit circle r=2sin6, with the pole as the fixed pomt (Fig. 44-26), the dnstance of an interior

2sin @ 2sin g
point to the pole is r. Thus, Fr= — area of ot T ff rdA= j f r-rdrdf= J ] do =
3y s 00 = - | oo ; J: -

37 Jo SO 0do = (sin 6 — cos” 9 sin §) df = 377( cos 6 + 1 cos® 6) 377 (A-H- ( 1+1)) =
8 (4) 32
37 \3 97
A
2
=T~
”~ \\\ o
/ ’o‘ ‘
T A e (5 %)
\ ] ’I \\
\ [} /A 1 \
N ’ ! \
- 1 w4 \ -
Fig. 44-26 1 Fig. 44-27

Use polar coordinates to evaluate 1= [2V2 {Y1=%\/x* + 2 dy dx.

i1 . The region of integration is indicated in Fig. 44-27. I= {72 [or-rdrd0= ([, r* dr)(fI? do) =
AN

(5)(3)-%

Use polar coordinates to evaluate = [2 [¥*** x dy dx.

I y=V2x—x* is equivalent to y>*=2x—x° y=0, or the upper half of the circle (x—1)+y*=1
(see Fig. 44-28). In polar coordinates, x°+y>=2x is equivalent to r’=2rcosd, or r=2cosf. Thus,
I=f3"% 2% (rcos @)rdrdé= {7 [2°*°r*cos@drdg= f5'>4r’cos 02°°°dg =% fg'*cos* 0 do == (by
Problem 44.29).

I

Fig. 44-28

If the depth of water provided by a water sprinkler in a given unit of time is 27" feet at a distance of r feet from the
sprinkler, find the total volume of water within a distance of a feet from the sprinkler after one unit of time.

27 a —rln2
_ —rin2 — e _ 27 @2
1 1% L d()J;e rdr 277[(1 27 5 (—rin2 1)]0 2y [1- (1+aln2)]

2= (_1+aln2)
(In2)* 22 7

1 % 1
Evaluate I= J’\/E/z J’\/T——E ——;\/—2—:?? dy dx

I The region of integration (Fig. 44-29) consists of all points in the first quadrant above the circle x* + y=1
and under the line y=x. Transform to polar coordinates, noting that x =1 is equivalent to r=secé.

wl4 fsec@
I= f S.rdrdd = [J*[F°drd9 = [;'*(sec6~1)dd = (Inisec@+tan6|-0)]7"* = In(V2+

o 1

1) - =w/4.
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44.47

4.49

44.50

44.51

Py (1,1)

\J

Pt

Fig. 44-29

Show that [ e™™ dx = —\/217

I Let c= J': e~* dx. Then c= _2[: e dy. Hence, = [le " dx-[Te dy=[Fe”(JTe ™ dx)dy=
e Ve dxdy = [ foe T dx e region of integration is the entire first quadrant. ange
cfee dx dy Oo‘y’ddy Th f he first quad Ch
to polar coordinates. ¢ = 7 [72 e rdodr = [Fe™"-r0]1% dr = %T \ e rdr = (wl2)(-1e |2 =
—(m/4)( lim e —e% = —(n/4)(0—-1)=m/4. Since ¢’ =m/4, c=+v7/2. (The rather loose reasoning

in this computation can be made rigorous.)

Evaluate I=J; ¢ dx.

I Let u=v3 x=u%
44 .47.

=207 e du=2- ? = V7, by Problem

Evaluate [=fJ x%™* dx.

I Consider I,={ x’e~ " dx. Use integration by parts. Let u=x, dv= xe dx du = d_x, v=

~1e™®. Then I, = —%xe"‘z]g + L4y e~ dx. Hence, I= lirg I, = ’liﬂ) (—'We_w)"' Js e ~dx =
0+ WH/2=+7/4, by Problem 44.47.

Use spherical coordinates to find the volume of a sphere of radius a.

I In spherical coordinates a sphere of radius a is characterized by 0<=p=ga, 0=0=<27, O0=¢=m
Recall that the volume element is given by dV=p’sin ¢ dp do d¢. V fo o7 {& p”sin ¢ dp dO d =
Tl ip’singadode = (72 La’sing d9dép = f" la*sing -0 = [Jla’sing-2ndp =
ina’ [[sind dp = —3ma*cos ¢ | = —ima’(-1-1) = $md’.

Use spherical coordinates to find the volume of a right circular cone of height 4 and radius of base b.

I For the orientation shown in Fig. 44-30, the points of the cone satisfy 0<6=<2m, O0<d¢=<tan~'(b/h),

0=<p < hsec ¢. Thus, = [27 flanTl G fhsecd 52 Gn & dp dp df = 27 [T R lp sin ¢ ]0 ®de do =
27 “(b/h) 27 ~1(b/h) 27
1 5 sm¢ _ 1 3J' 1 ] _ 1 f 1 )
f f h co ¢ dp do = 3 h b 2 cos? o de = h h2 de =
hb? hb> 1 .,
6_’,2‘0 (s~ "h)do——é-o de—-—6—‘2‘n'-§17bh.

Fig. 44-30
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Find the average distance p from the center of a ball % of radius a to all other points of the ball.

ot oo 2o L S,

, p_volumeV J pdV 7ra P 51n¢dpd¢ do = 417a 4P 51n¢ d¢d0
27 2m 2o

ST Smd’dd’df’—ﬁ —cosg | ao =% 2"—(—1~1)do=3—“ =22 97 =32

471-a 167 Jo 167 8 Jo 8 4

Find the area S of the part of the plane x +2y + z=4 which lies inside the cylinder x*>+y>=1.

1
I Recall (Fig. 44-31) the relation dA = dS cos @ =dS s between an element of area dS of a
zZ,+z
surface z= f(x y) and its projection dA in the xy-planye. Thus, the formula for S is
2 2
” \/1+ + ‘9—2) dA, where, here, @ is the disk x*+y?=1. 1+ %2 =0, 21 2492,
ax ay ax ax ay

5——2 Hence, S=ff\/3dA=V3(arca%)=V31r.
R

(_z;m—zyv 1) (0’ 0’ l) Surface : Z=f(x, ,V)

|
eyl
(g ~ dA=dxd
x ‘/\/P lane projection ®
Fig. 44-31

Find the surface area S of the part of the sphere x*+y*+2z°=36 inside the cylinder x*>+y*=6y and
above the xy-plane.

I x*+y* =6y isequivalentto x°+(y—3)>=9. So the cylinder has axis x=0, y=3, and radius 3.

The base R is the circle x>+ (y—3)>=9. (See Fig. 44-32)) S= “’\/1+ ax) ( ) 2x +

] ® a
22%-0 Hence, f’—‘?=—§, Similarly, 52 =-2. " Thus, 1+(‘”) +< Z) 155 y_2=

ox ay ax E
+y2+
i———lz—z 3—? Therefore, S= 6 dA. Now use polar coordinates. The circle x*+y>=6y is
z z A
cqul\;alent to r =6sin8. x>+ y +2z>=36 is equivalentto r’+2z*=36, or z°=36—r" Hence, S=
sin @ L4
rdrdo = f —6V36—r"13""°d8 = —6 [y (6lcos 8| —6) do = —12 [7'* (6 cos 6 — 6) db,
[ G E Tt 53 (6lcos 6] —6) J (6cos0-6)
since |cos (w — 0)| = |cos 8]. Hence, §=—72(sin8 —0)]7'%=72(m/2~1).

z
3

we

=)
Y
=

x Fig. 44-32
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Find the surface area S of the part of the sphere x*> + y*> + 2> =4z inside the paraboloid z = x* + y>

I The region % under the spherical cap (Fig. 44-33) is obtained by finding the intersection of x* + y + 22 =4z
and z=2x>+y> This gives z(z—3)=0. Hence, the paraboloid cuts the sphere when z=3, and R

2 dz\’ : ‘
is the disk x*+y’=<3. S=”\/1+(5§) +(ﬂ) dA. 2xc+2:92 =492 92 _ X Gimilarly,
*

ay ox ax’ ox z-2
9z _ 4 Hence
ay z-2" ’
1+(az) +<£)2= x? N Y _(@-2tx’ty? (@ Hyi+2)-4z+4 4
9x 9y (z-2)  (z-2) (z-2) (z-2)° T (-2
Therefore,

2m V3
= rdrdf =~ L2V4—r2]0 do=-2"(1-2)do=2-2w=4xw

R

Fig. 44-33

Find the surface area of the part of the sphere x”>+y>+ z>=25 between the planes z=2 and z=4.

(9 2
I The surface hes above the ring-shaped region R: 3<r<v 1. S= jf \/1 + ax + d_;> dA =

/ 25 5
+——+~dA jf\/— dA = J'J' dA = I j ————rdrdo, smce r’+ z>=25. Hence,
‘[j V25— r?

s—fo" 5V25 - ]V_de— 50272~ 4)d0=10j02"d0—207r.

Find the surface area of a sphere of radius a.

I Consider the upper hemisphere of the sphere  x* + y> + 2> = @>. It projects down onto the disk % of radius a

] 9z’
whose center is at the origin. Hence, the surface area of the entire sphere is 2 f f \/ 1+ (0’;) + (a—;) dA =

NS _ ”,/x_t_y__ti _ ”2 - fj _
2” 1+ 5+ 5 dA 2 S dA 2|| < da 2 \/—-—-rdrde

R R R

2

"(=Va'—r’)]ade = —2a [" (—a) do = 24° {2 d0 =2a° - 27 = 47a”.

Find the surface area of a cone of height h and radius of base b.

I Consider the cone z=& x*+y% or b*2°=hx*+h’y" (see Fig. 44-30). The portion of the
b .
cone under z=h projects onto the interior ®# of the circle r=b in the xy-plane. Then
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_ gz EE \/ ? __X ff\/b"z +hx +hy
s [ (2 + (2 e [ o () + (22 - i

=”\/h2<b2+hz><x +Y>dA=”F\/m‘z—V"ZYdA=”pm-gdA

2
bz

1 Vb + h? , .
= VoA R [[aa= Y2 (ap?) = mbVETT R = b
R

where s=Vb>+Hh® is the slant height of the cone.

Use a triple integral to find the volume V inside x”+y®=9, above z=0, andbelow x+z=4.

I v={2, (V-2 (37" 1dzdydx. The bounds on z correspond to the requirement that the solid is
above z=0 and below x+z=4. The bounds on y come from the equation x*+y’=9. V=

2, J-\/ﬁ 1t dyde = [2, J‘W @-x)dydx = [2, (4 x))’]—\/’g—de = ff2(4—x)\/9—x2dx =

-Vo-.3
82 V9—x dx+ [2,(—2x)V9—x"dx. Now, [>,V9—x’dx gives the area of the upper half of the disk
x*+y’=9  of radius 3, namely, 1(97)=3%w  Also, [>,(-2x)V9-x*dx=0 (odd function).
Therefore, V=8(3m)=236m.

Use a triple integral to find the volume V inside x>+ y° =4x, above z=0, andbelow x*>+y*=4z.

I x*+y°=4x is equivalent to (x—2)’+y>=4, the cylinder of radius 2 with axis x=2, y=0.
q y

Hence, V={3[¥ \"/‘;;*—XJ‘(‘ +4 1 gz dydx. This is difficult to compute; so let us switch_to cylindrical

coordinates. The circle x*+y’= 4x becomes r=4cosf, and weget V = [T [0 (7" rdzdrde=

4'cos @ L4 1 4 cos @
S fac=rz "4drd0—f f —r drdg = | o1 ]0 do = [716cos* 0 do = 32 [7'*cos* 6 do = 67
(Problem 44.29).

Use a triple integral to find the volume inside the cylinder r=4, above z=0, andbelow 2z=y.

I The solid is wedge-shaped. The base is the half-disk 0=<@=m, 0=r=4. The height is % = 1512“—9
Then
n r4 r(rsin@)/2 7 4 (rsin@)/2 7 r4 1 1 E 5 .
V=f f f rdzdrd0=j f rz] drd0=f j —rzsindrdt):—J r’sin @ ], do
o Jo Jo o Jo 0 o Jo 2 6 Jo

(. 32, ]" 32 _ @_
—6L64$m0d9—3( cos 8) . ( 1-1)=
Use a triple integral to find the volume cut from the cone ¢ = w/4 by the sphere p =2acos .

z
A

* Fig. 44-34
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I Refer to Fig. 44-34. Note that p=2acos has the equivalent forms p* =2ap cos ¢, 2+ y 4=

2az, x*+y*+(z—a)’=a> Thus, it is the sphere with center at (0,0, a) and radius a. Then, V=
3

27 pwid 1 2a cos ¢ 2w pw/4 8a
2m /s (2acos® b2 sin b dp dp df = L fo 3 ;f*sin¢]0 de do = fo J:) = sin ¢ cos’ ¢ dop do =

8a3]2w< cos4¢)]ﬂ/4 2a3 -[27r<1 > 1 5 2w 1 5 s
3 Jo \"T7 ) o d0——'—3'— ) Z-‘l da—ia 5 d0—§a~27r——rra.

Find the volume within the cylinder r=4cos 6 bounded above by the sphere r*+ 22 =16 and below by the
plane z=0.

I Integrate first with respect to z from z=0 to z=V16— r’, then with respect to r from r=0
to r=4cosf, and then with respect to 6 from 6=0 to 8= (See Fig. 44-35.) V=

fr g (VO pdzdrde = [7[i 0zl drde = fg facttrVi6-ridrdd = Jo[-3-3(16-

r2*2 140 dp = —4 {7 (64sin’ 0 —64)df = —% [7 (sin@ —cos’ Osinf ~1)do = — % (—cos 8 + 3cos® 0 —
Olr=-¢2{(1-{-m-C1+P=-5E-m=%C7-4).

Fig. 44-35 x Fig. 44-36

Evaluate I=[f[xdV, where ® is the tetrahedron bounded by the coordinate planes and the plane
R
x+2y+z=4 (see Fig. 44-36).

I y can be integrated from 0 to 2. In the base triangle, for a given y, x runs from 0 to 4 —2y. For given x
and y, z varies from 0 to 4—x—2y. Hence, I=[} [ fo "™ xdzdxdy= [l az )" P dxedy =

2[5 x(4—x—2y)dxdy = [2 [ @x—x*=20y) dxdy = [$ (2x° - 3x° =) 7T dy = [5 (4= 2y)[2 -
id-2y)~yldy=J2@4-2VG -1 dy=3 52~ dy=3-(-HE-y')i=-5(-16)=%.

Evaluate I=[[[(x*+y*+2z°)dV, where R is the ball of radius a with center at the origin.
R

] Use spherical coordinates. = [ frfep*p’sinpdpdpdo = [I7 f7 5p’°sin ]; do do =
1a° [27 [Tsin d dop dO = 3a® J2" (—cos ¢) )7 d6 = }a’ 3T [1—(~1)] do = %a’ [J7 dO = 20’27 = tma’.

Use a triple integral to find the volume V of the solid inside the cylinder x>+ y*=25 and between the planes
z=2 and x+z=8.

I The projection on the xy-plane is the circle x> +y>=25. Use cylindrical coordinates.
V= [27 38D pdrdrde =37 [3rz )y " drdf = [J7 5 r(6— rcos 6) drde

= (2" (3r = 4r’cos 0) 15 d0 = {37 25(3 — § cos 0) d8 = 25(30 — 3 sin §) |7 = 25(6m) = 1507
(4]

Find the volume of the solid enclosed by the paraboloids z=x"+y’ (upward-opening) and
z=136-3x"~8y” (downward-opening).
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I The projection of the intersection of the surfaces is the ellipse 4x> +9y>=36. By symmetry, we can
calculate the integral with respect to x and y in the first quadrant and then multiply it by 4.
V=4 [ [2Vo3 (367370 g dy dy = 4 [ [0 [(36 - 3x7 — 8y?) — (x + y*)] dy dx

xc+y

=405 [ (36 - ax? ~9y%) dy dx =4 f3 36y — ax’y =3y |7 dx

=§-L3 /9“x2[36—4x2_4(9“x2)]dx=%ﬁ: /9—x2[§(9_x2)]dx=%fo (9 — x*)*2 dx

4 w2
Let x=3sind, dx=3cosf#dd. Then V= % J; 27 cos® 8 -3 cos 0 df =576 7> cos® @ d6 =108+
(from Problem 44.29).

Describe the solid whose volume is given by the integral 2 5 [, dz dy dx.

I Sce Fig. 44-37. The solid lies under the plane z=1 and above the region in the first quadrant of the
xy-plane bounded by the lines y=2x and y=4.

z

Fig. 44-37 Fig. 44-38
Describe the solid whose volume is given by the integral [ [27% {377 dz dy dx.

I Sece Fig. 44-38. The solid lies under the plane z=3~-x—y and above the triangle in the xy-plane
bounded by the coordinate axes and the line x+y=3. Itis a tetrahedron, of volume 1(3)’=9%.

Describe the solid whose volume is given by the integral [ fY**™*" [? dz dy dx, and compute the volume.

I The solid is the part of the solid right circular cylinder x*>+ y®> =25 lying in the first octant between z =0
and z=3 (see Fig. 44-39). Its volume is I(wr’h) = i[w(5)" 3]=% =

z
4

\i

—_—— e —

/ s
Fig. 44-39
If ® is a rectangular box x,<x<ux,, y,sysy, 2,=<z=z,, show that I={[{ f(x)g(u)h(z)dV =
(122 f0) dx)( £ 8(3) dy)(J:2 h2) do), )
a b c

bo1=07 00200 fog(yh(z) dedy dz = [72 2 g(y) ({2 fix) dx] dy dz = a [ R(2)(f,? g(y) dyl dz =
ab [* h(z) dz = abc.

X

Evaluate = [{f x’ye’dV, where R is the rectangular box: 1=x=2, 0=y=1, 0sz=sh?2.
R

I ByProblem44.71, I=[}x"dx-[} ydy [ e’dz=3ix"]}- 1y’ ]i-e |02 =(4-14)-4-2-1)=%.
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Evaluate J=[{fx*>dV for the ball R of Problem 44.65.
R

dza’
I By spherical symmetry, I=[f{[x*adV +[[fy*av+[[f22dv=J+T+]; so J=}I= 7175 )
R R R

Find the mass of a plate in the form of a right triangle & with legs a and b, if the density (mass per unit area) is
numerically equal to the sum of the distances from the legs.

I Let the right angle be at the origin and the legs a and b be along the positive x and y axes, respectively (Fig.
44-40). The density 8(x, y)=x+y. Hence, the mass M= ([ (x+y) dA= S [ (bl (x +y)dydx =

fe(y+ i) %4y = SJ:) (a—x)[x+ 3(bla)(a—x)]dx = ;fo [ax — x* + L(b/a)(a — x)*] dx =
(bla)[dax® — §x* = L(bla)- $(a—xP]]; = (bla){(ia’—1a’)—[-}(bla)-}a’]} = (bla)(§a’+ }ba’)=
tba(a + b).
4\
b ¢
2 Fig, 44-40

Find the mass of a circular plate R of radius a whose density is numerically equal to the distance from the center.
I Let the circle be r=a. Then M=[[rdA=(2"[er-rdrdo= " 1r’)ido= [ 1a’ df =
R

18 27 = iqa’

Find the mass of a solid right circular cylinder & of height & and radius of base b, if the density (mass per unit
volume) is numerically equal to the square of the distance from the axis of the cylinder.

I M= jUr av = 37 [o fo r’-rdzdrde = [J7 [3 r*hdrdf = {7 thr' o do = 7 thb' do = thb*-2m =
Lahd”, 7
Find the mass of a ball & of radius a whose density is numerically equal to the distance from a fixed diametral

plane.

I Let the ball be the inside of the sphere x°+y>+ 2z’ =4’ and let the fixed diametral plane be
z=0. Then M=[[[|z]dV. Use the upper hemisphere and double the result. In spherical coordinates,

M=203" [ faz-p’sinddpdpdo =217 [ [¢ pcosd-p?sind dp dp db
=2[37 f5* 4pcos dsind s dp do = La® [iT hsin® )77 do = tat [27d6 = ta* 2w = Lma’
Find the mass of a solid right circular cone € of height & and radius of base b whose density is numerically equal to
the distance from its axis.
I Let a=tan"'(b/h). In spherical coordinates, the lateral surface is ¢=a M= ”f rdv =
e le? psing-p’sing dp dp df = ;”J’“ 1p*sin d)]"”””d(b do = in' fO”J'O sec* ¢ sin” q‘) dé do =
Lpt I [esec’ ptan® @ dp dO = th* 2 Ltan’ ¢ |0 d6 = th' - Ltan’ a [27 d6 = LhU(bIR) 2w = Lwhb’,

Find the mass of a spherical surface ¥ whose density is equal to the distance from a fixed diametral plane.

I LetSbe x*+y’+z°=a’, and let the fixed diametral plane be the xy-plane. Then M= ” |z | — dA
where € _is_the disk > +y'=a’ Then, if we double the mass of the upper hemlsphere M =
52 (a:)z dz x dz y (&z) (02) Xy
+ = = L E =z Z=-Z + Z) 1+ 5+ 4 =
ZJI z\/l P + 3y dA o . and 3y S Then 1 o + 3y =1+ 22 e
+ + z?
x “;2 = % Hence, M =2 _[é[ adA=2a _[%f dA = 2a(arca of a circle of radius a) = 2a(wa’) =27wa’.
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Find the center of mass (¥, y) of the plate cut from the parabola y*=8x by its latus rectum x =2 if the
density is numerically equal to the distance from the latus rectum.

I See Fig. 44-41. By symmetry, y=0. The mass M=[[(2- x) dA= [, [%:(2-x)dxdy=

4 2 4 2 4
] RY iCE) PR ST € S S
L(Z" 3%5) Lo ® = L2\ T =gy m 3 =82 128 5/

128 o ) .
5 The moment about the y-axis is given by M, =[*, % x(2—x) dx dy = L4 (x _ % X )]yz/s dy =
Lo (8- S o8] e
!;—64[5 64 3-512 dy = ?_6_4_5—4-3'5127 »4—8 5*3*’5 35 Hence, x_ﬁz
3 _6

% =7 Thus, the center of mass is (g,o)_

(2, -4) 4
\ Fig. 44-41 Fig. 44-42

Find the center of mass of a plate in the form of the upper half of the cardioid r=2(1+ cos 8) if the density is
numerically equal to the distance from the pole.

I See Fig. 44-42. The mass M={nfrdA = [ [0 rirdrde = Lﬂ % r ]:(Hcoso) 8f 1+
cos0)’ do = gJ: [1+3cos()+3(—1+c%20)+(coso—sin20coso)] dg = 2 (; 0+4sin0 + Zsm20—
% sin’ 0) ]: = g <§ : 7r> = ZOTW The moment about the x-axis is M, = [7 [0+ y? drde =
Jo (f(Hw”) r’sing drdo = Lﬂ % r'sin @ :(Hmse) do = 4f7(1+cos8) singdd = —4 —-—(1+‘;°S 6)° ]: =
-z ( 32)= ﬁ Hence, y= M, _ - 12805 96 The moment about the y-axis is M, =

M 20%/3 25

2(1+cos 8)
IT fz(”w”” xr’drdo = [J[307° rcos § drdf = f i coso]

do =47 (1+cos8)* cosgdf =

+ cos 4
4L [c050+2(1+c0520) + 6(cos & —sin” 6 cos §) + (1+2c0520 l—ch9> + (cos 8 —2sin” @ cos 6 +

sin* @ cos 8)| do = 4(36 +8sinf +2sin20 + §sind46— $sin’ 9+ 1sin® 9)]7 = 4(37) = 147. Hence, % =

—A&— Ldm _ 21 So th ter of ma: (21 96)
M - 20273 " 10° So the centero ss is 10’ 257

Find the center of mass of the first-quadrant part of the disk of radius a with center at the origin, if the density
function is y.

I The mass M= [ ydxdy = [ZyVa®—y*dy = -1 -2(a®—y*)?]2 = —1(-a’)=1a> The
moment about the x-axis is

2 g .
M =[fy ydA={7"[sy* rdrdo=[]"[¢ r3sin0drd0=J; Za“smzodo
R

L [ 1y ] )] ()
=19 5 W=gda\b-3sin20) | =g\3)" 15

.M Y16 3 “z‘yz
Hence, y= M" = %/—3— = ~17;—a The moment about the y-axis is M, = f f

dx dy
Va2-—y2 2 4 a 4 4
1 M,
fz)’x] dy = ZJ- (@’ _Y)dy_—(a? 2‘%)] =§<%—g—>=£—. Therefore, )E=—M=

0 4
a*8 3a . <3a 37m>
3-8 Hence, the center of mass is 216
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Find the center of mass of the cube of edge a with three faces on the coordinate planes, if the density is numerically
equal to the sum of the distances from the coordinate planes.

I The mass M=(5[5f5 (x+y+2z)dedydz = 3(f; x dx)(J5 dy)(Ss dz)

= 3 g* The moment about the
xz-plane is M, ={:fafs y(x+y+z)dxdydz—f f [ X+ (y+2)x ]]0

o= [ 5 +aoe

] “ a2 1 1 “rat o 4 7
SACTINLENET)| P (LS IE R A St 5
i) dycgz L[4yMa<35ya5+25zy odz . 4+§5+225dz 12az+4z o 12a+

—_— S=_ 3 vV = xzzg—..—.— X = — 7 = —
149 =g So y M i g & By symmetry, x g% Z=gja

Find the center of mass of the first octant of the ball of radius @, x>+ y2 +z22=a® ifthe density is numerically
equal to z.

I The mass is one-eighth of that of the ball in Problem 44.77, or mwa*16. The moment about the xz-
plane is

w/2 w2
M, = [T [7?[2psinpsin@-pcose-p’sine dp de do = f f p’sin ¢cos¢sm0] de d6
—_——— ——

aS w2 5 w2 5 w2 aS w/2 aS
=35/, gjm d>sm0]0 d0=—5—_L §sm0d0=T§(—coso)]O =5
" sz a’/15 16a __ 16a
Hf/l;cem2 === m = 5a By symrjlgtr):r,lz X=15- The moment absout /tzhe xy-plime is / zM" =
f f fpcos()psm¢dpd¢d0—f J’ —a cos” ¢ sin 0 dop do = ‘;J; (—COS_,’d’)] de =
a ("1 d _ a _ ma M, wd®30 8a ’ .
35) 3 9 = 52 - 3 Hence z= M- a6 - 15" Thus, the center of mass is
(16e ita 8a)
157> 157> 15/°

Find the center of mass of a solid right circular cone € of height 4 and radius of base b, if the density is equal to the
distance from the base.

I Let the cone have the base x>+y°=b in the xy-plane and vertex at (0,0, h); its equation is then
z=h—(h/b)r. By symmetry, x=y=0. The mass M= ”f zdV. Use cylindrical coordinates. Then

27 h2 2w 1 22
drdé)—Zb2 r(b—r) drdf = 252 Jo Eb -

b 2 27 2 2
gj—r .1 “)]0d0=h—2f (l b* - b“+ b"’) do——b 27 —M. The moment about the xy-

2 h—~(hib)r
M= [ 2 fo=*"" 2r dz dr do = I f—rz]

3 4 2b" Jo 2 3 27 h— (h/b)lrz hs 27 b

plane is M, =3 fo [o*" 2’rdz dr do = f f Zrz ] drds = 75 fo fo r(b—r)’ drde =

n? f (b3 23, 3 1 )] J’ ( s 5 ) h’b* wh’b’

_— — + —_— = — —_—— = =

357 5 rM br 3 2br 57 de 35 5 b>+ - b b de 0 27 30
__ M, whbY30 2 ( 2 )

Hence, z = M - b2 5 h. Thus, the center of mass is 10,0, £ 3 h

Find the moments of inertia of the triangle bounded by 3x+4y =24, x=0, and y=0, and having
density 1.
6—(3/4)x

l The moment of inertia with respect to the x-axis is I = [§ [e7®'" y> dydx = L 3 y? ] dx =

4 0
& j 8-x)’dx = 6 3 (-1) (8 x) ]0 2.8 144. The moment of inertia with respect to the y-axis is
L= dyde = [ 8 -—(8—x)dx=§<§x3—x—4)]s=§'—l“(8)4=256
y o Jo y o 4 4\13 4 4 12 )

64 4
0

Find the moment of inertia of a square plate of side a with respect to a side, if the density is numerically equal to
the distance from an extremity of that side.

J Letthesquarebe 0=<x=<a, O=<y=gq, and letthe density at (x, y) be the distance \/x* +y*> from the
origin. We want to find the moment of inertia I, about the x-axis: I, = {5 f¢ y*Vx* +y® dy dx. Now, by the

symmetry of the situation, the moment of inertia about the y-axis, I, = [g [g x*\/x* + y* dy dx, must be equal
to I.. 'This allows us to write

L=tarny=1 [y ayae=[ [ ey ayar
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where symmetry was again invoked in the last step. Change to polar coordinates and use Problem 29.9:

w/4

asec @ 5 wi4 S
1
I =f f r"drd0=a—f sec’ @ d =9~[—sec30tan8+§sec()tan()+glntan(g+z>]
x 0 o 5 Jo 8 2 4

5 la 8
“S[-?+3‘;_ E1 (1+VZ)—0-0- o] [7\/_+ln(7+5\/_)]

0

5

Find the moment of inertia of a cube of edge a with respect to an edge if the density is numerically equal to the
square of the distance from one extremity of that edge.

f Considerthecube O0=x=ga, Osy=gqg, 0=z=aqa. Letthedensitybe x*+y*+ 2z’ the square of the
distance from the origin. Let us calculate the moment of inertia around the x-axis. I =g fqfa( y2 + zz)(x2 +
y>+2%) dxdy dz. [The distance from (x, y, z) to the x-axisis \y*>+ 2] Then I =[ [o(y*+z2))[ix’+

(y2+22)x]]8dydz = fSIS(f+22)[%a’+(y2+zz)a]dydz = [BeGy’ +zy)+a(‘ y +3yz+
Ve dz = [¢{La *+taz )+a(5a + 2a’2? + az*)) dz = a® [J [3a’(3a® + %) + (La* +3az +z9)dz =
a’[} a2(3az+3z3)+(4az+§azz3+ DHNa=d[}dG)+ (i@ +3 + 1) =d 3+ 1 +3+ 1) =184"

Find the centroid of the region outside the circle r =1 and inside the cardioid r=1+cos#.

I Refer to Fig. 44-20. Clearly, y=0, and  is the same for the given region as for the half lying above the

w2 l+cos 8 w2
polar axis. For the latter the area A= [T [1""%rdrde = j %rz] de = EJ (2cos @ +
1+cos @ sin20\ 7% 1 T m+8 ° ! o
— do = 5 2sinf + 3 3 + 2 o T3 2+ 3" 8 - The moment about the y-axis is M, =
. . n/21 l+cos @ 1 w/2
TRl xrdrde = (77 f7°r’cos@drds = J; §r3cos(9]1 a9 = §f0 [(1+ cos 6)° -
/2 3
1]cosOd0~—J @3 0520+3cos30+cos40)d9=%J; [E(1+cos20)+3(coso—sin2Ocose)+%<1+
1+cos40 ” ( sindg >]"’2 1(1577 ) Sm 2 _
+—=2" + - =z (2 +3-1)=22+%
2 cos 26 0 +3sin 8 +sin 26 + Y sin” 8 o 3\ 16 +3-1 16+
157432 M, 3 08 132148 157432
g - Hence, f=-F= (7+8)/8  6(m+8)"

Find the centroid (x, y) of the region in the first quadrant bounded by y*=6x, y=0, and x=6 (Fig.
44-43).

6 2 6
I The area A=[$ ffz,6 dx dy =L (6 - %—) dy = (6y TR ) ]0 =6(6—-2)=24. The moment about the

2 6
M
x-axis is Mx=f§ffz,6ydxdy=_f:y<6—y€>dy=<3y—Ezy)]o=36<3—§)=54 Hence, j=—*=
d

-3 s L] aed o -
Yt The moment about the y-axis is M},-f(, e Xxdxdy = o 3% 1,06 dy = 3 36 - %
1( 1 5)]6_< ‘§_6_> 12 - 36 __ M, 12(36)/5 _ 18 o
5 36y — 180 y =13136 )= 75 Hence, X=—= >4 =3 So the centroid is
(5-3)
5’4
1k
6
6
Fig. 44-43

Find the centroid of the solid under z*=xy and above the triangle boundedby y=x, y=0, and x=4.

42 2 4
I The volume V=IU&IS”_’dzdydx=I§f3\/_dydx=J 3"”2«V3/2] dr = f‘x dx_§ 3] 158'

The moment about the yz-plane is = (32 (V¥ xdz dy dx = [4 IU xz ]0 Fdyde = 3 [Fx7 y" dydx =

4 4
L m] f% ~1 4}_128 M. ¥
J; 3x 2y dx = x dx c* l,= 3 Hence, x= v —%—3 The moment about the
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4

xz-plane is —_l'0 IO fo ydzdydx= [ [5 x'"*y*"* dydx = J 2 ”zys’z] dx = I 3 x’dx = —16 4]0=

128
128. Hence, =0 = g The moment about the xy- plane is M, =5 fsfy” zdzdydx=

L

4
M

- - = — 4 = > = xy =

jf ]o dydx = ff xydy dx = f xy ] dx = j i x*dx = ]0 16. Hence, =z %
_ 9 2)

IQE = 8 Thus, the centroid is (3, 53

44.92  Find the centroid of the upper half % of the solid ball of radius a with center at the origin.

I We know V=1i(3wa’)=3%ma’. By symmetry, i=y=0. The moment about the xy-plane is
M, =[ffzdV. Use spherical coordinates.
E 4

M, = [ [s pcosd-p®sind dp dp db = 57 [7'% sp* cos ¢ sin ¢ |5 dop df

w/2 /2 a4 2T a4 wad
4f f cos¢sm¢d¢d0—4j —sm ¢] d0=§ . d0=§~27r= 2
. M, ma'4 3
Hence, z——‘,——m—sa.
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CHAPTER 45

Vector Functions in Space.
Divergence and Curl. Line Integrals

For the space curve R(t) = (¢, % ¢’), find a tangent vector and the tangent line at the point (1,1, 1).

I A tangent vector is given by the derivative R‘(f)=(1,2t,3¢°). At (1,1,1), r=1. Hence, a tangent
vector is (1,2,3). Parametric equations for the tangent line are x=1+u, y=1+2u, z=1+3u. Asa
vector function, the tangent line can be represented by (1,1, 1) + u(1, 2, 3).

Find the speed of a particle tracing the curve of Problem 45.1 attime ¢=1. (The parameter ¢is usually, but not
necessarily, interpreted as the time.)

. ds de\*  (dy\® (dz\’ . . _

I 1f 5 is the arc length, - W\ + i + T is the speed. In general, if R(1) =
- (2@ 8 g o d_

(x(2), y(0), z(¢)), R'(1)= ( a4, ™ s [R'(1)]. For this particular case, 7l (1,24, 3] =

3 d
VI+47 +9°. When =1, ft:\/ﬁ.

Find the normal plane to the curve of Problem 45.1 at ¢=1.

I The tangent vector at r=1 is (1,2,3). That vector is perpendicular to the normal plane. Since the
normal plane contains the point (1,1, 1), its equation is 1(x —1) +2(y — 1) +3(z —1) =0, or equivalently,
x+2y+3z=6.

Find a tangent vector, the tangent line, the speed, and the normal plane to the helical curve R(t)=
(acos2mt,asin2mt, bt) at =1.

I A tangent vectoris R’(t) = (—2masin27t, 2wa cos 2wt, b) = (0,2ma, b). The tangent line is (a, 0, b) +
u(0,27a, b). The speed is |R'(t)]=V4n’a® +b> The normal plane has the equation (0)(x —a) +
2ma)(y —0) + (b)(z — b) =0, orequivalently, 2way + bz = b,

Prove that the angle 6 between a tangent vector and the positive z-axis is the same for all points of the helix of
Problem 45.4.

I R'(t)=(-2masin2nt,2macos 27t, b) has a constant z-component; thus, 6 is constant.

Find a tangent vector, the tangent line, the speed, and the normal plane to the curve R(#) = (¢tcost, tsint, t) at
t= /2.

f R'(t)=(cost—tsint,sint+tcost,1)=(—m/2,1,1) is a tangent vector when t=m/2. The tangent
line is traced out by (0, w/2, w/2)+u(-=/2,1,1), that is, x=(—w/2u, y=w/24+u, z=7/2+u.
The speed at t=m/2 is ds/dt=|R'(t)=VwY4+2=4V 7" +8. An equation of the normal plane is
(—m/2)(x—0)+(y—w/2)+{(z - w/2)=0, orequivalently, (—7/Q)x+y+z=m.

If G@)=(t,¢Inr) and F(t)=1G(), find F'(r).

I 1n general, %[g(r)G(t)] =g(1)G'(¢) + g'(1)G(t). (The proof in Problem 34.53 is valid for arbitrary vector
functions.) Hence, F'(¢)=1(1,31%1/6) +21(t, £, Int) = (383, 5¢*, t + 2t In t).

If G(t)=(e,cost, ), find % [Gsin £)G(1)].

I By the formula of Problem 45.7, % [(sin £)G(2)] = (sin £)G'(¢) + (% sin t)G(t) = (sin r)(e’, —sin ¢, 1) +
(cos £)(e', cos t, £) = (e'(sin t + cos t), cos® t —sin’ ¢, sin ¢ + £ cos t).

425
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45.9

45.10

45.11

45.12

45.13

45.14

45.15

45.16

If F(r)=(sint,cost, ) and G(t)=(,1,In¢), find %[F(t)'(}(t)].

! The product formula ‘% [F()-G()] =F() - G'(t) + F'(t) - G(t) of Problem 34.56 holds for arbitrary vector
functions.  So p [F(t)- G(1)] = (sint,cos £, £) - (1,0,1/6) + (cos ¢, —sint, 1) - (¢, 1, Int) =sint + 1 + tcos t —
sint+Int=1+tcost+Int.

If G(3)=(1,1,2) and G'(3)=(3,-2,5), find g; [G(@)] at ¢=3.

1 % [£G()] = £G'(t) + 2¢tG(t). Hence, at t=3, d% [£°G(8)] =9(3, -2, 5) + 6(1,1,2) = (33, —12, 57).
Let F(t) = G() xH(1). Prove F' =(GxH')+(G' xH).

F(¢+ An - F(1) [G(¢ + Ar) X H(t + An)] — [G(r) X H(1)]

= lim

1 F(0)= lm) At A0 At
_ {G(t + Aty X [H(t + Ay — H(O]} + {{G(r + Ar) — G(1)] x H(1)}
- _\:——u At
- lim [G(r +anx H0E Ai)t —H@) | Gt AA’z ~ 60 H(t)] = [G(r) X H'(1)] + [G'(1) X H(0)].

Prove that % [R(¢) x R'(#)] = R(z) x R"(¢).

I By Problem 45.11, [R(t) xR (O] =[REXRO]+[R'()XR'(H]. But AxA=0 for all A.
Hence, the term  R'(f) X R'(t) vanishes.

If G'(r) is perpendicular to G(r) for all t, show that {G(#)| is constant, that is, the point G(¢) lies on the surface of a
sphere with center at the origin.

I Since G'(¢) is perpendicular to G(r), G'(t)-G(t)=0. Then dt (IG(n)* = @ [G(t) GOI=G({) -G'(t)) +
G'(1)-G(1)=0+0=0. Therefore, |G(¢)|’ is constant, and hence |G(r)| is constant.

Derive the converse of Problem 45.13:  If |G(r)| is constant, then G(r)-G'(z) =0.

I let |G(t)|=c forale Then G@)-GE)=|G@W)|*=c> So % [G(t)-G(H)]=0. Hence,
G(t)-G'(1) +G'(¢)-G(r) =0. Thus, 2G(f)-G'(¢) =0, and, therefore, G(7)-G'(¢)=0.

Assume that R(¢)#0 and R'(#)#0 for all t. If the endpoints of R(¢) is closest to the origin at =1,
show that the position vector R(¢) is perpendicular to the velocity vector R’(rf) at r=1,. [Recall that, when ¢ is
the time, R'(¢) is called the velocity vector.]

IR(O]*  has a relative minimum at =0. Hence, % [[R(H]*1=0 at ¢=1¢,. But % (IR =
. [R(#) - R(1)] =R(t) -R'(t) + R'(1) - R(t) =2R(1) - R'(r).  Therefore, R()'R'(t)=0 at t=1, Since
R(t)#0 and R'(1)#0, R() LR'(¢1) at t=1,.

Find the principal unit normat vector N to the curve R(f) = (¢, > ') when ¢=1.

R'(¢) (1,21,36%) . . . T'(¢)
I The unit tangent vectoris T = 2 . The principal unit normal vectoris N=
RO Vivareord TP

oIk
oy = 4 R'(1) 1 1 R = B
now 0= 4 | i) e R0+ & (e o - m‘“””

418t > _ wn_ 20,1,3) 2 _
Trar oy (L2630). When  i=1,  T()= \/ﬁ v (123 = 7\/_ (14(0,1,3) -

1 A
11(1, 2,13)] =575 (—11, -8,9). Therefore, IT'(0)| = V 21164 +81 = 756_ \/;— Thus,
N= (-11, -8,9).
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Find a formula for the binormal vector B =T XN in the case of the helix R(#) = (3 cos 2, 3 sin 2¢, 8¢).

I R'(t)=(-6sin2t,6c0s21,8). |R(t)|=V36+64=10. Hence, T= 3(-3sin2t,3cos2t,4). Therefore,
T’ = {(—6cos2t, —6sin2t,0) = —$(cos 2¢,sin2t,0), and |T'|=%. Thus, N= ﬁ"—[ = —(cos 2t, sin 21, 0)
and B = TXN = §(—3sin2¢t,3cos2t,4) x —(cos 2¢,sin2t,0) = —4(—4sin2t, —4cos2t, —3) =
$(4sin 2t, 4 cos 2¢, 3).

Find an equation of the osculating plane to the curve R(t)=(2t— £, 5,2t + ) at t=1.

I The osculating plane is the plane determined by T and N; hence, the binormal vector B=T x N is a normal
vector to the osculating plane. R'(f)=(2—22,24,2+21).  |[R(D)|=V4(1 - 0> +4r2 +4(1 + 1) =2V3r + 2.

1 1 t
Thus, T()= —==== (2-21,21,2+2t). Herce, T'(f)= —=—=—=(-2,2,2)~
® 2V3t2+2( ) ® 2\/3t‘+2( )

372 (2_2t’
1 31 1
2,2+20. At 1=1, R'=(0,2,4) and T'=-z(-222)-5c=024)=1-7[5(-222)-

2 355 +2)
2 5V5 10V5
3(0,2,4)] = v (10,4, -2)= BV (—5,2,—1). Since T is parallel to R’ and N is parallel to T, a normal
vector to the osculating plane is given by (0, 2,4) X (—5,2, -1) =(-10, -20, 10) = —10(1, 2, —1). Therefore,
an equation of the osculating plane at (1,1,3)is (x—1)+2(y —1)—(z —3)=0, orequivalently, x+2y—
z=0.

Show that a normal vector to the osculating plane of a curve R(¢) is given by R’ xXR"
RI
I The osculating plane is the plane determined by T and N. Let D=R’XR" Now, T= W Hence,
d (1 . . .
T = I—li_'| R" + P (E,—l)R'. Since D-R'=0 and D-R"=0, it follows that D-T'=0. Thus, D is per-
pendicular to R’ and to T, and, therefore, to T and to N. Hence, D is a normal vector to the osculating plane.

Find an equation of the osculating plane of the curve R(f)= (3¢ 1~1r,¢) at (12, -1, 8) corresponding to
=2

I R'(1)=(61,-1,3)=(12,-1,12), and R"(t)=(6,0,6¢)=(6,0,12). Hence, R'XR"=(12,-1,12)x
(6,0,12) =(-12,—-72,72) = —12(1,6, —6). By Problem 45.19, —12(1, 6, —6), or more simply (1, 6, —6), is a
normal vector to the osculating plane. Hence, an equation of that planeis x - 12+6(y +1)—-6(z —8) =0,
or equivalently, x +6y—6z+42=0.

Find the curvature « of the curve R(f) =(sint,cos?, 3¢°) at ¢=0.

dT . . ds 5 1
= | —— = - — = |R' = + [ — —
I « dij Flrlst, R’ =(cost, —sint, 1), @ RO =V1+¢, and T \/—1—‘}—[—2 (cos ¢, smdt, 1)
- : - o 4 _ aT _
Hence, P _\/I—Tt; (—sint, —cost,1) W (cost, —sint, 1). At =0, i 1 and i
dT _dT/dt _ _ ﬂl_
(0,—1,1); therefore, —-=—-7"=(0,-1, 1) and «= 1% 1= V2.
. ‘R' X Ru|
Prove the following formula for the curvature: « = —W

d
I R =|R'|T. Hence, R'= [E ()R’l)]T + [R'{(T’). Note that T'= % (%r) =|[R'|«kN. Hence, R"=

d
[E(|R'|)]T+K]R'|2N. Therefore, R’><R"=|R’|Tx{[%(|R‘|)]T+K|R’|2N}=IR'I[%(lR'I)](TxT)+
«|RIY(TxN) = «fR'|(TxN). Since |TxN|=1, it followsthat |R’xR" = «|R'|.

Find the curvature of R=(e'sint,e'cost,e’) at ¢=0.

I R=¢'(sint, cost, 1). Hence, R’ =e¢(cos t, —sin 1,0) + e'(sin t, cos ¢, 1) = e'(cos t +sin ¢, cos t —
sint,1); R"=¢€'(2cost, ~2sint,1). At t=0, R*=(1,1,1) and R"=(2,0,1). Hence, R' xR"=(1,1, —-2),

. ' R'XR"| V6 _ V2
|R” xR"|=V6, and |R'|=V3. By Problem 45.22, k= RT = 6% =3
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Show that the gradient Vf of the scalar function f(x, y, z) = satisfies Vf= I;_ll: , where P=

(X, Yy Z).
I vi=(h g0 £ =

- x - y - z ) - L
(x2 +y2 + z2)3/2’ (x2+y2 + 22)3/27 (xZ +y2 + 22)312 lPIS P.

Compute the divergence, divF, for the vector field F=(xy, yz, xz).

h
I By definition, if F(x, y, 2)=(f(x, y, 2), g(x, y, 2), h(x, y,2)), then divF= g—£ + 3—5 + % In this
case, divF=y+ z+x.
Compute divF for F= &2 P where P=(x, y,2) and, therefore, |P|=Vx*>+y’>+ 2’
P ey, 2P PP P ’ ’ '
I Fry, 2= (=2 2 2 ). (%) Blostoianqe)y’
i (\/xz +y2+zz)3’ (\/x2+y2+zz)3’ (\/x2+y2+zz)3 ox |P|3 |P'6
P|> - 3x[P|*(d|P|/a P| - 3x(3|P|/d a|P 5
|P| x||6(||x)=|i x(“lix). But ||=_t9_(m—z)= x - X
7] ] x o Ve
3 ( x Pl=3x(x/|P)) 1 3%* . . a(y 1 3 d [ z
hertore, 2 (5) < PG 132 g 9 (r) LSy 0 (2
ereere Gx \ep T T e AN A T L AN
1 37 1 3 1 3 1 37 3 3 +y*+2Y) 3
L3 e qere (- 2) (L) (L33 et 3
L R A R TR TR A 5 PP
3PP 3 3 .
—%— = P~ PF =0. [In view of Problem 45.24, we have shown that 1/|P| satisfies Laplace’s equation at all

points except (0,0, 0).]
Let F(x, y, z) = (xyz’, x’yz, ~xyz). Find divF.
I givr=2 (xyz®) + 4 (Fyz) + A (=xyz) = yz* + x*z —
ax Y ay Y iz 4 y Xy

For any vector field F(x, y, 2) = (f(x, y, 2), g(x, v, 2), h(x, y, z)), define curl F.

oh dg of Jh Ig af) -
I curlF (ay 32" 9z ax’ ax dy) or, more vividly,

i j Kk
—uxf=|2 2 9

curl F=VxF = 9x dy 9z
f & h

Jd d 9
V= (- -— —*)
where x> 3y’ 32
Find curl F when F=(yz, xz, xy).

_(2Gy) _ 9(xz) d(yz) _dlxy) d(xz) _ d(yz)
! curlF—( dy dz ’ dz ax ’ dx dy

)=(x--x,y—y,z--z)=(0,0,0)=0.

Compute divP and curl P, for P=(x, y, 2).

I oaive=S%+92 .92 _1i141=3 curlP=(
dx dy 9z
0.

9z _dy dx 9z 3_y_a_x)_ IR
9y 9z’ az 9% ax ay)~(0-00-0,0-0)=

Compute divF and curl F for F = (cos 2x, sin 2y, tan 2).

) D o+ D an o) e —2si 2
1 divF = " (cos2x) + 3y (sin 2y) + 37 (tan 2) 2sin2x + 2 cos 2y +sec” z
i in?2 d
curl F= (a(tan z) _ d(sin2y) ’ d(cos2x)  d(tan z) , d(sin2y)  J(cos 2x)) ~(0-0,0-0,0-0)=0
dy az iz ax dax ay
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Show that, for any scalar function f(x, y, 2), divVf=f_+f +f. . (Thelatter sum, called the Laplacian of f,
is often notated as V°f.)

I V=(f. f £ Hence, dv¥f= 20 (£)+ 5 (£)* 32 (F)=fu*fy+fon

For any scalar function f(x, y, z) with continuous mixed second partial derivatives, show that curl Vf=0.

1 Vf=(f.f 1) Then cutdVf=(f -f.. f.-f Ffn —fxy) =(0,0,0)=0. Here, we used the
equality of the mixed second partial derivatives.

For a vector field F(x, y, z) =(f(x, y, 2), g(x, y, z), h(x, y, z)), where f, g, and h have continuous mixed
oh ag) +

second partial derivatives, show that divcurl F=0.
3 (af ah) d (ag
. = — =]t == -
) So divcurl F= (ay dz dy \dz dx dz \dx

h
I curlF= (3 ‘?_g’ ¢9_f_ﬂ’ ig_.‘?f
of dy dz' dz dx’ dx dy

b—)_;)':hyx—gzx—{-fzy_h.ry+gxz—fj\'z=(hyx_h.\’_v)+(gxz gzx)+(fzy fvz)=0+0+0=0'

For a scalar field f and a vector field F, prove the product rule div (fF)=fdivF+ Vf-F

I Let F=(¢(x.y,2), ¥(x,y,2), n(x, y,2)). Then div(fF)=div(f$, fb, fn)=fb. +fd+fb,+fu+
fo.+fon=fé + U, tn.)+ ([, £, ) (&, ¥, m)=f divF + Vf-F.

For a scalar field f and a vector field F=(¢, ,n), prove the product rule curl (fF)=fcurl F+ Vf xF.

I fF=(f$, fo, fn). Hence, curl (fF)=((fn), = (f).,(fd). = (fm).. (f&). = (f$),)=(fn, + f,n—
fb.=fy, fo.+fd—fo.~fim,  fb bS8, f¢) (fn, = fb., fo.—fn. fb—fb)+(fn— L.
f.¢ = fon, L4 — f.d) = f curl (o, df,n)+(f,,fy,f)x(¢ $,m)=f curl F + Vf X F.

For vector fields F=(f, g,h) and G=(é,¢,n), prove div(FXG)=curlF-G—-F-curlG.
I FxG=(gn—hy, hé—fn, fo—gs). Hence, div(Fx G) (gn — kW), + (hd = fn), + (fb — g#). =

gn.+gm—hy —h !/f+h¢ thé=fo,~fn+fb,+fd—gh, — = ¢(h,—g)+ —-hJ)+ -
£)+ 0, —n.)+ g(n, — 6,) + h($, ~ 4.) = G- curl F — F- curl G. P78 T k) +ale,

Let P=(x, y,z). For any function f(«), show that curl (f(}P|)P)=0.

I curl (f(IP)P) = curl (xf(IP]), yf(IP)), zf(P|)) = (—[Zf(lPI)]‘——[,Vf(IPl)] —[Xf(IPI)]——[Zf(IPI)]

a—i Iyf(PD] - (—% [xf(lP|)]). Consider the first component:

J 3 3 a y z
AP = VE Ty w2~y () = Ve y + 2 = () (2 - )=0.
£(P) 5 Vi Oy e Ry e e
Similarly, the second and third components also are 0.

Prove that div(Vf X Vg) =0 for any scalar functions f(x, y, z) and g(x, y, z) with continuous mixed second
partial derivatives.

I By Problems 45.33 and 45.37, div(Vf xVg)=0-Vg—Vf-0=0.

Use a line integral to find the mass of a wire running along the parabola €: y=x* from (0,0) to (1, 1), if the
density (mass per unit length) of the wire at any point (x, y) is numerically equal to x.

I m=], xds=L xy1+ (%)“dxqg AV1+ax de=5-3(1+4x)2 )= £[(5)2 - 1] = £(5V5 - 1).

Evaluate the line integral [,F-Tds for F=(y,0,zy), where € is the helix (cost,sin¢,3t), 0=<:=<
2@, (Here, T denotes the unit tangent vector along the curve.)

NEXRS (e de)_ e i

I 1f s denotes the arc length, T_(ds’ds’ds , then F- T2 (y,0, zy) o’ -d—s,agz —yz+zy e
dx dz T( dx dz T .

Hence, I@F-Tds=L(y~d—s—+zya—§)ds=Lydx+zydz=L (ya;+gy2;>dt= A I(sin £)(—sin 1) +

. 2w
(3tsin 1)(3)] dr = f2™ (9t sin ¢ —sin? 1) dr = [9(sint— tcos 1) — % (: - 5“‘22')] ]0 =9(=2m) - }(27) = -197.
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Evaluate L=, ydx+zdy—xdz, where ¢ is the line segment from (0, 1, —1) to (1,2, 1).

’dParamfi:tric equations for € are x=t, y=1+¢t, z=-1+2t for 0=r=1. Hence, L=L (_\'-t-i-t-+
z—X—x—Z)dr=L,'[1+t+(—1+2t)—2t]dt=fgtdt=%t2];=%

Find the work W done by a force F = (xy, yz, xz) acting on an object moving along the curve R(f) = (¢. 1%, 1*)
for O0=¢r=1.
I w=[,F:-Tds= [ F-R()dt={3 () + )2+ ()3P)]dr=1+5=%.

Let € be any curve in the xy-plane. Show that f, ydx+ xdy depends only on the endpoints of €.

d *d b
I ofoyaesdr=[ (yEsx D) a=[ L @ya=r] =000 - x@y@.
Prove that any gradient field Vfin a region is conservative. More precisely, if € is any curve in the region from a
point P to a point Q, then [, Vf-T ds = f(Q) — P).

I 1If € is given by x(8), y(0), 2(t)) for a=st=b, [V -Tds=[,f dx+f dy+f dz= jb<f,%+
2t B ar= [T a0, 00, 20 de = Fxe), 50, 26D ), = KQ) = FP). (Note: The converse

also holds if any two points in the region can be connected by a continuous curve lying in the region.)

If € is the circle x> +y* =49, F(x, y)=(x> ¥°), and n denotes the exterior unit normal vector, compute
e F-nds.

dy dx) . (dy dx) . 5

= 2 2 = —_— - — 2 —_y =
I |, Fdn ds L % y)- ( a5’ " s ds, since n s d) Hence, we obtain [, x* dy — y~ dx
fo (x d)t) ¥y ‘f;) dt, where € is parametrized as x=7cost, y=7sint, 0=¢=27%. Thus, we have

{27 (7% cos® 1)(7 cos t) — (7* sin® 1)(—7T sin £)] dt = (7) fo (cos t+sin’ £) dt = (7) f27 [(cos t —sin® t cos 1) +
(sin ¢ — cos® ¢sin £)] dt = (7)°(sin t — § sin’® t —cos t + § cos® £)]2" =0 (by periodicity).
State Green’s theorem in the plane.
I 1f €is a closed plane curve bounding a region # and n denotes the exterior unit normal vector along €. then
¢ F'nds=[f{divFdA for any vector field F on &.

R
Verify Green’s theorem (Problem 45.47) when F=(3x,2y) and & is the disk of radius 1 with center at the
origin.

a
I divF= o G0+ (—% (2y)=3+2=5. Therefore, ff divFdA =5 H dA =5 (area of R)=5m. ¥ is the
circle x=cosr, y=sint, 0=t=27. Then, f(,o F-nds={, (3x 2y)- ( - ﬂ) ds =J; <3x —- =

d Z
2y—£)dt=J‘OZn[3cost-cost—2sint(—sint)]dt= o™ (3cos® t+2sin’ t) dt = 27 (2 4 cos? 1) df = ) 24

1+0052t) __<§ sin2t>]2"_§ B
—s dt = 2t+ 4 o =3 27 =5

Gauss’ theorem, [[F-ndS=[[[divFdV, where € is a closed surface bounding a three-dimensional region

€ Ed .
@R, is the analogue to Green’s theorem in the plane.  Verify Gauss’ theorem for the surface €: x>+ y* + z° = @’
and the vector field F=(x, y, z).

I Wehave divF=1+1+1=3 and,on %, F=an. Hence, the theorem reads

Hads=m3dv o Ve as

which is the correct equation {wa’ = {a(4ma®).
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dy 5x
Solve pri 7y

I The variables are separable: 7ydy=5xdx. Then, [7ydy=[5xdx, 7-3y’=5-1x*+C,, y'=
$x* + C. Here, as usual, C represents an arbitrary constant.

dy _ sy
Solve e Tx

1 1
I The variables are separable. 7];dy=5];dx, 7in|y|=5In|x|+ C,, In|y|=3In|x|+C,, |y|=

5(In [x|+Cy)/7 5(In {x{)/7 _
€ ! ’ ,}’,—

=¢%-e G,|x|*"7, where C,=¢e“>0. Note that any function of the form y=
Cx*'7 satisfies the given equation, where C is an arbitrary constant (not necessarily positive).

dy
Solve poi ky.
I Separate the variables. f dy = jk dx, In|y|=kx+C,, |y|=e""1=¢ = C,e”". Any function
of the form y=Ce* isa solutlon
dy _
Solve il

d 2 2 22 2 .
J }X = f xdr. In|y|=1ix*+C,, |y|=e"**=¢%. 2= C,e”". Notethat y=Ce*'> isageneral
solution.

dy _
Solve pi ay(1 — by).

. dy 1 b
I Separate the variables. f—=jadx, J(——+ )d =fadx, Inlyi—In|l—-by|=ax+ C,,
p Sa=by) ) L4 [yl =In |1 - by| :
I-b})‘ =e—ax—Cl=e—Cl —ax
y

I =ax + C,, A ) Taking reciprocals, we get I

In 1= by

e =

y
1-by

! 1 _ . . .
Ce™*". Hence, I; - b] = Ce **. 1If we allow C to be negative (which means allowing C, to be complex),

1 —ax l_ —ax . 1
[ mb=Ce S=br G y= .
d 2
Solve —a%:—z,.
I [y dy=[x"dx, 1y*=1i+C,, y'=4+C
Solve x-—y Zﬁ 0.
d
] Eii:)% [yPdy=[xdx, }y’=3+C, y’'=3ix+C.
Solve x+y%=2

d
1 y—y=2—x, fydy=[Q2-x)dx, iy’=2x-ix*+C,, y’=4x—-x"+C.

Solve yd—y—(1+y)x2=0.
— Yy v 2 _ — 1,3
4 ydx 1+ y)x? j1+ dy = fxdx I(l )dy fx de, y—-Injl+y|=4ix*+C.

431



432 [l CHAPTER 46

46.10

46.11

46.12

46.14

46.15

46.16

Solve y % -1 +yHr=0.

d
Iy =+y)2, flfyzdy=fx2dx, In(l+y)=4C+C, m(A+y)=31’+C, 1+4y°=

2x¥3+C C, 2x¥3 2:%3 2 20%3
e 2= %27 = Ce™™, y'=Ce™ —1.

dy 1+y°
Solve 12
dy dx - - - tan (tan”' x) + tan C
1 | —-= tan”' y=tan"' x + =tan(tan ' x+ C,) = !
1+4y? 1+ x*’ an " y=tan x+C, y=tan(tan""x+C,) 1-tan(tan"' x)tan C,’
x+C
Y=1TCe where C=tanC,.

Solve (1+ x)e™ —% =1.

. dx
’]e”dy=f1+x, je¥=ml1+x/+C, e”=3m[1+x|+C, 3y=ln@ljl+x/+C), y=
Im@Ginjl+x|+ C).

dy__\/l—y2
Solve - V1= 2

dy dx .- .-
1 f =f , sin"'y=sin"'x+C,
Vi-y? Vi-x? Y
y =sin (sin"' x + C) =sin (sin”" x) cos C + cos (sin "' x) sin C=x cos C+ V1 —x’sin C

Solve % =3x%7 given y(0)=3}.

1 f%=[3x2dx, —%=x3+C, y=-
y=-1/(x-2).

Pl Since y(0)=4%1, 4=-1/C, C=-2. Hence,

d)’__ 2 2
Solve dx_1+y+x + yx~.

d d
Ey=y(1+x2)+1+x2=(y+1)(1+x2). )Tyf=j(l+x2)dx’ Injy+1=x+i*+C, |y+1]=

3 3/3
eC|_ex+x/3, y___ Cex+x _1'

Solve xdx+ydy=xy(xdy—ydx).

d
I x(1+y*) de=y(x*-1) dy, TXI_;)—z=J’x)§(ixl, In(1+y)=3m|®-1+InC, (1+y)*=C,(x* -
1Y% 1+ y* = C(x* - 1).

d
Solve y'=(x+y)> (As usual, y'= sz)

{i The variables do not separate. Try the substitution z=x+y. Then, z'=1+y". So z'-1= P
EZ =2z+1. Now, the variables x and z are separable. f —24{-—1 = f dx, tan"'z=x+C, z=tan(x+ C),
2

x+y=tan{(x+C), y=tan{x+C)—ux.

dy _x+2y

Solve dx - 3y-2x

f The variables are not separable. However, on the right side, the numerator and denominator are

homogeneous of the same degree (one) in x and y. In such a case, let y=wvx. Then, Exx =v+x 2%
dv  x+2vux 1+2v dv 1+2v 1+4v -3 .
Hence, v+ x — = = Thus, x = —————onH-——_  Now the variables x and

dx 3ux-2x 3v-2° dx 3v-2 YT T3—2
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3v-2 J'dx 1 a2y 2§-1/2 _
v are separable. fl+4 —3v Jln[l+4v-30°l=In|x|+InC,, Injl+4v-30%"2=

In(C,lx|), 1/V1+4v-30>=C,x|, Vi+d4v-30>=1/(Clx]), 1+4v-30>=1/(C,x"), 1+4(y/x)—
3(yix)’ =1/(Cx%), x*+4xy—-3y’=C.

dy 2’ +y°
Solve pi 2y 13y

I The variables are not separable. But the numerator and denominator are homogeneous in x and y of degree

2 2.2 2
2. Let y=uvx. Then % =v+x % Therefore, v+ x Z—z =- 2x§5x)++x3(l:)x)2 =- 23 :_ ;vz' Hence,
d_=_( 2+0v° )_____2+302+3v3 ™ b1 d bl f(Zv+3vz)dv=
x - 30T Ty e variables v and x are separable. T3 130
ffxx— LInR+30 +30° = -lnlxl+In C,, 24307 +30°[ = Clxl, 24307+ 30| = C/|xl,
2+3(y/x)* +3(y/x)’| = C/ x|, |2x° +3xy?> +3y*| = C,, 2x°+3xy’+3y°=C.

Find the curve that passes through the point (1, 3) and whose tangent line at (x, y) has slope —(1+ y/x).

t_iz__( x)__ﬁz - do_ xtvx_ dv_ _
1 - \1+7)= T Let y=vx. vtx—= S =~ (+v). x - =-(Qu+1). Nowx

d d.
and v are separable. fﬁ-%—l=-—”' ;x’ imPv+1=-Ilnlx|+lnC,, Rv+1]"?’=C/lx|, 2v+1=

C/x*, 2(y/x)+1=C/x* 2xy+x*=C. Since the curve passes through (1,3), 6+1=C. Hence, 2xy+
2
x =7

A boat starts off from one side of a river at a point B and heads toward a point A on the other side of the river
directly across from B. The river has a uniform width of ¢ feet and its current downstream is a constant a ft/s.
At each moment, the boat is headed toward A with a speed through the water of b ft/s. Under what conditions
on a, b, and c will the boat ever reach the opposite bank?

I See Fig. 46-1. Let A be the origin, let B lie on the positive x-axis, and let the y-axis point upstream. Then
the components of the boat’s velocity are dx/dt= —bcos@ and dy/dt=—a+ bsinf, where 0is the angle

dy _—a+bsing _ —a+b(-yNx’+y)) aVx’+y’+by

from the positive x-axis to the boat. Hence,

dx = ~bcos®  _pxi\xP+y?) bx i
The numerator and denominator are homogeneous of order one in x and y. Let y=1zx. Then, z+x Exi =
aVx* + 2" + bzx _aV1+2°+bz ™ dz aV1+z f J'dx Bv means of a
b 5 . us, X =T ,-—1 7 b . y

trlgonometrlc substitution on the left, we get In|V1+ 27+ zl (a/b)In|x| +In K, [V1+ 2%+ z]=K|x|"",
x°+

Ty x Kxﬂ/b ‘[x +y +y Kxa/b+1 At t=0, x=c and y=q' Hence’ c= Kca/b-f—l,

and, therefore, K=c "%, Thus, c¢”°(\x>+y>+y)=x"*"" Solve for y= o (/0 = Rarbygimarty

Casel. 1-—a/b<0. (Inthiscase, b< g, thatis, the current is faster than the speed of the boat.) Then, as
x—0, y——o, and the boat never reaches the opposite bank. Case 2. 1-—a/b=0. (In this case, the
current is the same as the speed of the boat.) Then, as x—0, y-——31c, and the boat lands at a distance
below A equal to half the width of the river. Case3. 1—a/b>0. (In this case, the boat moves faster than the
current.) Then,as x-—0, y—0, and the boat reaches point A.

Fig. 46-1



434 [] CHAPTER 46

46.22

46.23

46.24

46.25

46.26
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Find the orthogonal trajectories of the family of circles tangent to the y-axis at the origin.

I The family consists of all curves (x —a)’ +y*=a°, with a#0, or

x> +y* =2ax (1)
d d
Differentiate:  2x +2y a"—' =2a, x+y -d—i =a. Substitute this value of a in (1), obtaining x*>+ y’>=
dy dy . . . . .
2xlx+y ) To find the orthogonal trajectories, replace p by its negative reciprocal, which will be the
slope of the orthogonal curves:
x2+y2=2x(x— }%) )
¥+y: -y 2x
Solve for y': _y_, =x- = , Y == Y 5. The numerator and denominator on the right
y 2x 2x x'—y
dv 2x°v 2v dv 2v v+v’
are homogeneous. Let y=wvx. Then U+x3;=x—xv =1—v’ x—‘zx—=1_vz—v=l_u.
1= v f —. By a partial-fractions decomposition, f — - 2f s dv = f —, Injv[-In(1+
vtu’ ix 1 +
v yix Yy
= + = — = —_— = +yi= = +y*=2K 4+(y—
In|x|+1In C,, 1o Cx, I+ y7 Cx, I C, xX*+y° Cy, X +y? y, x°+(y

K ) K> This is the famnly of all cnrcles tangent to the x-axis at the origin.

Find the orthogonal trajectories of the family of hyperbolas xy =c.

d
1 xy’+y—0 Replace y' by —1/y"t —x/y'+y=0, zy=

2

5, [ydy=[xdx, 3y*=3x"+C, y'=
x*+ C, y*—x>=C. Hence, the orthogonal trajectories form another family of equilateral hyperbolas (and
the pair of lines y= *x).

Find the orthogonal trajectories of the family of all straight lines through the origin y = mx.

= Yooy : inrocal: 1 _y &__x -
ZomE Replace - by its negatlve reciprocal: T Did % , Jydy=-{xdx,

iy’=-1x"+C,, y’=-x*+C, x*+y’=C. Thus, we have obtained the family of all circles with center at
the origin.

Determine whether the equation (y —x*) dx + (x + y*) dy =0 is exact. If it is, solve the equation.

. IM _IN oM 4 IN
“+ = 1 f d l i — =, 1 — I — — 3 = —— =
I Mdx+Ndy=0 Iisexact if and only if 3y T In this case, 3y - 3y (y—x)=1 and

J . .

5 (x +y*)=1. Hence, the equation is exact. To solve, we first find g(y)=f<N— %fde) dy =
d J 1

Hx Y gy Uy =2 dxljdy x+y’ 7 =g X )|dy = [ty —x)ydy = |y dy =iy~

Then set f(x, y)=[ Mdx+g(y)=yx—4ix*+ Ly* The left side of the original equation is equal to df.
Hence, the solutionis yx—ix*+1y*=C,, or 4yx—x*+y*=C.

Determine whether the equation (cos y + ycosx) dx + (sinx — xsin y)dy =0 is exact. If it is, solve the
equation.

1 ‘-f; {cos y + y cos x) = —sin y + cos x. i (sm x — x sin y) =cos x —sin y. Hence, the equation is exact.
As in Problem 46.25, let g(y)=|{sinx—xsiny— — [f (cos y + ycos x) dx]} dy = j [smx xsin y —
% (xcosy+ysinx)|dy=|[sinx —xsiny— (- xsmy+smx)] dy=10dy=0. Set f(x,y)=[(cosy+
ycosx)dx+0=xcosy+ysinx. Hence, the solutionis xcosy+ ysinx=C.

d
Explain the method of solving 2% + p(x)y = q(x) by means of an integrating factor.

d,
’ Define the integrating fafitor p=exp{f p(x) dx]. Hence, 25 =exp[f p(x) dx]- p(x) =p-p(x). Thus,
(p )=p —=— pH Bg y=p Z{- + p-p(x)-y. I we multiply the original differential equation by p, p Ey +
) 1
p p(x) y=p-q(x). Hence, — (py)=pgq(x). So py=Jpg(x)dx+C, and y= » [J pg(x) dx + C].
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dy  _ o«
Solve a+y—e.

I Use thlc method of Problem 46.27. p=exp([1dx)=¢", and [pg(x)dx=[e e dx=[e"dx="L1e"
So y= (e + C)=Le" + Ce™™.

dy 1
Solve E+§y—1.

I Use an integrating factor. Let p =exp <f % dx) =e*? Then [ pg(x)dx=[e"">dx=3¢"> There-
fore, y=e *?(3e">+ C)=3+ Ce™*".

O
Solve xdx+y—x.

1 nx
I Divide by x: % + % y=1. Use an integrating factor: p =exp <J’ P dx) =¢"*=x. Then [ pg(x)dx=

fxdc=1x’ and y=(1/x)(ix>+ C)=Lix+ C/x. Another method: d(xy)= d(x*/2).

dy .
Solve 2 Yy Tsinx.

I Use an integrating factor. p=exp[f(-1)dx]=e"" [ pqg(x)dx={e *sinxdx=—Le *(sinx + cos x).
(The last result is found by integration by parts.) Hence, y=¢€[-5e " (sinx +cosx)+ C]=
—3(sin x + cos x) + Ce".

Find a curve in the xy-plane that passes through the origin and for which the tangent at (x, y) hasslope x* + y.

d 2 d . . -
1 d—i =x'+y, i —y=x" Use an integrating factor. p=exp[f(~1)dx]=¢e"" [ pg(x)dx=

fe*x*dx=—e "(x*+2x+2). (The last equation follows by integration by parts) Hence, y=
e[-e "(x*+2x+2)+ C], y=—-(x+2x+2)+ Ce". Since the curve passes through (0,0), 0=-2+C
C=2. Thus, y=—(x>+2x+2)+2e"

£

Find a curve that passes through (0, 2) and has at each point (x, y) a tangent line with slope y —2e¢™*

Z=y-2e". = -—y=-2¢"" Let p=exp[f(—1)dx]=e". Then [pg(x)dx=-2[e *dx=e"

Therefore, y=e"(e >+ C)=e "+ Ce". Since the curve passes through (0,2), 2=1+C, C=
1. Hence,y=¢ "+ e =2coshx.

2xy

2 2
- X

Find a curve that passes through (2, 1) and has at each point (x, y) a normal line with slope

I The slope of the tangent line is the negative reciprocal of the slope of the normal line. Hence,
dy x’-y’ Let ve Then +x@_xz—xzvzzl—vz Th v _1-v*  1-30°
dx 2xy et y=uox en v dx 2x(vx) 2v us, X dx 2v v= 2v

d
Now x and v are separable. 2_[1—_%—0—5 dv=j %, -3In|1-3v°|=In|x]+InC,, |1-3v%|7"’=C,|«],

1-3v"=C,/x>, 1-3(y%x*)=C,/x’, x*—3xy*=C,. Since the curve passes through (2,1), 8—6=C,.
Thus, x> —3xy’=2.

Solve y'+ % y = 6x".

I Use an integrating factor. Let p=exp ([ % dx) =" *=x> Hence, [pg(x)dx={x*6x’dx=
6fx*dx=2%x" Then y=(1/x*)(¢x’+C)=5%x*+Clx>

dy
— + = .
Solve tan x ! y S€C X

I Muitiply through by (cos x) dx: (sinx) dy + yd(sinx)=dx, d(ysinx—x)=0; ysinx—x=C.
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Find a curve in the xy-plane passing through the point (1, 1) and for which the normal line at any point (x, y) has
slope —xy>.

. 1 d 1 1
I The tangent line has slope el So Exx “ 5 Hence, fyz dy=f 5 @ 1y’ =Injx|+ C,,
y =3In|x|+ C. Since the curve passes through (1,1), 1=3In1+C, 1=3-0+C, C=1. Therefore,
y*=3In|x|+1, or x=e“ """ [This is the branch through (1,1)].

Find a curve in the xy-plane that passes through (5, —1) such that every normal line to the curve passes through
the point (1, 2).

— 2 —_
I The normal line at (x, y) has slope 1 Hence, the tangent line has slope }IT; Thus, % =
1 —_
—>- S0 f(y-2)dy=[(1-x)dx. Therefore, }y’~2y=x-1+C, x -2x+y-4y=C,

(x—-1*+(y—-2)°=C,. Since the curve passes through (5,-1), 16+9=C, Hence, (x—1)>+(y -
2)>=25. Thus, the curve is the circle with center at (1,2) and radius 5.

Find the curve that passes through (0, 4) such that every tangent line to the curve passes through (1, 2).

y—2. Hence, d_yzy—?,. Thus Id—yz dx s
y— 2 y—2 x—1 dx x—ll y - x—1
Inly—-2|=lnjx-1+C, In - =C, Py =C,, y—2=C/{x—1). Since the curve passes through
0,4), 2=C,(-1), C,=-2. Hence y~2=-2(x—1), y=-2x+4. Thus, the curve is the straight
line

I The slope of the tangent line at (x, y) is

Find a procedure for solving a Bernoulli equation
y' tpxy=qx)y" (n#1) (1)

I Let v=y'"" Then v'=(1-n)y"y. From (1), (1—n)y "y +1—np)y' " =1~ n)g(x).
Hence,

v’ + (1~ n)p(x)v =(1-n)q(x) )

Now we can use an integrating factor. Let p=exp (1 —n)p(x)dx. Then v= bl— [f (1= n)pg(x) dx + C],

1/(1—n)

and y=v
Solve xy’'—2y=4x’y">
I The given equation is equivalent to
2
y - sy=axty'” (1)
Use the method of Problem 46.40, with n= 1. We get the equation

1
v’—;v=2x2 2)

Let p=exp(f—%dx)=e"“"=%. Hence, v=ux(f2xdx+ C)=x(x*+ C). Then, y=uv>=x*(x"+ C)>

Solve the Bernoulli equation  y’ — (1/x + 2x*)y = x*y”.

se the method of Problem 40. t v=1/y, v =-—-y'/y. en, v’ + x+x V=X et
I Use th hod of Problem 46.40. Le 1/ ! 'y Th (1/x+2 L

—2x5%5
p =exp [j (% + 2x) dx] = elnx+2xs/5 ___xezx5/5_ Then, v=— % e—zXS/s(I xaezﬁ/s dx) - %er E C) -
1+ Ke'z‘s’s) 2x
- (T . Therefore, y= s Ke_z"s’s'
Consider the Riccati equation
y' = P(x) + Q(x)y + R(x)y’ (1)

If y, is a particular solution of (1) and z is the general solution of the Bernoulli equation
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z2'=(Q +2Ry,)z =Rz’ 2)
show that y=y, + z is a general solution of the Riccati equation (1).

I 1. Assume y= y,+ 2z, where z is a solution of the Bernoulli equatlon (2). Then, y'=y +z'=
(P+QyP+Ry,,)+[Rz +(Q+2Ryp)z] P+Q(yp+z)+R(yp+2ypz+z) P+Qy+R(yp+z) =
P+ Qy +y Hence, y is a solution of (1). 2. Assume y is a solution of (1). Let z=y-y,. Then
2=y =y, = (P+Qy+Ry)=(P+Qy, +Ry}) = Q(y = y,) * R(Y* = y}) = (y =y, NQ + R(y + y,)I =
z[Q + R(z +2y,)] =2(Q +2Ry,+ Rz) = RZ>+(Q + 2Ry,)z. Thus, zisa ‘solution of the Bernoulli equation
2).

Solve the equation
y’==—x5+§+x3y2 (1)

I This is a Riccati equation (see Problem 46.43). Note that ¥y, =x is a particular solution. Consider the

corresponding Bernoulli equation z'—(1/x+2x*)z=x2"> By Problem 46.42, its general solution is

z=- —Zx____ Hence, by Problem 46.43, a general solution of (1)is y=x - 1—1?‘2_5’—;
+ Ke™™

1+ Ke-sz/S
Solve xy"+y'=x.
I (xy)Y=x, xy'=3x"+C,, y'=ix+Cix7,y=1x"+C/ln|x|+ C,.

Solve y"—(y')’=0.

I Let zd =y. Then z’—2z’=0 is a first-order equation. dz/dx =2z’ The variables x and z are separ-
able. f Z—i =|dv, —1/z=x+C, z=-1/(x+C). Hence, dyldx=-1/(x+C), y=~Inlx+C|+K.

Solve y"+ a%ly’=0.

2
I Let z=y". Then y"=%=;i_;.%=%-z. Hence, zj—;+a—3=0, zj_;j:_% y and z are
separable Izdz——az @y 122—1"_2+C zz_a_2_+c_a2+Cy2 Q_\/aerCyZ
p d- y39 2 2 y2 17 yz ——y2 R dx ‘_y s
j\/zj z fdx V@ +CyP=x+K, @+ Cy'=CHx+K)
a“+Cy

Describe the solutions of a homogeneous linear differential equation of second order with constant coefficients:
y'+by +cy=0 1)

I Consider the auxiliary quadratic equation
Ww+but+c=0 (2)

There are three cases. Case 1. b” —4c>0. Hence, (2) has two distinct real roots r, and r,. Then, the
general solution of (1) is C,e"™ + C,e””. Case2. b*—4c=0. Hence, (2) has a double root r. Then the
general solution of (1) is (C,+ Cx)e™, or C,e”* + C,xe™. Case 3. b’ —-4c<0. Hence, (2) has two
distinct conjugate complex roots r,=p+ig and r,=p—iq. Then the general solution of (1) is
(C, cos gx + C, sin gx)e””.

Find the general solution of y"+4y’'+3y=0.

I Solve the auxiliary equation u’+4u+3=0. (u+3)(u+1)=0, u=-3 or —1. Hence, by Problem
46.48, the general solution is C,e™* + C,e >

Find the general solution of y"— S5y’ +4y=0.

I Solve the auxiliary equation u?—Su+4=0. (u—4)(u—1)=0, u=4 or 1. By Problem 46.48, the
general solution is  C,e* + C,e*.



438 [J CHAPTER 46

46.51

46.52

46.53

46.55

46.56

46.57

46.58

Find the general solution of y“+y’'—6y=0.

I Solve the auxiliary equation u*+u—6=0. (u+3)(u—-2)=0, =-3 or u=2. ByProblem46.48,
the general solution is C,e** + C,e™>".

Find the general solution of y”"—4y'+4y=0.

I Solve the auxiliary equation u’—4u+4=0. (u—2)>=0, u=2. By Problem 46.48, the general solu-
tionis (C, + C,x)e

Find the general solution of y"+2y’+2y=0.

~2xV -4
I Solve the auxiliary equation u”+2u+2=0. u= -—-22— = -—1=%i. By Problem 46.48, the general
solution is  (C, cos x + C, sin x)e™ .
Find the general solution of y"+y' +y=0.
-1V - 1 V3
I Solve the auxiliary equation u’+ u +\/1_=0, u= ———2——§ =—3* 5 i By Problem 46.48, the
3 -
general solution is | C, cos - X + C, sin KN x)e *2
d>
Find the general solution of d—}; = —g’y, where a>0.
x

I This is equivalent to y"+a’y=0. Solve the auxiliary equation u’+a’=0, u==*ai. By Problem
46.48, the general solution is C, cos ax + C, sin ax.

Given a linear differential equation of nth order, with coefficients a, = a,(x):

y(n)+an—1y(n-l)+"'+a1y’+aoy=f(x) (1)

If y, is a particular solution of (1) and if y, is a general solution of the corresponding homogeneous equation
YO +a,y" T+t ay +ay =0 2)

prove that y, +y_ is a general solution of (I).

I Clearly, y,+y, isasolutionof (1),since (y,+y,)* =y%® +y® . Conversely, y is a solution of (1),
it is obvious, by the same reasoning, that y -y, is a solution of (2). Hence, y-—y, has the form
Yo SO0 y=y, +y,.

Apply the theorem of Problem 46.56 to the first-order linear equation y’ + p(x)y = gq(x), and thereby retrieve
the integrating-factor method (Problem 46.27).

I First solve the homogeneous equation, which is separable: Y.+t px)y, =0, yly,=-pkx), Iny, =
—[ pxydx + C,,

.= Coxp| - [ pry ary= €

Now look for a particular solution of the nonhomogeneous equation of the form y = z/p; exploit the fact that
p' = pp. .
Y Y f
-2 - z+=z= z'= z= dx
P o2 P q pq rq

Thus our general solution is y, +y, = p ([ pgdx+ C), asin Problem 46.27.

Find a general solution of
Y45y +dy=1+x+x" 1)

I A general solution of y'+5y' +4y =0 is obtained from the auxiliary equation W+Su+4d=
(u+4)(u+1)=0. The roots are —1 and ~4. Hence, the general solution is C,e™* + C,e ™. We guess
that a particular solution of (1) is of the form y= Ax*+ Bx+ C. Then, y'=2Ax+ B, and y"=2A.
Therefore, 1+x+x’=y"+5y +4y=4Ax" +(10A +4B)x+ (2A+5B+4C). Thus, 44=1, A=1.
‘Also, 1=10A+4B, 1=10(;)+4B, B=-}. Finally, 1=24+5B+4C, C=%i(1-2A-5B)=
i(1-53+2)=1. So a particular solution is }x*— 3x + 33 = %(8x* = 12x + 19). The general solution is
5(8x" — 12x +19)+ Cie™* + C,e™ ™~
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Solve y"—S5Sy’+4y=sin3x.

I A general solution of the homogeneous equation y”—5y’+4y =0 was found in Problem 46.50; it is
C,e" + C,e*™. Let us guess that a particular solution of the given equation is y = Asin3x + B cos3x.
(An alternative to guessing is provided by Problem 46.65.) Then y'=3Acos3x—3Bsin3x and
y"=—-9Asin3x —9Bcos3x. So sin3x=(—9Asin3x — 9B cos3x) — 5(3A cos 3x — 3B sin 3x) + 4(A sin3x +
B cos 3x). Equating coefficients of sin 3x and cos 3x, we get —94A+15B+4A=1 and -9B—-154A+4B=0,
or, more simply, —5A+15B=1 and —15A—5B=0. Hence, solving simultaneously, we get —50A4 =1,
A=—-%, and B=3. Therefore, y=%(3cos3x—sin3x). The general solution is %(3cos3x—
sin3x) + C,e* + C,e*".

Solve y"+2y'+2y=¢>"

I The general solution of the corresponding homogeneous equation was found in Problem 46.53: V.=
(C,cosx+ C,sinx)e™™ Letustry y=Ae>™ as a particular solution of the given equation. Then, y'=
34¢* and y"=9A¢”". So 9Ae™ +6Ae +2Ae* =€> Hence, 15A=1, A=+{. Thus, a particu-

lar solution is y = &€, and the general solution is Fse** + (C, cos x + C, sin x)e ™.

Solve y"+y’'—12y = xe”.

I A general solution of the corresponding homogeneous equation is C,e** + C,e™®, since 3 and —4 are
the roots of the auxiliary equation u’+u—12=0. Let us try y=(A+ Bx)e* as a particular solution
of the given equation. Then y'=(A+ B+ Bx)e”, and y”"=(A+2B+ Bx)e®. Thus, (A +2B+ Bx)e" +
(A+ B+ Bx)e®* —12(A + Bx)e* =xe". Hence, (A+2B+ Bx)+(A+ B+ Bx)—12(A+ Bx)=x. Equating
the coefficients of x as well as the constant coefficients, we get —10B=1 and -10A4A +3B=0. Therefore,
B=-1% and A=-1%. Thus, y=—1%5(3+10x)e", and the general solution is —1p(3+ 10x)e* +
Ce” + Ce ™.

Find a general solution of
y"'+9y = e* cos 2x (1)

I A general solution of the corresponding homogeneous equation was found in Problem 46.55: y =
C,cos3x+ C,sin3x. Letustry y=Ae cos2x+ Be"sin2x  as a particular solution of (1).  Then
y' = A(e* cos2x —2e” sin 2x) + B(e” sin 2x + 2¢* cos 2x) = (A +2B)e" cos 2x + (B —2A)e* sin2x, and y"=
(4B —3A)e" cos2x — (3B + 4 A)e” sin 2x. Thus, €*cos2x = (4B —-3A)e" cos2x — (3B +4A)e” sin2x +
9(Ae” cos 2x + Be” sin 2x). Equating coefficients of ¢"cos2x and e"sin2x, we get 4B—3A+9A=1
and —(3B+4A)+9B=0, which, when simplified, become 4B+6A=1 and 6B—-4A=0. Solving
simultaneously yields B=%& and A=%. Hence, y= %(3¢"cos2x+2¢"sin2x). The general solution
is 2%(3e" cos2x + 2¢" sin 2x) + C, cos 3x + C, sin 3x.

Find a general solution of y”—y’ — 6y =2(sin 4x + cos 4x).

I A general solutionof y”"—y'—6y =0 is obtained by solved the auxiliary equation u°—u—6=0. Since
W ~u-6=(u—3)(u+2), the roots are u=3 and u=-2. Hence, the general solution is C,e +
C,e”™ Now we try y= Asindx+ Bcos4x as a particular solution of the given equation. Then y'=
4Acosdx —4Bsindx, and y"= —16Asindx —16B cos4x. Thus, y"—y' —6y=(4B—22A)sin4x — (44 +
22B)cosd4x =2sind4x +2cos4x. Hence, 4B—-22A=2 and -22B—-4A=2. Solving simultaneously,
weget A=-3% and B=-#%. So y=-15(13sindx+18cos4x), and the general solution is
— 135 (13 sin 4x + 18 cos 4x) + C,e> + Ce™ ™

Solve y”"+ Ay=B, where A>0.

I The general solution of the corresponding homogeneous equation is ¥, = C, cos VAx + C,sin VAx, by
Problem 46.55. A particular solution is y, = B/A. Hence, the general solution is B/A+ C, cos VAx +
C, sin V Ax.

Solve by the method of variation of parameters,
y'"+y=tanx (1)
F The general solution of y"+ y=0 is obtained by solving the auxiliary equation u>+1=0. The roots

are *i. Hence, the general solution consists of all linear combinations of y,=cosx and y,=sinx.
Calculate the Wronskian of y, and y,:
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cosx sSinx
—sinx COSX

Y Y2
W y =| ’ ! =
(1> ¥2) v,y

and use it together with the inhomogenous term (tan x) to construct

v, == —wj—cix=—jsinxtanxdx=-—j(secx—cosx)dx=sinx—ln|secx+tanx|
Wy, ¥2)
_[ Jtanx *j =j- —
and v, = W(y,,yz)dx cos x tan x dx sin x dx cos x

Then a particular solution of (1) is y,=y,0, +y,u,=cosx (sinx —In|secx +tan x|} +sinx (~cosx)=
—cos x In |sec x + tan x|. Therefore, the general solution of (1) is —cosxIn|secx +tan x|+ C, cosx +
C,sin x.

Solve by variation of parameters
y'+2y'+y=e"lnx 1
I The general solution of y"+2y’+y=0 is obtained from the auxiliary equation #>+2u+1=0. The

latter has —1 as a repeated root. Hence, the general solution consists of all linear combinations of y, =e™*
and y,=xe ". The Wronskian

(Y Y| _ e xe ” _ 2
W(y,, .V2)—‘y; 1% - e*(1-x) €
. . y.e “Inx fxe_"-e_‘ In x J’ N
By means of an integration by parts, v, =—| ST dx =~ | ——S——dx=— | xInxdx = {x’(1 -
Yy g yp_x‘ 1 Wy, ¥,) P ax(
L yie TInx e e "Inx .
2Inx). Similarly v,=| S——< dx= f ——y—dx = fln xdx=x(lnx —1). Therefore, a particu-
) Y RT W v e ¢ ) P

lar solution of (1) is y =y, +y,v,=}x’e (1 -2Ilnx)+x’¢*(Inx —1) = tx’¢ *(2Inx — 3). The general

solution is ix’e™*(2Inx —3)+ e *(C, + C,x).

Solve
yn_3yl+2y=xe3x+l (1)
I The general solution of y”"~3y'+2y=0 is obtained from the auxiliary equation u®>—3u+2=(u—

2)(u—1)=0. Therootsare 1and2. Hence, the general solution consists of all linear combinations of y, = e*
and y,=e’". The Wronskian

i Y2 e e 3x
W £ ={ ] ' = x x|
(y15 ¥2) vy, & 26t e
ya(xe™ +1) j e (xe™ +1) J' 2%, s 1,2 .
Then vV, =—| S dx=—| ———"dx=—((x¢"+e )dx=~-[5¢e72x—-1)+ e "]=
1 W(y“yzz e3 ) ( ) [4 ( ) ]
~ yl(xex+1) jex(xex+1) J x —~2x x —2x
e —te¥(2x-1). v,=|F—Tdx=] S5 dx=|(xe* +eF)dx=e"(x—1)—ie . Soa
b (r-1). v = [ s S ( yde=ex—1) -}

particular solution of (1)is  y =y, v, + y,u, = €’ [e™" — e (2x — )] + e¥[e"(x — 1) — e ] =1— {e¥(2x —
1)+ e*(x—1)— 4 =1+ 1e¥(2x —3). Hence, the general solution is } + }e*™(2x —3) + C,e* + C,e*™.

Solve
y'+y=secx (1)

I As in Problem 46.65, the general solution of y”+y =0 consists of all linear combinations of y, = cos x

sec x
and y,=sinx, and W(y,y,)=1. Then v,=- ~=y-3———c—dx=—-jsinxsecxd =—Jtanxdx=
W(y,, v,)
y,secx . . .
—Injsecx|, and v,=] Zr——<dx=]cosxsecxdr=|1dx=x. So a particular solution of (1) is
W(y,, )

y=1y,v,+y,v,=—cos xIn|sec x| + xsinx. The general solution of (1) is —cosxIn{sec x|+ xsinx+
C,cosx + C, sin x.
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Find a general solution of

y'+y=xsinx )

I As in Problem 46.65, the general solution of y"+y =0 consists of all linear combinations of y, = cos x
x sin
and y,=sinx, and W(y,,y,)=1. Then v, =- —yﬁ————x—dx=—fxsm xdx = §(cos 2x +
wW( Y, ¥ 2)
. 2 . ) y,xsinx ) .

2x sin2x —2x”), by an integration by parts. Moreover, v, = -W—(T-—y—-)— dx = | xsin x cos x dx = }(sin 2x —
2x cos 2x), by another integration by parts. Therefore, a partlﬁ:ulzar solution is Yy=yu, +y,0,=
jcos x(cos 2x + 2x sin 2x — 2x*) + Lsin x(sm 2x — Zx cos 2x) & (cos x cos 2x + sin x sin 2x) + 1x(cos x sin2x —
sin x cos 2x) — zx cosx=1cosx+ ixsinx~ {x’cosx= $(cos x + 2x sin x — 2x? cos x). The general solu-

tion is  §(cos x + 2x sin x — 2x” cos x) + C, cos x + C, sin x = (x/4) (sin x — xcosx)+ D, cos x + D, sin x.

Solve the predator-prey system

d
7);=K(x—f) (K, £>0) (1)
dx - -
Z="Lh-» (Ly>0) 2)
2
I Differentiate (2) with respect to ¢: d— =-L Z‘r —LK(x~x). Hence, i; + LKx=LKx. By

Problem 46.64, the general solution of this equation is x=x+ C,cos (VLK )+ C,sin{(VLK¢). Then
dx
v VLK([C,cos (VLK t)— C;sin(VLKt)]. By(2), y=y+ \/—g [C,sin (VLK )~ C,cos (VLK 1)}.

d
For any functiony of x,if x=¢', then y also can be considered a function of z. Show that x Ey = —dj,: and
24y _dy _dy
dx*  drf  dt
dy _dy dx _dy , dy dzy_d<ﬂ)g_i( dy) ._( d’y dy)
I dt—d.\zrdt—dxe_dixx' Therefore, 2t2_dx i) 7= \F e_xdx2+dx x.
ﬂ_éx_( 24y ﬂ) dy _ 24y

Hence, a2 + =) ik x* el
Solve

d’y dy

XZE+3x'd—x+y=0 (1)

dy d d’ a’ d
I Let x=¢. By Problem 46.71, x d.i d}t’ and x° d_xyi = d—t{ - —); Then (1) becomes
d’y _dy ., dy .
F +3 pr +y =0, or, more simply,

d’y -

p +2dt+y—0 2)
The auxiliary equation is u” +2u+1=0, with the repeated root u=—1. By Problem 46.48, the general

ot e . C, +G,1

solution of (2)is y=(C, + C,t)e™". Since x=e¢', t=Inx. Hence, y= _‘x—znx

Solve the linear third-order equation with constant coefficients y"+2y"—y'—2y=0.

I The auxiliary equation is u®+2u’~u—-2=0. 1is a root. Division by u—1 vyields u”+3u+2=
(u +1)(u+2). Thus, the three roots are 1, —1, and —2. Hence, by an extension of Problem 46.48, the general
solution is C,e” + C,e”* + C,e”**. (The method of variation of parameters also extends to inhomogeneous
equations of higher order.)

Solve the linear third-order equation with constant coefficients y™ —7y" + 16y’ — 12y =0.

I The auxiliary equation is ©’> —7u’+16u—12=0. 2is a root. Division by u—-2 yields u’—5u+
6=(u—2)(u—3). Thus,2isarepeated root and 3is aroot. So, by an extension of Problem 46.48, the general
solution is C,e” + (C, + C,x)e*".
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Solve the linear third-order equation with constant coefficients y" +2y"—2y’' —y =0.

I The auxiliary equation is #*+2u®*—2u—1=0. 1is a root. Division by u—1 yields u®+3u+1,

. -3xV5i . L
with the roots ————. By an extension of Problem 46.48, the general solution is C,e* +

e ¥'¥[C, cos (V3x/2) + C, sin (V3x/2)].

Solve y™* —4y" +9y" — 10y’ + 6y =0.

I The auxiliary equation is u*—4u®+9u®—10u+6=0. This can be factored into (x> —2u+3)(u’ —
2u +2). The first factor has roots 1=+ V2i, and second factor has roots 1=i. Hence, by an extension of
Problem 46.48, the general solution is e*[C, cos (V2x) + C, sin (V2x)] + €*(C, cos x + C,sin x).

Solve y™ +4y"+10y" + 12y’ + 9y =0.

I The auxiliary equation is u* + 44’ + 10u® + 12u +9=0. This factors into (u” +2u +3)?, with double
roots -1+ VZi. Then, instead of e *[C, cos (V2x) + C, sin (V2x)], the general solution is
e *[(C, + C,x) cos (V2x) + (C, + C,x) sin (V2x)].

Find a linear differential equation with constant coefficients satisfied by e**, ¢, ¢, and ™.

I The auxiliary equation should have 2, —1,3, and 5 as roots: (u—2)(u+ 1)(u—3)(u—5)=u*—9u’ +
214’ + u —30. Hence, the required equation is y™ —9y™ +21y" + y' — 30y =0.

2

Find a linear differential equation with constant coefficients satisfied by e " and e” cos 2x.

I ¢ stems from a root —2 of the auxiliary equation. e"cos2x comes from the complex conjugate
roots 1+2i and 1—2i. Thus, we get the auxiliary equation (u+2)[u—(1+2)|[u—-(1-2)]=(u+
2)(w?-2u+5)=u’+u+10=0. Hence, the required equation is y" + y’ + 10y =0.

Find a general solution of (1~ x?)y” ~2xy’ +2y =0.

I This is a special case of Legendre’s equation, (1—x*)y"—2xy'+p(p+1)y=0. Note that x is a
particular solution. A second, linearly independent solution can be found as follows: If y, is one nontrivial
solution of y"+ P(x)y’+ Q(x)y =0, then another linearly independent solution y, is provided by

1 1 -2
y,ly,=v =f ;}3 exp (— j de) dx. In our case, Yy, =x and v= J' i exp(~f -1———{3 dx) dx =
- X

1
B TR ‘fl' 1 _1of1+x] 1 S | 1+x|
sze dx = pE -—l_xzdx—-zln T = So yz—vyll—vx—llen 1= 1. The
+
general solution consists of all linear combinations of y, and y,: Cx + C2<-2-x In . . 1).

Solve x%y"+ xy'+ (x> — 1)y =0 (a special case of Bessel’s equation) for x>0.

I First check that y, =(sinx)/vX is a solution for x>0. Then, by the method of Problem 46.80,

X 1 X _ X 1
v=j — exp(-f—dx)dx=f — e'""dx=f — '—dx=fcsc2xdx=—cotx. Then y,=vy, =
sin® x x sin® x sinx x ]
sin x cos x sin x cosx _ Csinx+ C,cosx

—cot x - v AV A Hence, the general solutionis C, Vi + C, v Vs
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to 19.30, 19.32 to 19.39,
19.41, 19.42, 19.44, 19.46,
19.49 to 19.52, 19.54, 19.57
to 19.59, 19.61 to 19.77,
19.83 to 19.97

trigonometric functions, 19.11 to
19.13, 19.15, 19.16, 19.20 to
19.22, 19.31, 19.39, 19.40,
19.43, 19.45, 19.47, 19.48,
19.53, 19.55, 19.56, 19.60,
19.78 to 19.82, 19.98 to
19.100, 28.2, 28.5 to 28.12,
28.14, 28.15, 28.17, 28.18,
28.35 to 28.41, 28.44, 28.45,
28.49, 29.1 to 29.16, 29.19 to
29.29, 29.34 to 29.37, 29.45

Approximation:

by differentials:
approximation principle state-
ment, 18.1
cube roots, 18.4, 18.8, 18.17,
18.19, 18.21
nth power of numbers, 18.35
rational exponents, for small
numbers, 18.16
square roots, 18.2, 18.3, 18.20,
18.33
trigonometric functions, 18.23,
18.25, 18.26, 18.28, 18.30,
18.32
infinite series, 37.57 to 37.63,
37.65 to 37.69
of integrals:
approximation sums for defi-
nite integrals, 20.1, 20.2,
20.5
Simpson’s rule for, 20.68,
20.69, 23.73
trapezoidal rule for, 20.66,
20.67, 20.70, 23.57

Index

Approximation (Cont.):
natural logarithm, 38.52, 38.53,
39.28, 39.40
normal distribution, 38.46, 39.41
trigonometric function, 18.23,
18.25, 18.26, 18.28, 18.30,
18.32, 38.55, 38.75, 38.77,
39.27, 39.29
Arc length:
circular, 10.5, 10.6, 27.64, 34.32
by integration, 21.17 to 21.21,
21.30 to 21.34, 21.44, 21.45,
23.54, 23.65, 23.66, 24.93,
27.64, 29.30 to 29.33, 34.32
to 34.42, 35.76 to 35.83
Arch of cycloids, 34.39
Archimedean spirals, 35.70, 35.76,
35.103, 35.110
Area:
circle, 14.8, 14.14, 16.48
disk segment, 29.43
ellipse, 20.72, 41.22
equilateral triangle, 16.51, 16.60
by integration, 20.8, 20.15 to
20.20, 20.72, 20.88 to 20.90,
21.1 to 21.16, 21.22 to 21.29,
21.35 to 21.43, 21.46, 21.47,
23.36, 23.56, 24.45, 24 .47,
24.92, 27.61, 27.62, 27.81,
27.82, 28.25, 28.28, 29.43,
31.24 to 31.35, 32.1, 32.33,
32.34, 32.38, 32.47, 32.55,
32.56, 35.55 to 35.71, 35.75,
44.20, 44.36 to 44.38
parallelogram, 40.43, 40.110,
40.111
rectangle, 14.9, 14.34, 16.1, 16.5,
16.6, 16.15, 16.21, 16.26 to
16.29, 16.31, 16.44 to 16.46,
16.57, 16.60
right triangle, 40.36
surface (see Surface area)
Arithmetic mean, 43.51
Asymptotes, 6.28 to 6.32, 15.17 to
15.19, 15.26, 15.39 to 15.43,
15.47, 15.48, 15.50, 15.52,
15.58, 15.59, 15.61
Average value of functions, 20.32,
20.33, 20.40, 20.57, 20.91

Bacterial growth, 26.2, 26.20,
26.27, 26.29, 26.37

Bernoulli’s equation, 46.40 to 46.44

Bessel functions, 38.67 to 38.69
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Bessel’s equation, 38.70, 38.71,
46.81

Binomial series, 38.31, 38.78,
38.103 to 38.106, 38.108

Binormal vectors, 45.17

Bounded infinite sequences, 36.47,
36.62

Boyle’s law, 14.39

Cardioids, 35.30, 35.34 to 35.36,
35.44, 35.49, 35.55, 35.66,
35.67, 35.69, 35.73, 35.78,
35.84, 35.91, 35.102, 44.33,
44.38, 44.81

Cartesian coordinates (see
Rectangular coordinates)

Cauchy-Riemann equations, 42.54,
42.92

Cauchy’s inequality, 33.28, 33.29,
43.68

Celsius temperature scale, 3.71

Center of circles, 4.1 to 4.6, 4.10
to 4.15, 4.23

Center of mass (see Centroids)

Central angles, 10.1, 10.5, 10.6

Centroids (center of mass):

by integration, 31.24 to 31.35,
35.72, 35.73, 35.88, 44.80 to
44.85, 44.89 to 44.92

right triangle, 31.28, 31.34

Chain rule:

for derivatives, 9.4 to 9.23, 9.35
to 9.44, 9.48, 9.49, 10.19 to
10.23, 10.25 to 10.29, 12.1,
12.2, 12.10, 12.29 to 12.31,
13.34, 13.36, 42.64 to 42.66,
42.68 to 42.73, 42.81 to
42.91, 42.96

for vector functions, 34.61

Circles:

angles inscribed in, 33.12

arc length and, 10.5, 10.6, 27.64,
34.32

area of, 14.8, 14.14, 16.48

center of, 4.1 to 4.6, 4.10 to
4.15, 4.23

circumference of, 27.64, 34.32

as contours (level curves), 41.32

curvilinear motion and, 34.74 to
34.76

equations of, 4.1 to 4.6, 4.9,
4.10,4.12, 4.13,4.17 to
4.20, 4.22, 4.25 to 4.30

graphs of, 5.3, 34.1, 35.7 to 35.9,
35.13, 35.14, 35.17, 35.18,
35.41, 35.66, 35.67, 35.69,
35.87, 44.33, 44.37, 44.38,
44.42, 44.44

intersections of, 4.24 to 4.27,
12.27

Circles (Cont.):
parametric equations of, 34.1,
34.17
perimeter of, 16.46
in polar coordinates, 35.7 to
35.9, 35.13, 35.14, 35.17,
35.18, 35.41, 35.66 to 35.69,
35.87, 35.88, 44.33, 44.38,
44.42, 44.44
radius of, 4.1 to 4.6, 4.10 to
4.15, 4.23
tangents to, 4.15, 4.19 to 4.22,
12.46
triangles inscribed in, 16.61
Circumference of circles, 27.64,
34.32
Collinear points, 40.15
Completing the square, 4.6 to 4.8,
4.10, 4.11, 4.13, 4.16, 27.51,
27.53, 29.29, 29.39, 30.13,
34.14, 40.11
Components of vectors, 33.4, 33.5
Composite functions, 9.1 to 9.6,
9.24 t0 9.34, 9.46, 10.19
Compound interest, 26.8 to 26.14,
26.40 to 26.42
Concave functions, 15.1 to 15.5,
15.16, 15.17, 15.20, 15.21,
15.23 to 15.29, 15.39 to
15.41, 15.43, 15.44, 15.48,
15.52, 34.29, 34.30
Cones:
circumscribed about spheres,
16.42
cylinders inscribed in, 16.43
equations of, 41.75, 41.77, 41.87
frustrum of, 22.49
graphs of, 41.8, 41.10, 41.16
surface area of, 16.9, 31.14,
44.58
volume of, 14.6, 14.18, 14.29,
14.38, 16.9, 16.42, 22.2,
31.34, 42.86, 43.67, 44.41,
44.51
Continuity of functions:
composite functions, 9.46
definite integrals, 20.42, 20.59
differentiable functions, 8.25,
8.26
generalized mean value theorem
and, 11.38, 11.39
intermediate value theorem and,
7.20 to 7.23, 11.28, 11.32,
11.37, 11.42
over an interval, 7.24 to 7.27
on the left, 7.18, 7.19
mean value theorem and, 11.10
to 11.17, 11.30, 11.33 to
11.36, 11.38 to 11.41, 11.43,
11.45, 11.46

Continuity of functions (Cont.):
multivariate functions, 41.60 to
41.63
at a point, 7.1 to 7.23, 9.46
removable discontinuities, 7.5,
7.9
on the right, 7.18, 7.19
Rolle’s theorem and, 11.1 to
11.9, 11.27, 11.31, 11.38,
11.47, 11.49
Contour maps (level curves), 41.32
to 41.43
Convergence:
infinite sequences, 36.19 to
36.45, 36.47, 36.52, 36.62
infinite series, 37.1 to 37.3, 37.5,
37.10 to 37.16, 37.23, 37.24,
37.27 to 37.56, 37.64, 37.69
to 37.116
integrals, 32.1 to 32.10, 32.23 to
32.27, 32.29, 32.31, 32.41 to
32.44, 32.48, 32.53, 32.54
power series, 38.1 to 38.33,
38.67, 38.68, 38.109 to
38.114
vector, 34.43
Coordinate systems:
Cartesian (see Rectangular
coordinates)
cylindrical, 41.67 to 41.85
polar (see Polar coordinates)
rectangular (see Rectangular
coordinates)
spherical, 41.85 to 41.98
Coulomb’s law, 31.22
Critical numbers:
absolute extrema and, 13.9 to
13.13, 13.15 to 13.17, 13.21,
13.23 to 13.34, 13.36, 15.31
relative extrema and, 13.3 to
13.8, 13.14, 13.18 to 13.20,
15.6 to 15.15, 15.17 to 15.22,
15.31 to 15.35, 15.39, 15.41
to 15.46, 15.48 to 15.51,
15.53, 15.54
Cross product of vectors, 40.40 to
40.43, 40.45 to 40.68, 45.11,
45.12, 45.17 to 45.20, 45.22,
45.23, 45.28, 45.36, 45.37,
45.39
Cube roots:
approximation of, 18.4, 18.8,
18.17, 18.19, 18.21
in limits, 6.50, 6.51
of real numbers, 5.84
Cubes:
diagonals of, 14.45, 40.37,
40.38
difference of, 5.84
edges of, 40.38



Cubic functions:
as contours (level curves), 41.34
graphs of, 5.10, 5.19, 41.34
Curl, 45.28 to 45.31, 45.33, 45.34,
45.36 to 45.38
Curvature («), 34.94 to 34.101,
34.103, 35.108, 35.109, 45.21
to 45.23
Curves (see Graphs)
Curvilinear motion, 34.43 to
34.108
Cusps in graphs, 15.44
Cycloids:
acceleration vector for, 34.86
arch of, 34.39
curvature (k) of, 34.101
equations of, 34.20
Cylinders:
equations of, 41.26, 41.27, 41.68,
41.83, 41.93, 41.95, 41.97
graphs of, 41.1, 41.2
inscribed in cones, 16.43
surface area of, 16.22, 42.89
volume of, 14.2, 14.48, 16.7,
16.8, 16.16, 16.18, 16.43,
43.67, 44.70
Cylindrical coordinates, 41.67 to
41.85

Decay (see Exponential growth
and decay)
Decreasing functions, 11.19 to
11.26
Decreasing infinite sequences,
36.58, 36.61 to 36.63
Definite integrals:
approximating sums for, 20.1,
20.2, 20.5
convergence of, 32.1 to 32.10,
32.23 to 32.27, 32.29, 32.31,
32.41 to 32.44, 32.48, 32.53,
32.54
derivatives of, 20.42 to 20.47,
20.51, 20.73, 20.74, 20.87
exponential functions, 24.45 to
24.49, 24.55, 24.76, 24.92,
24.93, 32.6, 32.7, 32.12 to
32.14, 32.17 to 32.22, 32.38,
32.39, 32.58
inverse trigonometric functions,
27.61 to 27.64, 27.81, 27.82,
32.54
Laplace transforms, 32.57 to
32.60
natural logarithms, 23.10 to
23.22, 23.53, 23.68, 23.69,
23.79, 23.80, 28.25 to 28.31,
32.4, 32.5, 32.8, 32.10,
32.15, 32.16, 32.36, 32.37,
32.50

Definite integrals (Cont.):
powers or roots, 20.9, 20.12 to
20.14, 20.16 to 20.19, 20.23,
20.25 to 20.32, 20.35 to
20.38, 20.40, 20.57, 20.64,
20.71, 20.72, 20.75 to 20.78,
20.91, 20.92, 23.61, 23.62
trigonometric functions, 20.10,
20.11, 20.15, 20.20 to 20.22,
20.24, 20.39, 20.49, 20.60,
20.62, 20.63, 20.79 to 20.84,
28.32 to 28.34, 28.53, 29.17,
29.18, 29.30, 29.33, 32.13,
32.31, 32.32, 32.44, 32.45,
32.51, 32.53, 32.59
Degenerate spirals, 35.111
Degree measure of angles, 10.2 to
10.7
Delta-(A-)definition of derivatives,
8.1t0 8.4, 8.11, 8.17, 8.21,
8.22, 8.24 to 8.31, 8.39, 8.45
to 8.47, 10.17, 10.44
Derivatives:
absolute value in, 9.47, 9.48,
13.34, 13.36
approximation of (see
Approximation, by
differentials)
chain rule for, 9.4 to 9.23, 9.35
to 9.44, 9.48, 9.49, 10.19 to
10.23, 10.25 to 10.29, 12.1,
12.2, 12.10, 12.29 to 12.31,
13.34, 13.36, 42.64 to 42.66,
42.68 to 42.73, 42.81 to
42.91, 42.96
of definite integrals, 20.42 to
20.47, 20.51, 20.73, 20.74,
20.87
delta-(A-)definition of, 8.1 to 8.4,
8.11, 8.17, 8.21, 8.22, 8.24
to 8.31, 8.39, 8.45 to 8.47,
10.17, 10.44
differentiable functions and,
8.21, 8.25, 8.26, 8.30, 8.31,
8.43 to 8.47, 9.18, 9.45,
9.49
directional, 43.1 to 43.13, 43.15
to 43.17
exponential functions, 24.7 to
24.16, 24.30 to 24.39, 24.51,
24.52, 24.64, 24.77, 24.88 to
24.90
first derivative test for relative
extrema, 13.2, 13.6 to 13.8,
13.18, 13.20, 13.29, 15.10,
15.11, 15.14, 15.15, 15.19,
15.34, 15.37, 15.44, 15.45,
15.49
generalized mean value theorem
and, 11.38, 11.39
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Derivatives (Cont.):
higher-order, 12.1 to 12.13,
12.15, 12.19 to 12.23, 12.25,
12.26, 12.29 to 12.37, 12.47,
12.48, 13.1, 13.3 to 13.7,
13.20, 13.21, 39.30 to 39.32,
39.43
hyperbolic functions, 24.95,
24.96, 24.99, 24.100
implicit differentiation, 12.2,
12.11 to 12.22, 12.24, 12.34,
12.35, 12.38 to 12.48
implicit partial differentiation,
42.13 t0 42.18
intermediate value theorem and,
11.28, 11.32, 11.37, 11.42
inverse trigonometric functions,
27.2,27.4, 27.22 to 27.38,
27.58 to 27.60, 27.65, 27.69,
27.70, 27.72 to 27.79
Laplace transform of, 32.60
L.’Hopital’s rule and, 25.1 to
25.53, 32.4, 32.6 to 32.8,
32.20, 32.36, 36.15, 36.20,
37.47, 37.108, 38.15, 38.24,
41.56, 41.57
mean value theorem and, 11.10
to 11.17, 11.30, 11.33 to
11.36, 11.38 to 11.41, 11.43,
11.45, 11.46
natural logarithms, 23.1 to 23.9
partial, 42.1 to 42.126
polynomials, 8.5, 8.6, 8.12, 8.32,
12.23
product rule for, 8.7, 8.8, 8.40,
8.41, 8.48, 9.10, 9.16, 9.40,
12.2, 12.20, 12.32
quotient rule for, 8.7, 8.9, 8.10,
8.49, 8.50, 9.9, 9.13, 9.21,
9.38, 9.41, 9.43, 10.24, 12.1,
12.11 to 12.13, 12.19, 12.33
Rolle’s theorem and, 11.1 to
11.9, 11.27, 11.31, 11.38,
11.47, 11.49
second derivative test for
relative extrema, 13.1, 13.3
to 13.7, 13.20, 13.21, 15.1 to
15.9, 15.12, 15.13, 15.16 to
15.18, 15.20 to 15.29, 15.32,
15.33, 15.35, 15.37, 15.39 to
15.56
sum rule for, 8.7, 9.11
trigonometric functions, 10.17 to
10.29, 10.36 to 10.43
(See also Antiderivatives)
Determinants, Hessian, 43.23
Diagonals:
cube, 14.45, 40.37, 40.38
parallelogram, 33.26, 33.30
rhombus, 33.32
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Difference of cubes, 5.84
Differentiable functions, 8.21, 8.25,

Disks, segments of, 29.43
Distance:

Escape velocity, 19.95, 19.96
Estimation (see Approximation)

8.26, 8.30, 8.31, 8.43 to

8.47, 9.18, 9.45, 9.49, 42.96,

42.97

Differential equations:

Bernoulli’s equation, 46.40 to
46.44

Bessel’s equation, 38.70, 38.71,
46.81

exact, 46.25, 46.26

fourth-order, 46.76 to 46.78

integrating factors for, 46.27 to
46.33, 46.35, 46.36, 46.45

Legendre’s equation, 46.80

nth order, 46.56

orthogonal trajectories and,
46.22 to 46.24

partial (see Partial differential
equations)

partial fraction decomposition
and, 46.22

power series solutions for, 38.49,
38.56, 38.66

predator-prey system, 46.70

Riccati equation, 46.43, 46.44

second-order homogeneous,
46.48 to 46.55, 46.72

second-order nonhomogeneous,
45.57 to 45.68

separable variables in, 19.88 to
19.94, 46.1 to 46.21, 46.34,
46.37 to 46.39, 46.46, 46.47

substitutions in, 46.17 to 46.21,
46.34

third-order, 46.73 to 46.75, 46.79

variation of parameters and,
46.65 to 46.69

Differentials, approximation by

(see Approximation, by

differentials)

Differentiation:

implicit, 12.2, 12.11 to 12.22,
12.24, 12.34, 12.35, 12.38 to
12.48

implicit partial, 42.13 to 42.18

logarithmic, 23.23 to 23.26,
23.58, 23.67, 24.35 to 24.39

Direction:

of steepest ascent and descent,
43.2, 43.8

of vectors, 33.3, 33.13, 33.25

Direction angles, 40.32

Direction cosines of vectors, 40.27
to 40.29, 40.32

Directional derivatives, 43.1 to
43.13, 43.15 to 43.17

Discontinuities (see Continuity of
functions)

Discriminant, 30.13, 46.48

between lines, 40.113, 40.114,
43.31, 43.38
between planes, 40.91, 40.92
between points, 40.1 to 40.4
from points to lines, 33.9, 33.10,
33.34, 40.14, 40.20, 40.24,
40.34, 40.77 to 40.79
from points to planes, 40.44,
40.88, 40.89
Divergence, 45.25 to 45.27, 45.30
to 45.32, 45.34, 45.35, 45.37,
45.39, 45.47 to 45.49
Domain:
of definition, 41.64 to 41.66
of functions, 5.1 to 5.19, 5.24 to
5.31, 5.34 to 5.37, 9.16,
27.21, 41.64 to 41.66
Doomsday equation, 26.31
Dot product of vectors, 33.4, 33.5,
33.9, 33.10, 33.12, 33.18 to
33.20, 33.28 to 33.35, 33.37
to 33.41, 40.33 to 40.35,
40.39, 40.44, 40.45, 40.47,
40.49, 40.55 to 40.58, 40.60
to 40.67, 43.1 t0 43.7, 43.10
to 43.12, 43.16, 43.17, 43.66,
45.9, 45.13 to 45.15, 45.35,
45.37, 45.39, 45.41, 45.43,
45.45 to 45.49
Double integrals, 44.1 to 44.4, 44.6
to 44.46, 44.53 to 44.58,
44.74, 44.75, 44.79 to 44.82,
44.86, 44.87, 44.89, 44.90

Ellipses:
area of, 20.72, 41.22
as contours (level curves), 41.37
equations of, 41.12
graphs of, 16.20, 16.41, 34.2,
34.5,35.16
intersections of hyperbolas with,
12.43
parametric equations of, 34.2,
34.5, 34.11
in polar coordinates, 35.16
rectangles inscribed in, 16.41
tangents to, 12.42
triangle perimeter and, 16.20
Ellipsoids:
boxes inscribed in, 43.42
equations of, 41.6, 41.79, 41.98
graphs of, 41.13
as level surfaces, 41.45
volume of, 41.22

Equiangular spirals, 35.71, 35.77,

35.101, 35.112

Equilateral triangles, 14.36, 16.20,

16.51, 16.60

Euler’s constant (y), 37.110
Euler’s theorem for homogeneous

functions, 42.74 to 42.77

Even functions, 5.38, 5.40, 5.41,

5.48, 5.53, 5.55, 5.56, 5.90,
5.91, 5.93, 8.46, 8.47, 15.31,
15.36, 15.46, 20.50, 38.73,
38.93

Exact differential equations, 46.25,

46.26

Exponential functions:

absolute extrema of, 24.50, 24.57
to 24.62, 24.73

antiderivatives (indefinite
integrals) and, 24.17 to
24.29, 24.54, 28.1 to 28.3,
28.9, 28.13, 28.20, 28.42,
28.43, 28.50

defined, 11.48

definite integrals and, 24.45 to
24.49, 24.55, 24.76, 24.92,
24.93, 32.6, 32.7, 32.12 to
32.14, 32.17 to 32.22, 32.38,
32.39, 32.58

derivatives of, 24.7 to 24.16,
24.30 to 24.39, 24.51, 24.52,
24.64, 24,77, 24.88 to 24.90

graphs of, 24.57 to 24.63, 24.84
to 24.86, 24.91, 24.94, 25.56,
25.57

hyperbolic functions and, 24.95
to 24.111

Laplace transform of, 32.58

limits and, 24.74, 24.75, 24.78 to
24.81, 24.83

Maclaurin series and, 39.1, 39.7,
39.18, 39.21, 39.24, 39.25,
39.32, 39.35, 39.44, 39.50

power series and, 38.39 to 38.42,
38.76, 38.78 to 38.80, 38.82,
38.97

properties of, 24.1 to 24.6, 24.35,
24.65 to 24.71

(See also Natural logarithms)

Exponential growth and decay:

bacterial growth, 26.2, 26.20,
26.27, 26.29, 26.37

compound interest, 26.8 to
26.14, 26.40 to 26.42

decay and growth constants for,
26.1

defined, 26.1

other applications, 26.3, 26.6,
26.22 to 26.24, 26.31, 26.33
to 26.36, 26.39

population growth, 26.5, 26.7,
26.19, 26.25, 26.26, 26.28,
26.38



Exponential growth and decay
(Cont.):
radioactive decay, 26.15 to
26.18, 26.21, 26.30, 26.43
rate of increase for, 26.4
Extrema (maxima and minima) of
functions:
absolute:
critical numbers and, 13.9 to
13.13, 13.15to 13.17,
13.21, 13.23 t0 13.34,
13.36, 15.31
of exponential functions, 24.50,
24.57 to 24.62, 24.73
of multivariate functions,
43.54, 43.55, 43.65
applications of, 16.1 to 16.61
Lagrange multipliers and, 43.56
to 43.64, 43.66, 43.67
relative:
critical numbers and, 13.3 to
13.8, 13.14, 13.18 to 13.20,
15.6t015.15,15.17 to
15.22, 15.31 to 15.35,
15.39, 15.41 to 15.46, 15.48
to 15.51, 15.53, 15.54
first derivative test for, 13.2,
13.6to0 13.8, 13.18, 13.20,
13.29, 15.10, 15.11, 15.14,
15.15,15.19, 15.34, 15.37,
15.44,15.45,15.49
inflection points and, 13.2,
13.6, 13.7, 13.18, 13.20,
14.42 to 14.46, 15.7, 15.8,
15.10to 15.19, 15.32 to
15.35, 15.48 to 15.51,
15.57, 15.61
of multivariate functions, 43.22
t0 43.53
second derivative test for, 13.1,
13.3t0 13.7, 13.20, 13.21,
15.1t0 15.9, 15.12, 15.13,
15.16 t0 15.18, 15.20 to
15.29, 15.32, 15.33, 15.35,
15.37,15.39to 15.56

Factorization of polynomials, 5.76
to 5.86

Fahrenheit temperature scale, 3.71

First derivative test for relative
extrema, 13.2, 13.6 to 13.8,
13.18, 13.20, 13.29, 15.10,
15.11, 15.14, 15.15, 15.19,
15.34, 15.37, 15.44, 15.45,
15.49

(See also Second derivative test

for relative extrema)

Frequency of trigonometric
functions, 10.12

Frustrum of cones, 22.49

Functions:

asymptotes of, 6.28 t0 6.32,
15.17 to 15.19, 15.26, 15.39
to 15.43, 15.47, 15.48, 15.50,
15.52, 15.58, 15.59, 15.61

average value of, 20.32, 20.33,
20.40, 20.57, 20.91

composite, 9.1 to 9.6, 9.24 to
9.34, 9.46, 10.19

concave, 15.1 to 15.5, 15.16,
15.17, 15.20, 15.21, 15.23 to
15.29, 15.39 to 15.41, 15.43,
15.44, 15.48, 15.52, 34.29,
34.30

continuity of (see Continuity of
functions)

contour maps (level curves) of,
41.32 to 41.43

critical numbers of (see Critical
numbers)

decreasing, 11.19 to 11.26

derivatives of (see Derivatives)

differentiable, 8.21, 8.25, 8.26,
8.30, 8.31, 8.43 to 8.47,
9.18, 9.45, 9.49

discontinuities in (see Continuity
of functions)

domain of, 5.1 to 5.19, 5.24 to
5.31, 5.34 to0 5.37, 9.16,
27.21, 41.64 to 41.66

even, 5.38, 5.40, 5.41, 5.48, 5.53,
5.55, 5.56, 5.90, 5.91, 5.93,
8.46, 8.47, 15.31, 15.36,
15.46, 20.50, 38.73, 38.93

exponential (see Exponential
functions)

extrema of (see Extrema of
functions)

gamma, 32.22

greatest integer, 5.6, 5.7, 6.5

homogeneous multivariate, 42.74
to 42.80

hyperbolic (see Hyperbolic
functions)

increasing, 11.18, 11.20 to 11.26,
11.29, 11.48, 15.52

inflection points of, 13.2, 13.6,
13.7, 13.18, 13.20, 15.2,
15.3, 15.5, 15.7, 15.8, 15.10
to 15.19, 15.21, 15.25, 15.26,
15.32 to 15.35, 15.37, 15.40,
15.42 to 15.46, 15.48 to
15.51, 15.53, 15.57, 15.61

integrals of (see Integrals)

inverse, 5.69 to 5.74, 5.92, 5.93,
5.100, 9.49

level surfaces of, 41.44 to 41.47

limits of (see Limits)

logarithmic (see Natural
logarithms}
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Functions (Cont.):

maxima and minima of (see
Extrema of functions)

muiltivariate, 41.1 to 41.66

odd, 5.43, 5.44, 5.46, 5.49, 5.51,
5.52, 5.54 to 5.56, 5.90 to
5.92, 8.46, 8.47, 15.34,
15.47, 15.51, 20.48, 20.49,
24.97, 38.74, 38.93

one-one, 5.57, 5.58, 5.60, 5.63,
5.69 t0 5.74, 5.92, 5.93,
5.100, 9.49

polynomial (see Polynomials)

range of, 5.1 t0 5.19, 5.24 to
5.31, 5.34 t0 5.37, 27.21

rational, integration of, 30.1 to
30.33

self-inverse, 5.69, 5.74, 5.75

of several variables, 41.1 to
41.66

strictly increasing, 11.48

strictly positive, 11.48

trigonometric (see Trigonometric
functions)

Fundamental theorem of calculus,

20.9 to 20.14

Gamma function, 32.22
Gauss’ theorem, 45.49
Generalized mean value theorem,
11.38, 11.39
Geometric mean, 43.51
Geometric series, 37.5 to 37.9,
37.12, 37.13, 37.25, 37.26,
37.30 to 37.34, 37.45, 37.48,
37.67, 37.68, 37.73, 37.75,
37.77, 37.83, 37.91, 37.113
to 37.116, 38.5, 38.26, 38.29
Gradient, 43.1 to 43.22, 43.56 to
43.64, 43,66, 43.67, 45.24,
45.32, 45.33, 45.35, 45.36,
45.39, 45.45
Graphs:
absolute extrema in, 15.31, 15.61
asymptotes in, 6.28 to 6.32,
15.17 to 15.19, 15.26, 15.39
to 15.43, 15.47, 15.48, 15.50,
15.52, 15.58, 15.59, 15.61
cardioids, 35.30, 35.34 to 35.36,
35.44, 35.66, 35.67, 35.69,
44.33, 44.38, 44.81
circles, 5.3, 34.1, 35.7 to 35.9,
35.13, 35.14, 35.17, 35.18,
35.41, 35.66, 35.67, 35.69,
35.87, 44.33, 44.37, 44.38,
44.42, 44.44
cones, 41.8, 41.10, 41.16
cubic functions, 5.10, 5.19, 41.34
cusps in, 15.44
cylinders, 41.1, 41.2
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Graphs (Cont.):
ellipses, 16.20, 16.41, 34.2, 34.5,
35.16
ellipsoids, 41.13
exponential functions, 24.57 to
24.63, 24.84 to 24.86, 24.91,
24.94, 25.56, 25.57
greatest integer function, 5.6,
5.7,6.5
hyperbolas, 5.4, 5.8, 5.9, 16.3,
34.6, 34.8, 34.15, 34.16,
41.19
hyperbolic functions, 24.97
hyperboloids, 41.14, 41.15,
41.23, 41.24
inflection points in, 13.2, 15.11
to 15.19, 15.21, 15.25, 15.26,
15.32 to 15.35, 15.37, 15.40,
15.42 to 15.46, 15.48 to
15.51, 15.53, 15.57, 15.61
inverse functions, 5.100
lemniscates, 35.32, 35.37, 35.42
limagons, 35.31, 35.38 to 35.40
line segments and lines, 3.16,
3.36, 5.5, 5.12, 5.14, 5.15 to
5.18, 5.20, 5.23, 5.88, 6.33,
7.2,7.4,7.5, 7.8, 8.43,
10.46, 11.49, 16.45, 34.9,
34.10, 35.10 to 35.12, 35.19,
35.20, 40.21
natural logarithms, 23.39, 23.40,
23.46, 23.47, 23.55, 23.76,
25.54, 25.55
one-one functions, 5.100
parabolas, 5.1, 5.2, 5.11, 5.101,
8.44, 15.30, 16.2, 16.47,
34.3, 34.4, 34.7, 35.15, 41.19
paraboloids, 41.4, 41.5, 41.9,
41.17, 41.25
planes, 40.87, 41.3, 41.18
point functions, 5.13
relative extrema in, 13.1, 13.2,
15.11 to 15.15, 15.17 to
15.19, 15.22 to 15.24, 15.31
to 15.35, 15.39, 15.41 to
15.46, 15.48 to 15.51, 15.53,
15.54, 15.57, 15.61
roses, 35.33, 35.47, 35.48, 35.93
saddle surfaces, 41.19
spheres, 41.31
tractrix, 29.42
trigonometric functions, 10.11 to
10.13, 15.32 to 15.38, 15.51,
15.53, 27.1, 27.3, 27.71
Gravity, 19.95, 19.96
Greatest integer function, 5.6, 5.7,
6.5
Green’s theorem, 45.47 to 45.49
Growth (see Exponential growth
and decay)

Half-life of radioactive materials,
26.15 to 26.18, 26.21, 26.30,
26.43
Harmonic series, 37.2, 37.3, 37.27,
37.28, 38.6
Hessian determinant, 43.23
Higher-order derivatives, 12.1 to
12.13, 12.15, 12.19 to 12.23,
12.25, 12.26, 12.29 to 12.37,
12.47, 12.48, 13.1, 13.3 to
13.7, 13.20, 13.21, 39.30 to
39.32, 39.43
Homogeneous multivariate
functions, 42.74 to 42.80
Hooke’s law, 31.16, 31.17
Hyperbolas:
as contours (level curves), 41.36,
41.40
curvature (k) of, 34.99
equations of, 41.11
graphs of, 5.4, 5.8, 5.9, 16.3, 34.6,
34.8, 34.15, 34.16, 41.19
intersections of ellipses with,
12.43
intersections of lines with, 3.81
parametric equations of, 34.6,
34.8, 34.12, 34.15, 34.16
Hyperbolic functions:
antiderivatives (indefinite
integrals) and, 24.109 to
24.111
derivatives of, 24.95, 24.96,
24.99, 24.100
graphs of, 24.97
identities for, 24.98, 24.101 to
24.108
Maclaurin series and, 39.14
power series and, 38.43, 38.44,
38.95
Hyperboloids:
equations of, 41.7
graphs of, 41.14, 41.15, 41.23,
41.24
as level surfaces, 41.46
as ruled surfaces, 41.29
Hypergeometric series, 38.113,
38.115

i unit vector, 40.28, 40.40, 40.54

Ideal gas law, 42.23

Implicit differentiation, 12.2, 12.11
to 12.22, 12.24, 12.34, 12.35,
12.38 to 12.48

Implicit partial differentiation,
42.13 to 42.18

Improper integrals, 32.1 to 32.60

Increasing functions, 11.18, 11.20
to 11.26, 11.29, 11.48, 15.52

Increasing infinite sequences, 36.54
to 36.57, 36.59, 36.60

Indefinite integrals (see
Antiderivatives)

Induction, mathematical, 2.18,
20.3, 20.65, 24.89, 24.90,
32.22, 43.20

Inequalities:

absolute value in, 2.1 to 2.36

Cauchy’s, 33.28, 33.29, 43.68

introduced, 1.1 to 1.25

for natural logarithms, 23.41,
23.42, 23.60, 23.77

triangle, 2.18, 2.19, 2.35, 6.13,
33.29, 36.47, 36.49 to 36.51

Inertia, moments of, 44.86 to
44.88

Infinite sequences:

bounded, 36.47, 36.62

convergence of, 36.19 to 36.45,
36.47, 36.52, 36.62

decreasing, 36.58, 36.61 to 36.63

increasing, 36.54 to 36.57, 36.59,
36.60

limits of, 36.1 to 36.53, 36.65

Infinite series:

alternating series test for, 37.51,
37.59, 37.76, 37.98, 37.100,
37.101, 38.15

approximation of, 37.57 to 37.63,
37.65 to 37.69

binomial series, 38,31, 38.78,
38.103 to 38.106, 38.108

convergence of, 37.1 to 37.3,
37.5, 37.10 to 37.16, 37.23,
37.24, 37.27 to 37.56, 37.64,
37.69 to 37.116

for Euler’s constant (y), 37.110

geometric series, 37.5 to 37.9,
37.12, 37.13, 37.25, 37.26,
37.30 to 37.34, 37.45, 37.48,
37.67, 37.68, 37.73, 37.75,
37.77, 37.83, 37.91, 37.113
to 37.116, 38.5, 38.26, 38.29

harmonic series, 37.2, 37.3,
37.27, 37.28, 38.6

integral test for, 37.39, 37.41,
37.49, 37.50, 37.53, 37.54,
37.64, 38.112

limit comparison test for, 37.42
to 37.47, 37.54, 37.76, 37.78,
37.82, 37.84, 37.86, 37.88 to
37.90, 37.96, 37.98, 37.100,
37.101, 37.108

Maclaurin (see Maclaurin series)

p-series, 37.40, 37.44, 37.47,
37.54, 37.69, 37.74, 37.78,
37.82, 37.85, 37.88, 37.89,
37.95, 38.11, 38.21

partial sums of, 37.4, 37.5, 37.10,
37.17 to 37.22, 37.24, 37.25

power (see Power series)



Infinite series (Cont.):

ratio test for, 37.52, 37.53, 37.55,
37.70 to 37.72, 37.77, 37.79
to 37.81, 37.87, 37.97,
37.102, 37.107, 37.109, 38.1
to 38.19, 38.21, 38.22, 38.24,
38.25, 38.31, 38.33, 38.67,
38.109 to 38.113

repeating decimals as, 37.8, 37.9,
37.26

root test for, 37.91 to 37.94,
37.105, 37.106, 38.20, 38.23

Taylor (see Taylor series)

telescoping of, 37.10

Zeno’s paradox and, 37.32

Inflection points, 13.2, 13.6, 13.7,

13.18, 13.20, 14.42 to 14.46,

15.2, 15.3, 15.5, 15.7, 15.8,

15.10 to 15.19, 15.21, 15.25,

15.26, 15.32 to 15.35, 15.37,

15.40, 15.42 to 15.46, 15.48

to 15.51, 15.53, 15.57, 15.61

Integral test for infinite series,

37.39, 37.41, 37.49, 37.50,

37.53, 37.54, 37.64, 38.112

Integrals:

antiderivatives (see
Antiderivatives)

approximation of (see
Approximation, of integrals)

arc length with, 21.17 to 21.21,
21.30 to 21.34, 21.44, 21.45,
23.54, 23.65, 23.66, 24.93,
27.64, 29.30 to 29.33, 34.32
to 34.42, 35.76 to 35.83

area with, 20.8, 20.15 to 20.20,
20.72, 20.88 to 20.90, 21.1 to
21.16, 21.22 to 21.29, 21.35
to 21.43, 21.46, 21.47, 23.36,
23.56, 24.45, 24.47, 24.92,
27.61, 27.62, 27.81, 27.82,
28.25, 28.28, 29.43, 31.24 to
31.35, 32.1, 32.33, 32.34,
32.38, 32.47, 32.55, 32.56,
35.55 to 35.71, 35.75, 44.20,
44.36 to 44.38

centroids (center of mass) with,
31.24 to 31.35, 35.72, 35.73,
35.88, 44.80 to 44.85, 44.89
to 44.92

convergence of, 32.1 to 32.10,
32.23 to 32.27, 32.29, 32.31,
32.41 to 32.44, 32.48, 32.53,
32.54

definite (see Definite integrals)

double, 44.1 to 44.4, 44.6 to
44.46, 44.53 to 44.58, 44.74,
44.75, 44.79 to 44.82, 44.86,
44.87, 44.89, 44.90

improper, 32.1 to 32.60

Integrals (Cont.):
indefinite (see Antiderivatives)
integration by parts, 28.1 to
28.57
iterated, 44.1 to 44.5
line, 45.40 to 45.44
mass with, 44.74 to 44.79
mean-value theorem for, 20.34 to
20.37, 20.42
method of partial fractions for,
30.1 to 30.33
moments of inertia with, 44.86 to
44.88
moments with, 31.24 to 31.32,
44.80 to 44.85, 44.89 to
44.92
multiple (see Multiple integrals)
of rational functions, 30.1 to 30.33
Simpson’s rule for
approximating, 20.68, 20.69,
23.73
surface area with, 31.1 to 31.15,
32.41, 35.84 to 35.86, 44.53
to 44.58
trapezoidal rule for
approximating, 20.66, 20.67,
20.70, 23.57
trigonometric substitutions in,
29.3, 29.5, 29.19 to 29.21,
29.23 to0 29.27, 29.29, 29.30,
29.38 to 29.41, 29.43 to
29.45
triple, 44.5, 44.50 to 44.52, 44.59
to 44.73, 44.76 to 44.78,
44.83 to 44.85, 44.88, 4491,
44.92
volume with, 22.1 to 22.58,
23.38, 23.59, 24.46, 24.48,
24.49, 27.63, 28.26, 28.27,
28.29 to 28.32, 29.44, 31.33
to 31.35, 32.39, 32.40, 44.16
to 44.19, 44.21 to 44.23,
44.29 to 44.32, 44.34, 44.40,
44.41, 44,50, 44.51, 44.59 1o
44.63, 44.66 to 44.70
work, 31.16 to 31.23, 45.43
Integrating factors for differential
equations, 46.27 to 46.33,
46.35, 46.36, 46.45
Integration by parts, 28.1 to 28.57
Intermediate value theorem, 7.20
to 7.23, 11.28, 11.32, 11.37,
11.42
Intersections:
circles, 4.24 to 4.27, 12.27
cylinders and planes, 40.18
ellipses and hyperbolas, 12.43
ellipsoids and lines, 41.20
lines, 3.44, 3.78, 3.79, 10.46,
10.47, 40.76
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Intersections (Cont.):
lines and hyperbolas, 3.81
lines and parabolas, 3.80
lines and planes, 40.70
parabolas, 12.45
paraboloids and planes, 41.21
planes, 40.19, 40.85, 40.87,
40.96, 40.112
in polar coordinates, 35.50 to
35.54, 35.105 to 35.107
supply and demand equations,
3.82
Inverse functions, 5.69 to 5.74,
5.92, 5.93, 5.100, 9.49
Inverse trigonometric functions:
antiderivatives (indefinite
integrals) and, 27.39 to 27.57,
28.4, 28.21, 28.54, 29.40
definite integrals and, 27.61 to
27.64, 27.81, 27.82, 32.54
derivatives of, 27.2, 27.4, 27.22 to
27.38, 27.58 to 27.60, 27.65,
27.69, 27.70, 27.72 t0 27.79
Maclaurin series and, 39.10,
39.13, 39.31
power series for, 38.36, 38.55,
38.107, 38.115
values of, 27.5 to 27.20
Isosceles trapezoids, 3.77
Isosceles triangles, 14.46, 16.20,
16.55
Iterated integrals, 44.1 to 44.5

j unit vector, 40.28, 40.40, 40.54
k unit vector, 40.28, 40.40, 40.54

Lagrange multipliers, 43.56 to
43.64, 43.66, 43.67

Lagrange’s remainder, 39.17 to
39.20, 39.22 to 39.25

Laplace transforms, 32.57 to 32.60

Laplace’s equation, 42.52 to 42.54

Laplacian, 45.32

Latus rectum of parabolas, 44.80

Law of cosines, 14.33, 14.51, 33.41

Left-hand limits, 6.5, 6.33 to 6.36,
6.39

Legendre’s equation, 46.80

Lemniscates, 35.32, 35.37, 35.42,
35.57, 35.85, 35.86

Length of vectors, 33.3, 33.13, 40.26

Level curves (contour maps), 41.32
to 41.43

Level surfaces, 41.44 to 41.47

L’Hépital’s rule, 25.1 to 25.53,
32.4, 32.6 to 32.8, 32.20,
32.36, 36.15, 36.20, 37.47,
37.108, 38.15, 38.24, 41.56,
41.57
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Liebniz’s formula for differentiable
functions, 42.96, 42.97
Limagons, 35.31, 35.38 to 35.40,
35.56, 35.59, 35.60
Limit comparison test for infinite
series, 37.42 to 37.47, 37.54,
37.76, 37.78, 37.82, 37.84,
37.86, 37.88 to 37.90, 37.96,
37.98, 37.100, 37.101, 37.108
Limits:
addition property of, 6.13
asymptotes and (see
Asymptotes)
cube roots in, 6.50, 6.51
defined, 6.1
exponential functions, 24.74,
24.75, 24.78 to 24.81, 24.83
infinite sequences, 36.1 to 36.53,
36.65
left-hand, 6.5, 6.33 to 6.36, 6.39
L’Hoépital’s rule for, 25.1 to
25.53, 32.4, 32.6 to 32.8,
32.20, 32.36, 36.15, 36.20,
37.47, 37.108, 38.15, 38.24,
41.56, 41.57
multivariate functions, 41.48 to
41.63
natural logarithms, 22.43 to
22.45, 23.52, 23.71, 23.72
one-sided, 6.5, 6.33 to 6.36, 6.39
polynomials, 6.2 to 6.4, 6.6 to
6.8, 6.10, 6.11, 6.12, 6.14 to
6.16, 6.17 to 6.19, 6.20 to
6.22, 6.28, 6.32, 6.37, 6.42,
6.43 to 6.49
product rule for, 36.50
right-hand, 6.5, 6.33 to 6.36,
6.39
square roots in, 6.9, 6.23 to 6.27,
6.29 to 6.31, 6.38, 6.40,
6.41, 6.52
sum rule for, 36.49
trigonometric functions, 10.14 to
10.16, 10.30, 10.31, 10.44,
10.48
two-dimensional vector
functions, 34.43
Line integrals, 45.40 to 45.44
Line segments and lines:
as contours (leve! curves), 41.33,
41.39, 41.41, 41.43
curvature (k) of, 34.96
curvilinear motion and, 34.69,
34.70
distance between, 40.113,
40.114, 43.31, 43.38
distance from points to, 3.45,
3.47, 4.28, 4.30, 33.9, 33.10,
33.34
families of, 3.39, 3.40

Line segments and lines (Cont.):
graphs of, 3.16, 3.36, 5.5, 5.12,
5.14, 5.15 to 5.18, 5.20,
5.23, 5.88, 6.33, 7.2, 7.4,

7.5, 7.8, 8.43, 10.46, 11.49,
16.45, 34.9, 34.10, 35.10 to
35.12, 35.19, 35.20, 40.21

intersections of, 3.44, 3.78, 3.79,
10.46, 10.47, 40.76

intersections with hyperbolas,
3.81

intersections with parabolas, 3.80

midpoints of, 3.33, 11.45, 20.91,
40.5

normal, 8.16, 8.19, 8.33, 8.36,
8.37, 9.14, 9.19, 10.23,
10.28, 34.27, 42.117

parallel, 3.12 to 3.15, 3.23, 3.24,
3.66, 3.68, 8.23, 40.72 to
40.74

parametric equations of, 34.9,
34.10, 40.69 to 40.79, 40.85

perpendicular, 3.20 to 3.23, 3.25,
3.26, 3.31, 3.69, 40.75, 40.77

perpendicular bisectors of, 3.35,
3.74

planes cut by, 40.99 to 40.102,
40.104, 40.105

point-slope equations of, 3.2,
3.48 to 3.51, 10.22, 10.23,
10.25, 10.28

points above and below, 3.36 to
3.38

points on, 3.83

in polar coordinates, 35.10 to
35.12, 35.19, 35.20

rectangular equations of, 40.69,
40.71, 40.72, 40.97, 40.99,
40.101, 40.113

reflections of, 5.97 to 5.99

slope-intercept equations of, 3.6
to 3.11, 3.20, 3.21, 3.27, 3.29

to 3.31, 3.34, 3.35, 3.41, 3.4,

3.46, 3.52 to 3.60, 8.13, 8.16,

8.36,9.13,9.14
slope of, 3.1, 3.5, 3.46, 3.61 to
3.65

tangent, 4.15, 4.19 t0 4.22, 8.13 to

8.15, 8.18, 8.20, 8.23, 8.28,
8.34, 8.35, 8.38, 8.42, 9.13,
9.19,9.23, 10.22, 10.23,
10.25, 10.28, 10.32 to 10.35,
10.47, 11.44, 12.14, 12.16,
12.18, 12.27, 12.28, 12.37,
12.42 to 12.46, 15.21, 15.28,
15.29, 19.66 to 19.70, 19.77,
19.83 to 19.86, 21.46, 24.56,
27.58, 34.26, 34.31, 35.89 to
35.92,35.95, 35.98, 42.26 to

42.33,42.119, 45.1, 45.4, 45.6

Line segments and lines (Cont.):
through two points, 3.16 to 3.19
vector representation of, 40.69,

40.71, 40.72
vectors and, 33.7, 33.8
Logarithmic differentiation, 23.23
to 23.26, 23.58, 23.67, 24.35
to 24.39

Logarithmic functions (see Natural

logarithms)

Logarithmic spirals, 34.42

Maclaurin series:
exponential functions and, 39.1,
39.7, 39.18, 39.21, 39.24,
39.25, 39.32, 39.35, 39.44,
39.50
higher-order derivatives and,
39.30 to 39.32, 39.43
hyperbolic functions and,
39.14
inverse trigonometric functions
and, 39.10, 39.13, 39.31
natural logarithms and, 39.5,
39.20, 39.28, 39.34, 39.40,
39.46, 39.50
powers or roots, 39.12, 39.33,
39.39, 39.42, 39.43
trigonometric functions and,
39.2, 39.8, 39.9, 39.15,
39.19, 39.23, 39.26, 39.27,
39.29, 39.36, 39.48
Magnitude of vectors, 33.3, 33.13
Mass:
center of (see Centroids)
by integration, 44.74 to 44.79
Mathematical induction, 2.18, 20.3,
20.65, 24.89, 24.90, 32.22,
43.20
Maxima and minima of functions
(see Extrema of functions)
Mean, arithmetic and geometric,
43.51
Mean value theorem:
for functions, 11.10 to 11.17,
11.30, 11.33 to 11.36, 11.38
to 11.41, 11.43, 11.45, 11.46
for integrals, 20.34 to 20.37,
20.42
Medians of triangles, 3.33, 3.43,
3.72, 33.23
Method of Lagrange multipliers,
43.56 to 43.64, 43.66, 43.67
Method of partial fractions for
integrals, 30.1 to 30.33
Midpoints:
of lines, 3.33, 11.45, 20.91, 40.5
of triangles, 33.27
Minima and maxima of functions
(see Extrema of functions)



Moments, by integration, 31.24 to
31.32, 44.80 to 44.85, 44.89
to 44.92
Moments of inertia, 44.86 to 44.88
Motion:
curvilinear, 34.43 to 34.108
rectilinear, 17.1 to 17.35, 19.34
to 19.39, 19.41, 19.44, 19.57,
19.59, 19.72 to 19.76
Multiple integrals:
area with, 44.20, 44.36 to 44.38
centroids (center of mass) with,
44.80 to 44.85, 44.89 to
44.92
double integrals, 44.1 to 44.4,
44.6 to 44.46, 44.53 to 44.58,
44.74, 44.75, 44.79 to 44.82,
44.86, 44.87, 44.89, 44.90
iterated integrals, 44.1 to 44.5
mass with, 44.74 to 44.79
moments of inertia with, 44.86 to
44 .88
moments with, 44.80 to 44.85,
44.89 to 44.92
surface area with, 44.53 to 44,58
triple integrals, 44.5, 44.50 to
44.52, 44.59 1o 44.73, 44.76
to 44.78, 44.83 to 44.85,
44.88, 44.91, 44.92
volume with, 44.16 to 44.19,
44.21 10 44.23, 4429 10
44.32, 44.34, 44 .40, 44.41,
44.50, 44.51, 44.59 to 44.63,
44.66 to 44.70
Multivariate functions, 41.1 to 41.66

Natural logarithms:

antiderivatives (indefinite
integrals) and, 23.10 to
23.22, 23.53, 23.68, 23.69,
23.79, 23.80, 28.7, 28.16,
28.19, 28.22, 28.24, 28.55 to
28.57

approximations for, 38.52, 38.53,
39.28, 39.40

defined, 23.1

definite integrals and, 23.36 to
23.38, 23.56, 23.57, 23.59,
23.61, 23.63, 23.73, 28.25 to
28.31, 32.4, 32.5, 32.8,
32.10, 32.15, 32.16, 32.36,
32.37, 32.50

derivatives of, 23.1 to 23.9

graphs of, 23.39, 23.40, 23.46,
23.47, 23.55, 23.76, 25.54,
25.55

inequalities for, 23.41, 23.42,
23.60, 23.77

limits and, 22.43 to 22.45, 23.52,
23.71,23.72

Natural logarithms (Cont.):
Maclaurin series and, 39.5,
39.20, 39.28, 39.34, 39.40,
39.46, 39.50
power series and, 38.38, 38.50 to
38.53, 38.60, 38.86, 38.88,
38.94, 38.99, 38.100
properties of, 23.27 to 23.34,
23.64, 24.1 to 24.6, 24.35,
24.65 to 24.71
Simpson’s rule approximations
for, 23.73
Taylor series and, 39.6
trapezoidal rule approximations
for, 23.57
(See also Exponential functions)
Newton’s law of cooling, 26.22,
26.39
Newton’s second law of motion,
19.95, 19.96
Normal acceleration, 34.106 to
34.108
Normal distribution:
approximations for, 38.46, 39.41
power series for, 38.45
Normal lines, 8.16, 8.19, 8.33,
8.36, 8.37, 9.14, 9.19, 10.23,
10.28, 34.27, 42.117
Normal planes, 42.120, 42.121,
45.3,45.4,45.6
Normal vectors, 42.105 to 42.115,
42.122 to 42.126, 45.19

QOdd functions, 5.43, 5.44, 5.46, 5.49,
5.51, 5.52, 5.54 t0 5.56, 5.90
t0 5.92, 8.46, 8.47, 15.34,
15.47, 15.51, 20.48, 20.49,
24.97, 38.74, 38.93

One-one functions, 5.57, 5.58,
5.60, 5.63, 5.69 to 5.74,
5.92, 5.93, 5.100, 9.49

One-sided limits, 6.5, 6.33 to 6.36,
6.39

Orthogonal trajectories, 46.22 to
46.24

Osculating planes, 45.18 to 45.20

p-series, 37.40, 37.44, 37.47, 37.54,
37.69, 37.74, 37.78, 37.82,
37.85, 37.88, 37.89, 37.95,
38.11, 38.21

Pappus’s theorem for volume,
31.33 to 31.35

Parabolas:

as contours (level curves), 41.35,
41.38, 41.42

curvature (x) of, 34.98

graphs of, 5.1, 5.2, 5.11, 5.101,
8.44, 15.30, 16.2, 16.47,
34.3,34.4,34.7, 35.15, 41.19
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Parabolas (Cont.):
intersections of lines with, 3.80
intersections of, 12.45
latus rectum of, 44.80
parametric equations of, 34.3,
34.4, 34,7
in polar coordinates, 35.15
tangents to, 8.28
vertex of, 15.30, 21.13, 21.15,
21.22,21.23
Paraboloids:
equations for, 41.80
graphs of, 41.4, 41.5, 41.9, 41.17,
41.25
as ruled surfaces, 41.30
Parallel lines, 3.12 to 3.15, 3.23,
3.24, 3.66, 3.68, 8.23, 40.72
to 40.74
Parallel planes, 40.90, 40.91
Parallel vectors, 33.4, 33.5, 33.36,
33.39, 40.68
Parallelepipeds, 40.45, 40.49,
40.56, 40.63
Parallelogram law for vectors,
33.17
Parallelograms:
area of, 40.43, 40.110, 40.111
diagonals of, 33.26, 33.30
quadrilaterals and, 3.42
rhombuses as, 3.76
vertices of, 3.28, 40.109
Parametric equations, 34.1 to
34.42, 40.69 to 40.79,
40.85
Partial derivatives, 42.1 to 42.126
Partial differential equations:
Cauchy-Riemann equations,
42.54, 42.92
Laplace’s equation, 42.52 to
42.54
wave equation, 42.55 to 42.58
Partial fractions, 30.1 to 30.33,
46.22
Partial sums, 37.4, 37.5, 37.10,
37.17 t0 37.22, 37.24, 37.25
Perimeter:
circle, 16.46
rectangle, 16.1, 16.15, 16.29,
16.35, 16.41, 16.44, 16.46,
16.60
triangle, 16.19, 16.20, 16.55,
16.60, 16.61
Period of trigonometric functions,
10.12, 10.13, 10.45
Perpendicular bisectors, 3.35,
3.74
Perpendicular lines, 3.20 to 3.23,
3.25, 3.26, 3.31, 3.69, 40.75,
40.77
Perpendicular planes, 40.95
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Perpendicular vectors, 33.4 to 33.8, Polar coordinates (Cont.): Power series (Cont.):

33.12, 33.18, 33.19, 33.21,
33.31, 33.32, 33.37, 33.39,
40.36, 40.39, 40.41, 40.42,
40.51, 40.68

Planes:

angle between, 40.84, 40.103,
40.112

cut by lines, 40.99 to 40.102,
40.104, 40.105

distance between, 40.91, 40.92

distances from points to, 40.88,
40.89

equations of, 40.80 to 40.83,
40.86, 40.93, 40.98, 41.69,
41.78, 41.82, 41.96

graphs of, 40.87, 41.3, 41.18

intersections of, 40.19, 40.85,
40.87, 40.96, 40.112

as level surfaces, 41.44

normal, 42.120, 42.121, 45.3,
454, 45.6

osculating, 45.18 to 45.20

parallel, 40.90, 40.91

perpendicular, 40.95

tangent, 40.94, 42.31, 42.105 to
42.115, 42.122 to 42.126

vectors and, 40.106 to 40.108

Plots (see Graphs)

Point-slope equations of lines, 3.2,

3.48 to 3.51, 10.22, 10.23,

10.25, 10.28

Polar coordinates:

arc length calculations in, 35.76
to 35.83

area calculations in, 35.55 to
35.71, 35.75

cardioids in, 35.30, 35.34 to
35.36, 35.44, 35.49, 35.55,
35.66, 35.67, 35.69, 35.73,
35.78, 35.84, 35.91, 35.102,
44.33, 44.38, 44.81

centroid calculations in, 35.72,
35.73, 35.88

circles in, 35.7 to 35.9, 35.13,
35.14, 35.17, 35.18, 35.41,
35.66 to 35.69, 35.87, 35.88,
44.33, 44.38, 44.42, 44.44

curvature (k) in, 35.108,
35.109

ellipses in, 35.16

intersections in, 35.50 to 35.54,
35.105 to 35.107

lemniscates in, 35.32, 35.37,
35.42, 35.57, 35.85, 35.86

limagons in, 35.31, 35.38 to
35.40, 35.56, 35.59, 35.60

lines in, 35.10 to 35.12, 35.19,
35.20

parabolas in, 35.15

polar-to-rectangular
transformations, 35.1, 35.4
to 35.6, 41.67

rectangular-to-polar
transformations, 35.1 to
35.3, 35.21 to 35.27, 41.67

roses (curves) in, 35.33, 35.47,
35.48, 35.58, 35.64, 35.65,
35.72, 35.93

slope in, 35.93, 35.94, 35.96,
35.97

surface area calculations in,
35.84 to 35.86

Polynomials:

derivatives of, 8.5, 8.6, 8.12,
8.32,12.23

factorization of, 5.76 to 5.86

limits of, 6.2 to 6.4, 6.6 t0 6.8,
6.10, 6.11, 6.12, 6.14 to
6.16, 6.17 to 6.19, 6.20 to
6.22, 6.28, 6.32, 6.37, 6.42,
6.43 to 6.49

roots of, 5.76 to 5.82, 11.28

Population growth, 26.5, 26.7,

26.19, 26.25, 26.26, 26.28,
26.38

Position vector, 34.44 to 34.56,

34.59, 34.60, 34.65 to 34.72,
34.74 t0 34.81, 34.82 to
34.96, 34.100, 34.101,
34.103, 34.105 to 34.108,
45.1, 45.2, 45.4 t0 45.6,
45.12, 45.15 to 45.23

Power series:

Abel’s theorem for, 38.60 to
38.62

Bessel functions, 38.67 to 38.69

convergence of, 38.1 to 38.33,
38.67, 38.68, 38.109 to
38.114

differential equation solutions
with, 38.49, 38.56, 38.66

exponential functions and, 38.39
to 38.42, 38.76, 38.78 to
38.80, 38.82, 38.97

hyperbolic functions and, 38.43,
38.44, 38.95

hypergeometric series, 38.113,
38.115

inverse trigonometric functions
and, 38.36, 38.55, 38.107,
38.115

natural logarithms and, 38.38,
38.50 to 38.53, 38.60, 38.86,
38.88, 38.94, 38.99, 38.100

normal distribution, 38.45

powers or roots, 38.34, 38.35,
38.37, 38.64, 38.65, 38.72,
38.105, 38.106, 38.108

trigonometric functions and,
38.58, 38.59, 38.63, 38.75 to
38.77, 38.79 to 38.83, 38.86,
38.89 to 38.91, 38.96
Predator-prey system, 46.70
Principal unit normal vector, 34.81
to 34.86, 34.88, 34.90, 34.91,
34.105 to 34.107, 45.16
Product rule:
for derivatives, 8.7, 8.8, 8.40,
8.41, 8.48, 9.10, 9.16, 9.40,
12.2, 12.20, 12.32
for limits, 36.50
for vector functions, 34.54,
34.57, 34.73, 34.92
Pyramids, 22.22
Pythagorean theorem, 4.21, 14.1,
14.5, 40.34

Quadratic equations, discriminant
for, 30.13, 46.48
Quadrilaterals, 3.42
Quotient rule:
for derivatives, 8.7, 8.9, 8.10,
8.49, 8.50, 9.9, 9.13, 9.21,
9.38, 9.41, 9.43, 10.24, 12.1,
12.11 to 12.13, 12.19, 12.33
for vector functions, 34.73

Radian measure of angles, 10.1 to
10.7
Radioactive decay, 26.15 to 26.18,
26.21, 26.30, 26.43
Radius of circles, 4.1 to 4.6, 4.10
to 4.15, 4.23
Radius of curvature (-rho-), 34.94,
34.95, 34.102, 34.104, 34.105
Range of functions, 5.1 to 5.19, 5.24
t0 5.31, 5.34 to 5.37, 27.21
Rates, related, 14.1 to 14.56
Ratio test for infinite series, 37.52,
37.53, 37.55, 37.70 to 37.72,
37.77, 37.79 to 37.81, 37.87,
37.97, 37.102, 37.107,
37.109, 38.1 to 38.19, 38.21,
38.22, 38.24, 38.25, 38.31,
38.33, 38.67, 38.109 to
38.113
Rationai function integration, 30.1
to 30.33
Rectangles:
area of, 14.9, 14.34, 16.1, 16.5,
16.6, 16.15, 16.21, 16.26 to
16.29, 16.31, 16.44 to 16.46,
16.57, 16.60
inscribed in ellipses, 16.41
perimeter of, 16.1, 16.15, 16.29,
16.35, 16.41, 16.44, 16.46,
16.60



Rectangular coordinates:
cylindrical coordinates and,
41.67, 41.70 to 41.74, 41.80
to 41.85
cylindrical-to-rectangular
transformations, 41.67
polar-to-rectangular
transformations, 35.1, 35.4
to 35.6, 41.67
rectangular-to-cylindrical
transformations, 41.67
rectangular-to-polar
transformations, 35.1 to
35.3, 35.21 to 35.27, 41.67
rectangular-to-spherical
transformations, 41.85
spherical coordinates and, 41.85,
41.88 to 41.93
spherical-to-rectangular
transformations, 41.85
Rectangular form of vectors, 33.14
to 33.16
Rectilinear motion, 17.1 to 17.35,
19.34 to 19.39, 19.41, 19.44,
19.57, 19.59, 19.72 to 19.76
Reflections of curves and lines,
5.94 to 5.100
Related rates, 14.1 to 14.56
Relative extrema (see Extrema of
functions, relative)
Removable discontinuities, 7.5, 7.9
Repeating decimals as infinite
series, 37.8, 37.9, 37.26
Revolution:
surface of, 41.4 to 41.12
volume of, 31.33 to 31.35
Rhombuses:
diagonals of, 33.32
as parallelograms, 3.76
Riccati equation, 46.43, 46.44
Right angles, 33.12
Right-hand limits, 6.5, 6.33 to 6.36,
6.39
Right triangles:
area of, 40.36
centroid of, 31.28, 31.34
perimeter of, 16.19
Pythagorean theorem for, 4.21,
14.1, 14.5, 40.34
vertices of, 3.25, 3.26, 40.13
Rolle’s theorem, 11.1 to 11.9,
11.27, 11.31, 11.38, 11.47,
11.49
Root test for infinite series, 37.91
to 37.94, 37.105, 37.106,
38.20, 38.23
Roots:
cube (see Cube roots)
of polynomials, 5.76 to 5.82, 11.28
square (see Square roots)

Roses (curves), 35.33, 35.47, 35.48,
35.58, 35.64, 35.65, 35.72,
35.93

Ruled surfaces, 41.29, 41.30

Saddle surface, 41.19, 41.84
Scalar projection of vectors, 33.4,
40.33
Second derivative test for relative
extrema, 13.1, 13.3 to 13.7,
13.20, 13.21, 15.1 to 15.9,
15.12, 15.13, 15.16 to 15.18,
15.20 to 15.29, 15.32, 15.33,
15.35, 15.37, 15.39 to 15.56
(See also First derivative test for
relative extrema)
Segments of disks, 29.43
Self-inverse functions, 5.69, 5.74,
5.75
Sequences:
infinite (see Infinite sequences)
sum of cubes of integers, 20.65
sum of integers, 20.4
Series (see Infinite series)
Simpson’s rule for approximating
integrals, 20.68, 20.69, 23.73
Sketches (see Graphs)
Slope:
of curves, 34.28
of lines, 3.1, 3.5, 3.46, 3.61 to
3.65
in polar coordinates, 35.93,
35.94, 35.96, 35.97
Slope-intercept equations of lines,
3.6 to0 3.11, 3.20, 3.21, 3.27,
3.29 to 3.31, 3.34, 3.35,
3.41, 3.44, 3.46, 3.52 to
3.60, 8.13, 8.16, 8.36, 9.13,
9.14
Spheres:
cones circumscribed about, 16.42
equations of, 40.6 to 40.12,
40.16, 40.22, 40.23, 41.76,
41.86
graphs of, 41.31
as level surfaces, 41.47
planes tangent to, 40.94
surface area of, 14.13, 14.37,
14.43, 31.2, 44.57
surface area of caps of, 31.15
volume of, 14.7, 14.13, 14.35,
14.37, 14.43, 14.48, 22.1,
44.34, 44.50
Spherical coordinates, 41.85 to
41.98
Spherical segment volume, 14.41
Spirals:
Archimedean, 35.70, 35.76,
35.103, 35.110
degenerate, 35.111
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Spirals (Cont.):
equiangular, 35.71, 35.77, 35.101,
35.112
logarithmic, 34.42
Square roots:
approximation of, 18.2, 18.3,
18.20, 18.33
in limits, 6.9, 6.23 to 6.27, 6.29
to 6.31, 6.38, 6.40, 6.41,
6.52
Squares, completing, 4.6 to 4.8,
4.10, 4.11, 4.13, 4.16, 27.51,
27.53, 29.29, 29.39, 30.13,
34.14, 40.11
Strictly increasing functions,
11.48
Strictly positive functions, 11.48
Sum rule:
for derivatives, 8.7, 9.11
for limits, 36.49
Sums:
of cubes of integers, 20.65
of integers, 20.4
partial, 37.4, 37.5, 37.10, 37.17
to 37.22, 37.24, 37.25
Supply and demand equations,
3.82, 16.32, 16.33
Surface area:
cone, 16.9, 31.14, 44.58
cylinder, 16.22, 42.89
by integration, 31.1 to 31.15,
32.41, 35.84 to 35.86, 44.53
to 44.58
sphere, 14.13, 14.37, 14.43, 31.2,
44.57
spherical cap, 31.15
Surface normal vectors,
42.31
Surfaces:
level, 41.44 to 41.47
of revolution, 41.4 to 41.12
ruled, 41.29, 41.30
saddle, 41.19, 41.84

Tangent lines, 4.15, 4.19 to 4.22,
8.13 to 8.15, 8.18, 8.20,
8.23, 8.28, 8.34, 8.35, 8.38,
8.42, 9.13, 9.19, 9.23, 10.22,
10.23, 10.25, 10.28, 10.32 to
10.35, 10.47, 11.44, 12.14,
12.16, 12.18, 12.27, 12.28,
12.37, 12.42 to 12.46, 15.21,
15.28, 15.29, 19.66 to 19.70,
19.77, 19.83 to 19.86, 21.46,
24.56, 27.58, 34.26, 34.31,
35.89 to 35.92, 35.95, 35.98,
42.26 to 42.33, 42.119, 45.1,
45.4, 45.6

Tangent planes, 42.31, 42.105 to
42.115, 42.122 to 42.126
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Tangent vectors, 34.44 to 34.56,
34.59, 34.60, 34.65 to 34.72,
34.74 to 34.80, 34.89, 34.92,
42.118, 42.119, 45.1, 45.3 to
45.6
Tangential acceleration, 34.106 to
34.108
Taylor series:
Lagrange’s remainder and, 39.17
to 39.20, 39.22 to 39.25
natural logarithms, 39.6
powers or roots, 39.4, 39.11,
39.37, 39.38, 39.47
trigonometric functions, 39.3,
39.16, 39.22, 39.45
Telescoping of infinite series, 37.10
Temperature scales, 3.71
Tetrahedrons, 22.23, 42.113
Toruses:
equations of, 41.94
volume of, 31.33
Tractrix (curve), 29.42
Trapezoidal rule for approximating
integrals, 20.66, 20.67,
20.70, 23.57
Trapezoids, 3.77
Triangle inequality, 2.18, 2.19,
2.35, 6.13, 33.29, 36.47,
36.49 to 36.51
Triangles:
altitudes of, 3.34, 3.41, 3.73
circles circumscribed about,
16.61
equilateral, 14.36, 16.20, 16.51,
16.60
isosceles, 14.46, 16.20, 16.55
law of cosines for, 14.33, 14.51,
33.41
medians of, 3.33, 3.43, 3.72, 33.23
midpoints of, 33.27
perimeter of, 16.19, 16.20, 16.55,
16.60, 16.61
perpendicular bisectors of, 3.35,
3.74
right (see Right triangles)
vertices of, 40.17
Trigonometric functions:
amplitude of, 10.13, 10.45
antiderivatives (indefinite
integrals) and, 19.11 to
19.13, 19.15, 19.16, 19.20 to
19.22, 19.31, 19.39, 19.40,
19.43, 19.45, 19.47, 19.48,
19.53, 19.55, 19.56, 19.60,
19.78 to 19.82, 19.98 to
19.100, 28.2, 28.5 to 28.12,
28.14, 28.15, 28.17, 28.18,
28.35 to 28.41, 28.44, 28.45,
28.49, 29.1 to 29.16, 29.19 to
29.29, 29.34 to 29.37, 29.45

Trigonometric functions (Cont.):

approximation of, 18.23, 18.25,
18.26, 18.28, 18.30, 18.32,
38.55, 38.75, 38.77, 39.27,
39.29

defined, 10.8

definite integrals and, 20.10,
20.11, 20.15, 20.20 to 20.22,
20.24, 20.39, 20.49, 20.60,
20.62, 20.63, 20.79 to 20.84,
28.32 to 28.34, 28.53, 29.17,
29.18, 29.30, 29.33,32.13,
32.31, 32.32, 32.44, 32.453,
32.51, 32.53, 32.59

derivatives of, 10.17 to 10.29,
10.36 to 10.43, 13.7, 13.15 to
13.17, 13.30 to 13.34

extrema of, 13.7, 13.15 to 13.17,
13.30 to 13.34

frequency of, 10.12

graphs of, 10.11 to 10.13, 15.32
to 15.38, 15.51, 15.53, 27.1,
27.3,27.71

higher-order derivatives of, 12.8
to 12.10

implicit differentiation of, 12.16
to 12.18, 12.38 to 12.41,
12.47

inverse (see Inverse
trigonometric functions)

Laplace transform of, 32.59

limits of, 10.14 to 10.16, 10.30,
10.31, 10.44, 10.48

Maclaurin series and, 39.2, 39.8,
39.9, 39.15, 39.19, 39.23,
39.26, 39.27, 39.29, 39.36,
39.48

mean value theorem and, 11.34,
11.39, 11.40, 11.42

period of, 10.12, 10.13, 10.45

power series and, 38.58, 38.59,
38.63, 38.75 to 38.77, 38.79
to 38.83, 38.86, 38.89 to
38.91, 38.96

Rolle’s theorem and, 11.47

Taylor series and, 39.3, 39.16,
39.22, 39.45

values of, 10.9, 10.10

wavelength of, 10.12

zeros of, 11.47

(See also Angles)

Trigonometric substitutions in
integrals, 29.3, 29.5, 29.19 to
29.21, 29.23 to 29.27, 29.29,
29.30, 29.38 to 29.41, 29.43
to 29.45

Triple integrals, 44.5, 44.50 to
44.52, 44.59 to 44.73, 44.76
to 44.78, 44.83 to 44.85,

44 .88, 44.91, 44.92

Unit tangent vector, 34.47 to 34.50,
34.81 to 34.93, 34.105 to
34.107

Unit vectors, 33.24, 34.67, 40.28,
40.31, 40.33, 40.40, 40.54,
43.66

Vector convergence, 34.43
Vector functions:
chain rule for, 34.61
curl, 45.28 to 45.31, 45.33, 45.34,
45.36 to 45.38
divergence, 45.25 to 45.27, 45.30
to 45.32, 45.34, 45.35, 45.37,
45.39, 45.47 to 45.49
Gauss’ theorem for, 45.49
gradient, 43.1 to 43.22, 43.56 to
43.64, 43.66, 43.67, 45.24,
45.32, 45.33, 45.35, 45.36,
45.39, 45.45
Green’s theorem for, 45.47 to
45.49
Laplacian, 45.32
product rule for, 34.54, 34.57,
34.73, 34.92
quotient rule for, 34.73
Vector projection of vectors, 33.4,
33.20, 33.39, 40.33
Vectors:
acceleration, 34.51, 34.53, 34.56,
34.69, 34,71, 34.74 to 34.80,
34.83 to 34.86, 34.92, 34.106
to 34.108, 45.12, 45.16,
45.19, 45.20, 45.22, 45.23
addition and subtraction of, 33.2,
33.3, 33.17, 33.21, 33.22,
40.30
angle between, 33.3, 33.13,
33.33, 33.35, 33.38, 33.40,
40.35, 40.37, 40.38
between two points, 40.25
binormal, 45.17
Cauchy’s inequality for, 33.28,
33.29
components of, 33.4, 33.5
cross product of, 40.40 to 40.43,
40.45 to 40.68, 45.11, 45.12,
45.17 to 45.20, 45.22, 45.23,
45.28, 45.36, 45.37, 45.39
defined, 33.1
direction cosines of, 40.27 to
40.29, 40.32
direction of, 33.3, 33.13, 33.25
distance from points to lines
with, 33.9, 33.10, 33.34
dot product of, 33.4, 33.5, 33.9,
33.10, 33.12, 33.18 to 33.20,
33.28 to 33.35, 33.37 to
33.41, 40.33 to 40.35, 40.39,
40.44, 40.45, 40.47, 40.49,



Vectors; dot product of (Cont.):

40.55 to 40.58, 40.60 to 40.67,
43.1 to 43.7, 43.10 to 43.12,
43.16, 43.17, 43.66, 45.9,
45.13 to 45.15, 45.35, 45.37,
45.39, 45.41, 45.43, 45.45 to
45.49

length of, 33.3, 33.13, 40.26

lines and, 33.7, 33.8

magnitude of, 33.3, 33.13

multiplication by scalars, 33.2,
40.30

normal, 42.105 to 42.115, 42.122
to 42.126, 45.19

parallel, 33.4, 33.5, 33.36, 33.39,
40.68

parallelogram law for, 33.17

perpendicular, 33.4 to 33.8,
33.12, 33.18, 33.19, 33.21,
33.31, 33.32, 33.37, 33.39,
40.36, 40.39, 40.41, 40.42,
40.51, 40.68

planes and, 40.106 to 40.108

position, 34.44 to 34.56, 34.59,
34.60, 34.65 to 34.72, 34.74
to 34.81, 34.82 to 34.96,
34.100, 34.101, 34.103,
34.105 to 34.108, 45.1, 45.2,
45.4 to 45.6, 45.12, 45.15 to
45.23

principal unit normal, 34.81 to
34.86, 34.88, 34.90, 34.91,
34.105 to 34.107, 45.16

rectangular form of, 33.14 to
33.16

scalar projection of, 33.4, 40.33

Vectors (Cont.):
surface normal, 42.31
tangent, 34.44 to 34.56, 34.59,
34.60, 34.65 to 34.72, 34.74 to
34.80, 34.89, 34.92, 42.118,
42.119, 45.1,45.3t0 45.6
triangle inequality for, 33.29
unit, 33.24, 34.67, 40.28, 40.31,
40.33, 40.40, 40.54, 43.66
unit tangent, 34.47 to 34.50, 34.81
to 34.93, 34.105 to 34.107
vector projection of, 33.4, 33.20,
33.39, 40.33
velocity, 34.44 to 34.56, 34.59,
34.60, 34.65 to 34.72, 34.74
to 34.80, 34.89, 34.92, 45.1,
45.2, 45.4 to 45.6, 45.12,
45.15t0 45.23
zero, 33.11
Velocity, escape, 19.95, 19.96
Velocity vector, 34.44 to 34.56,
34.59, 34.60, 34.65 to 34,72,
34.74 to 34.80, 34.89, 34.92,
45.1, 45.2, 45.4 to 45.6,
45.12, 45.15t0 45.23
Vertex of parabolas, 15.30, 21.13,
21.15, 21.22, 21.23
Vertices:
parallelogram, 3.28, 40.109
right triangle, 3.25, 3.26, 40.13
triangle, 40.17
Volume:
cone, 14.6, 14.18, 14.29, 14.38,
16.9, 16.42, 22.2, 31.34,
42.86, 43.67, 44.41, 44.51
cone frustrum, 22.49
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Volume (Cont.):

cylinder, 14.2, 14.48, 16.7, 16.8,
16.16, 16,18, 16.43, 43.67,
44.70

ellipsoid, 41.22

by integration, 22.1 to 22.58,
23.38, 23.59, 24.46, 24.48,
24.49, 27.63, 28.26, 28.27,
28.29 to 28.32, 29.44, 31.33
to 31.35, 32.39, 32.40, 44.16
t0 44.19, 44.21 to 44.23,
44.29 t0 44.32, 44.34, 44.40,
44.41, 44.50, 44.51, 44.59 to
44.63, 44.66 to 44.70

Pappus’s theorem for, 31.33 to
31.35

parallelepiped, 40.45, 40.49,
40.56, 40.63

pyramid, 22.22

of revolution, 31.33 to 31.35

sphere, 14.7, 14.13, 14.35, 14.37,
14.43, 14.48, 22.1, 44.34,
44.50

spherical segment, 14.41

tetrahedron, 22.23, 42.113

torus, 31.33

Wave equation, 42.55 to 42.58

Wavelength of trigonometric
functions, 10.12

Work, by integration, 31.16 to
31.23,45.43

Wronskian, 46.65 to 46.69

Zeno’s paradox, 37.32
Zero vector, 33.11
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